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PREFACE. 

/^IREAT difficulty has always been experienced in recommending a 
^-* text-book to the second and third year students of electrical 
engineering at the Central Technical College. There appeared to be 
nothing to bridge the gap between the elementary text-books and the 
specialised works on various branches of electrical engineering. I have 
no doubt that the same difficulty has been experienced by all who have 
lectured to the more advanced students in our Universities and Technical 
Colleges. 

It was while contemplating the preparation of a suitable text-book 
that my attention was drawn to Dr Thomalen's work, written with the 
same object and covering much the same ground as I had contemplated. 
The present work is a translation of the second edition of this "Kurze 
Lehrbuch der Elektrotechnik," but includes additional matter which it is 
intended to introduce into the third German edition now in preparation. 
Generally speaking, it is a close translation of the original, but I have 
not hesitated to use other methods where they appeared preferable. This 
applies especially to Section 101, which differs entirely from the corre- 
sponding Section in the German edition. A Section has been added to 
Chapter XX, dealing with the Cascade Converter. 

The book is concerned almost exclusively with principles and does not 
enter into details of the practical construction of apparatus and machines. 
It is not intended to take the place of the standard works on the design 
of dynamo machinery, both direct and alternating, but rather to lay a 
thorough foundation which shall make the study of such works more 
profitable. 



iv Preface i 

In the preface to the first German edition, Dr Thomalen expresses his 
desire to lead the student to enter mentally into the various phenomena 
and to give him a physical conception of the underlying principles. This 
" elektrotechnxsches Denken" will enable the student to predetermine with 
confidence, either graphically or mathematically, the behaviour of various 
electrical machines and apparatus. 

The higher mathematics employed never goes beyond the simplest 
elements. 

G. W. O. HOWE. 



Central Technical College, 
South Kensington. 

June, 1907. 
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The electric current.— 2. Electromotive force. — 3. Otam'a law. — I, Resistance, dependent on 
material, cro«s-««tion, length and temperature. — 5. Kirchboff's rales. — 6. Resistances in 
parallel. — 7. Series and parallel arrangement of cells. — 8. Wheatatone's bridge. — 9. Poten- 
tiometer method of measuring electromotive foroe. — 10. Joule's law, electrical energy and 
electrical power.— 11. Potential difference. — 13. Energy lost in beating conductor. 

1. The Electric Current 

The heating of it glow lamp filament, the power exerted by an electric 
motor, the magnetisation of the iron in an electromagnet, the decomposition 
of liquids and many other phenomena, are said to be due to the effect of the 
electric current. The question arises : why do we ascribe these phenomena 
to a current, i.e. a continuous movement of electricity ? 

The electricity with which we are here concerned is essentially the same 
as static or fnctional electricity. If a glass rod is rubbed with silk it becomes 
electrified and attracts small light bodies. In the same way a rod of resin, 
when rubbed with a woollen cloth, becomes electrified, but in the opposite 
sense to the glass rod. This difference of sense or sign is based on the fact 
that the electrical charges of the glass and resin mutually neutralise each 
other. Because of this, the electricity of the glass is called positive, and 
that of the resin negative. The equalising exchanges between positive and 
negative electricity follow in exactly the same way as those between heat 
and cold, high pressure and low pressure. As water flows from the higher 
to the lower level, or heat from the hot to the cold body, so electricity flows 
from the higher positive to the lower negative level This equalising flow 
of electricity is what we call the electric current. There is no essential 
difference between the flow of electricity between the terminals of a cell, 
or of a dynamo, and that between two metal balls charged with electricity 
of opposite sign. 

Although the same in principle, there is a great difference as regards 
quantity between the fractional electricity with which we are familiar and 
the current of electricity from a cell or dynamo. The quantity of electricity 
stored in a Leyden jar, which flows through the spark on discharge, is 
very small compared with the quantity Mowing in a short time through a 
Daniell cell, and quite negligible compared with the quantity flowing in a 
day through the suppl)* mains of a town. The pressure of the fractional 
elect i. on the other hand, very much higher than that of the ordinary 

mo. This can be seen from the ease with which fractional electricity 

T. ft 1 



2 Electrical Engineering 

sparks across large air gaj>s. Moreover, in the case of friction, d electricity, 
<|ualising flow is, as a rule, a sudden momentary rush known as the 
discharge, and can hardly be called an electric current. 

In all that follows, we assume that the electric current is due to the 
movement of positive electricity o nly. The strength of the current is then 
defined as the quantity of electricity that flows through the cross-section of 
the conductor in one second. To measure the current we make use of its 
electrolytic or of its magnetic effect. We say that one current is twice as 
strong as another when it deposits twice as much silver from a silver solution 
in the same time, or when it exerts double the force on a magnetic needle 
under exactly the same conditions. 

Now, the absolute determination of a current from its magnetic effect is 
a very laborious procedure, whereas the electrolytic method is simple, involv- 
ing merely the accurate weighing of a silver deposit. For this reason the 
legal definition of the unit of current is based on its electrolytic effect*. 
According to this definition, that current has unit strength which deposits 
1*118 milUgrammes of silver per second from a silver solution. This 
current is called an Ampere. 

For practical purposes the strength of a current is more conveniently 
measured by means of its magnetic effect, a current-carrying coil acting on 
a magnet or piece of iron with resulting attraction or change of direction. 
Such instruments are called Ammeters. If intended for the measurement 
of very small currents they are called Galvanometers. 

The quantity of electricity that passes through the cross-section of 
a conductor per second, when the current strength is one ampere, is 
called a Coulomb. If we assume, for example, that the current passing 
through a glow lamp is 0*5 ampere, then 0*5 coulomb of electricity passes per 
second through any cross-section of the conductor. The quantity of electri- 
city passing in an hour is 0*5 . 3,600 or 1,800 coulombs. In general, if 
Q = the quantity of electricity in coulombs, 
i = the current in amperes, 
and t = the time in seconds, 
then Q»i* . t coulombs (1). 

We see therefore that an ampere-hour is equal to 3600 coulombs. 



2. Electromotive Force. 

We have already mentioned the idea of electricity flowing from a high* 
to a lower level, the word level being used in a special sense. This differen< 
of electrical level can be produced by machines in which windings are coi 
tinually passed before the poles of magnets, or by galvanic cells consist 
two chemically different plates in a liquid, The Bichromate cell, for exami 
consists of zinc and carbon plates dipping into a mixture of curomic 

* This is not strictly true for England, as the ampere is legally defined as the current trl 
gives a certain reading on an ampere balance at the Board of Trade. This balance was, 
ever, standardised by deposition of silver and not from ita dimensions. 
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A an eVectTotneter.^ Upper end of the carbon 

,s found to be- positively charged, while the upper 

kl the zine i« charged negatively. Hence, a 

of electrical tan between the 

r ends of the carbon and zinc or between 

i of the cell, and if these terminals 

iued by means of a metallic or liquid con- 

ncity will flow from the higher to 

the lower level, that is, an electric current will 

through the conductor. 1' icitv 

will flow from the carbon C through the external 

uctor to the zinc Zn (Fig. 1 ). 

It is found, however, that a steady flow of electricity oontiiraefl through 

\ternal conductor so long as it connects the terminals. Hence, we 

assume that the electricity, which flows externally bom the carbon 

to the zinc, passes back in the cell from the zinc to the carbon, being lifted, 

as it were, from the lower to the higher level. In a similar manner the 

water which flows from the mountains to the sea is raised again to the higher 

bj evaporation due to the heat of the sun. We see, therefore, that 

king in the cell which causes a movement of electricity and 

maintain a steady flow or current round the circuit, through the 

uce of the cell itself, and through the resistance of the external 

The cause of this movement of electricity is called the 

electromotive force of the cell. It is analogous to a pump which raises 

tot water from a lower to a higher level. The electromotive force of the 

rnal to the difference of level or pressure measured between its 

terminals when on open circuit, i.e. with the external circuit broken. 

The question arises: How can we determine the magnitude of this 
difference of pressure, or comjiare it with any other pressure I We could 
Me a gold-leaf electroscope, and determine the pressure from the deflection 
of the gold leaves. As a rule, however, we determine the pressure from 
'rength of the current it produces. If, for example, two vessels com- 
municate with each other by means of a pipe having a known constant 
(the quantity of water flowing through it per second is proportional 
to the difference of pressure or of level in the two vessels. In the same way 
ct one and the same conductor, viz. the coils of a galvanometer, 
occeesively between the terminals of the various cells which are to be 
I'Lred, or between the two points between which the pressure d iffer ence 
measured. The strength of the current in the galvanometo 

I the magnitude of the electrical pressure difference, i.e. 

•live force of the cell. 

In we find that the electromotive force of a given type of cell 

a an int magnitude, quite independent of the sue of the 

cell In this respect a cell resembles a high-level reservoir. The difference 

knd thereby also the pressure is fixed, once for all, by the difference 

tt the reservoir and the point at which the water power 
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4 Electrical Engineering 

is used; it is <|uite immaterial whether the reservoir is large or small, so 
long as it is kept full. The current or flow of water is entirely in the hands 
of the consumers, depending only on the number of cocka opened. H« n<*-. 
we see that it is very misleading to speak about the current strength of 
a cell ; it suggests the idea of a certain fixed current in the cell, which must 
always flow when the cell is in use. This idea is entirely wrong, for the 
cell has only one essentially characteristic property and that is its electro- 
motive force, which is present whether the cell is in use or standing idle. 
The strength of the current is, however, entirely in our hands, depending, 
as it does, on the convenience of the path open to it, that is, on the 
magnitude of the external resistance connected between its terminals. 

We are now at liberty to choose any pressure as the unit with which 
to compare all others. The unit used in practice is roughly half aa large 
as the electromotive force of the above-mentioned Bichromate cell, and 
is called a volt. 

The following table gives particulars of the cells commonly employed. 



Type of Cell 


Composition of Cell 


Electnituiitive 
force in volts 


Bichromate 


Zinc and Carbon in sulphuric and 
chromic acid 


2 


DanieLl 


Zinc in dilute sulphuric acid, copper 
in solution of copper sulphate 


1*07 


Bunsen 


Zinc in dilute sulphuric acid, carbon 
in strong nitric acid 


1-8 to 19 


Leclanche" 


Zinc and carbon in solution of sal- 
ammoniac, the carbon being sur- 
rounded with manganese dioxide 


1-4 


Clark Standard 


Zinc in zinc sulphate solution, mercury 
in solution of mercurous sulphate 


1-433(15° C.) 


Weston Standard 


Cadmium amalgam in solution of cad- 
mium sulphate,mercury in mercurous 
Bulphate 


1019 (15° C.) 



The zinc, or the cadmium, which is chemically very similar to zinc, forms 
the negative pole in all these cells, and the current flows from the positive 
pole to the zinc through the external circuit. 

3. Ohm's Law. 

We have already seen that if the same external conductor be connected 
successively across cells having different electromotive forces, the strength 
of the current, in each case, is proportional to the electromotive force. We 
go now a step further and connect the terminals of the same cell successively 
by means of wires of different materials, lengths, and cross-sections. We 
observe that the current differs in each case, and conclude therefore that 
the various wires offer different resistances to the current. If the current 
is small, we conclude that the wire has a large resistance, whereas, if the 



Ohm's Law 6 

current is large, the resistance of the wire must be small. Hence, the 
strength of the current is inversely proportional to the resistance of the 
path. Similarly, the quantity of water, forced per second through a narrow 
pipe by means of a given pressure, is smaller, the longer the pipe, the 
greater the friction against the walls of the pipe, and the smaller the bore. 
In other words, the quantity of water per second is inversely proportional 
to the total resistance of the pipe. We come thus to the conclusion that 
the current is proportional to the electromotive force and inversely 
proporti onal to the electrical resistance. Hence, if 

E* the electromotive force in volts, 
t=»the current in amperes, 
and i2 = the resistance of the whole circuit, 

then t-J (2). 

This fundamental law of electrical technology is known as Ohm's law. At 
first sight, it might appear necessary to introduce a coefficient after the sign 
of equality ; this, however, is unnecessary, or rather it becomes unity if the 
resistance be expressed in terms of a suitable unit. Inversely, the unit of 
electrical resistance is determined by Ohm's law as expressed in (2), and 
cannot now be arbitrarily chosen. If we put i = 1 and E = 1, then from (2) 
we have R =* 1. Hence, the unit of resistance is that resistance through 
which a pressure of 1 volt produces a current of 1 ampere. This unit 
of resistance is called the Ohm. It is found experimentally that a column 
of mercury 106*3 cms. long and 1 sq. mm. in cross-section has a resistance 
of 1 ohm. 

To take an example, let the electromotive force of a dynamo be 115 volts, 
its resistance 0*05 ohm and the external resistance 11 ohms; then 

#=115 volts, 

R = 0-05 + 1-1 = 1*15 ohms, 

• E 115 i™ 

t = -jz = yrr-r = 100 amperes. 

The legal definition of the electrical units follows, however, a different 
procedure from that which we have followed. We have defined the units of 
pressure and current and have derived the unit of resistance from them. 
Legally, however, the ampere is defined as that current which deposits 
1"118 mgs. of silver per second, and the ohm as the resistance of a column of 
mercury, having a cross-section of 1 sq. mm. and a length of 106*3 cms. 
From these two legally defined units, it follows that a volt is that pressure 
which produces a current of 1 ampere in a resistance of 1 ohm*. 

Equation (2) can be written thus, 

r =t < 3 >- 

* Considerable confusion and difference of opinion exists at the present time on the subject 
of legal definition of electrical quantities. It is now being considered by an international 
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This aquation expresses mathematically the fact which we have already 
mentioned, viz. that i£ t in an experiment, we find the current to be small, in 
spite of a large electromotive force, we can conclude that the resistance is 
large. Hence, we see that resistance can only be accurately defined as the 
ratio of electromotive force to strength of current. One must be very careful, 
however, not to regard resistance as a back pressure. The back pmauiufo Ls 
only obtained when we multiply the resistance by the current flowing through 
it Thus, equation (2) can be written thus, 

Bmt.B (4). 

The left-hand side of this equation is the pressure or electromotive force 
of the source of supply, while the right-hand side is the pressure necessary bo 
send the current i through the resistance R. They are both equal to one 
another. 

Ohm's law, however, is not only applicable to the circuit as a whole, but 
to each individual part of the circuit. Sup- 
pose, for example, that the current i flows 
successively through the resistances R x , R^ 
and ft (Fig. 2). If the differences of po- 
tential between the terminals of the resist- 
ances Rj, R, and R 3 be denoted by e Xt e 3 
and e, respectively, it is found by experi- 
ment that 



e l =i.R lt 
e? = i.R t} 



e t = i.R, 



R> = 



ft-*. 




Fig. 2. 



We see, therefore, that although we may make the current as large as we 
like, by using, say, a stronger cell or more of them, the ratio of the terminal 
pressure e x to the current i has always a constant value. This is on the 
assumption that neither dimensions, nature or temperature of the material 
undergoes any change. This constant ratio we call the resistance i£,. It is 
really nothing more than a coefficient, by which the proportionality of the 
drop of pressure in a conductor to the current can be expressed, as in the 
equation «, = *', R z . 

If, for example, a resistance of 1 ohm is placed in circuit with two arc 
lamps connected in series, and the current is 15 amperes, then the drop of 
pressure in the resistance is 1.15«15 volts. If the supply pressure is 
110 volts there remains only 110 — 15 = 95 volts for the two lamps. 

In general, if e denote the potential difference between the terminals of a 
resistance R, then 

e = i.R (5). 

This equation enables us to understand the difference between ammeters 
or current strength meters and voltmeters or potential difference mjaten. 
Generally speaking, both classes of instruments depend on the maL' 




Fig. 3. 
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effect of the current. They differ, however, in details of construction Ufcd ia 
the method of connection. Ammeters are pat in NOH with the main ninvnt 
and have as a rule few turns of thick 
wire. The heat developed, and the 
pressure drop in the instrument, are 
consequently very small, even with 
heavy currents. If, on the other hand, 
an instrument is to be used as a volt- 
meter, it is wound with many turns of 
fine wire and connected, in series, if 
necessary, with a high constant red 
•ace, across the points between which 
potential difference is to be mea- 
sured, e.g. the dynamo terminals in Fig. 3. The roll m thus connecl 
in parallel with the resistance across which the terminal pressure is being 
measured. 

The current that flows through the voltmeter is a loss to the supply. The 
large resistance of the instrument is for the object of keeping this current as 
small as possible. This is also necessary in order that the supply pn 
and current may not be affected by the connection of the voltmeter. To 
obtain a powerful magnetic effect it is necessary to employ a large number of 
turns in its coils, and we are compelled, from tations of economy and 

space, to use fine wire. The instrument acts really as an ammeter in that 
its deflection is caused by the current flowing through it. If, however, this 
current be multiplied by the resistance of the voltmeter, we obtain the 
potential differenoa between its terminals, and the scale can therefore be 
marked in volts. That ammeters and voltmeters are the same in principle 
am bart be seen from the fact that there are many instruments which can bo 
used for both purposes. If, for example, the sensibility of an ammeter be 
such that a deflection of one degree is produced by a thousandth of an 
ampere, and external resistance be added bringing the total resistance up to 
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1000 ohms, then a deflection of one degree will correspond to a potential 
difference of TT fo T[ . 1000= 1 volt. 

From the above it is evident that, to compare two or more ammeters, we 
must connect them in series (Fig. 4). If, on the other hand, we wish to 
compare several voltmeters, we must connect them in parallel, each with its 
terminals connected to the ends of the resistance R t the pressure across 
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which is to be measured. Such an arrangement is shown in Fig. 5, in which 
the lamps enable us to regulate the pressure across the resistance R by 
dropping a larger or smaller fraction of the terminal pressure of the dynamo. 

Above all, when comparing two voltmeters, one must be careful not to 
connect them in series, as, owing to their unequal resistances, the total 
pressure is distributed unequally between them. 

Having thus explained the principles underlying the measurement of 
current and pressure, mention must be made of their combined use to deter- 
mine resistance. This indirect method of resistance measurement by observing 
the pressure and current is specially suitable for very small or very large 
resistances. If, for example, a current of 10 amperes be passed through the 
armature of a stationary electric motor and the potential difference between 
the brushes be measured and found to be 2 volts, then the armature resist- 
ance R a is given by the equation 

J2 = ^ = ^=0'2ohm. 

The advantage of this method is that the resistance is measured exclusive 
of the resistance of any connecting leads. We have assumed that, the resist- 
ance to be measured does not include an electromotive force ; if it does, the 
calculation of the resistance is not so simple. 



4. The relations between the resistance of a conductor and 
its material, cross-section, length and temperature. 

The importance of Ohm's law lies largely in the fact that the resistance 
of a conductor, that is, the constant ratio of the potential difference bet 
its ends to the current flowing through it, stands in a simple relation to its 
cross-section and its length ; it depends largely on the material and to a far 
lesser degree on the temperature. Thus, if 

I = length of conductor in metres, 
A = cross-section in sq. mms., 
p = a coefficient depending on the material, 
it is found experimentally that 






R = 



■(6). 



Hence, the resistance of a wire is proportional to its length and inversely 
proportional to its cross-section. The coefficient p is veiy different for 
different materials. Its meaning can be seen by putting 1 = 1 and A = 1 
in equation (6). R is then equal to p, so that the coefficient p is the 
resistance of a wire of the given material 1 metre long and 1 sq. mm. 
cross-section. This is called the specific resistance of the material*. 
To determine its value for a given wire, the values of /, A and R are 

• It is customary in England to define the specific resistance as the resistance or a wire 
1 cm. Jong and 1 sq. cm. cross -section. In this case the values of p given in the table must be 
multiplied bv 10"*. 



Specific Resistance 9 

found from experiment and p calculated from them. In this way we find 
the following values: 

Copper at 15° C. p=» 0*017, 

Mercury p - 0*94 » j^gg , 

German Silver p- 0-2— 0-4, 

Carbon , p« 100— 1000, 

Sulphuric Acid (26—30 %) p« 14,000. 

Resistances for the purpose of weakening the current or for causing a 
drop in the pressure are made, therefore, of German silver, whereas the 
windings of machines and the leads are made of the best conducting material, 
viz. copper, to avoid all unnecessary pressure losses. Even then the pressure 
losses are not inconsiderable. Consider, for example, the supply of 
60 amperes to a point 20 metres distant, through wires with a cross- 
section of 50 sq. mms. The total length of wire, go and return, is 

I = 2 . 20 « 40 metres, 

I 0*01 7 A£\ 

and we have R-p± = ' ' - 00136 ohm. 

A 50 

The pressure drop 4 in the leads is then found as follows : 

*•». 5 = 60. 0-0136-0-8 volt 

The specific resistance is, however, not constant, but increases in all 
metals with increasing temperature, the increase of resistance being directly 
proportional to the rise of temperature. The temperature coefficient of 
a material is defined as the increase in resistance for a temperature 
rise of 1 degree centigrade, the increase being expressed in terms of 
the resistance at 0° C. Thus, when we say that experiment gives a mean 
temperature coefficient for copper of 0*004, we mean that for every degree 
rise of temperature the resistance increases by 0004, that is 0*4 per cent, of 
its value at 0° C. If, then, 

.R, be the resistance at the initial temperature T lt 

R? the resistance at the final temperature T a , 

Ro the resistance at 0° C, 

and A the temperature coefficient, 

it follows that R l = R* (1 + A . TJ, 

J2,»J2,(l + A.r s ), 

and R 9 -R, = R*(T 2 -T l )A; 

In practice it is usually quite accurate enough to assume that 

A R* — Ri 



RiiTt-T,) 



,(7). 
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Under working conditions the temperature of electrical machines rises 
about 50° C, which corresponds to an increase in resistance of 0*4 . 50 = 20 per 
cent. The specific resistance of warm copper is, for this reason, usually taken 
as 0-02 instead of 0017. 

With the help of the temperature coefficient 0*004, we are able to deter- 
mine the temperature rise of parts of a machine which are quite inaccessible 
to a thermometer. Suppose, for example, that the resistance of the field 
winding at 15° C. is 50 ohms, that the field current after running for several 
hours is 2 amperes, and that the pressure across the terminals of the Held 
winding is 114 volts. The resistance of the field winding under working 
conditions is therefore ^ = 57 ohms, and we have 

R, = 50, i^= 57, T x m 15, and A - 0-004. 

From equation (7) we have 

57 -50* 
50(7.-18)' 
whence T % = 50° C. 

The temperature rise is therefore 35° C. 

As the temperature coefficient of all single metals, with the exception 
of mercury, is relatively large, they cannot be used for standard resist- 
ances. For such purposes we use an alloy, such as German silver, which, in 
addition to the advantage of a high specific resistance, possesses a very small 
temperature coefficient, viz. 00002 to 0*0004. The resistance of manganin, 
an alloy of copper and manganese, is practically independent of the tem- 
perature. 

In contrast to the metals, the resistance of carbon and of liquid conductors 
decreases with rising temperature, that is, their temperature coefficient is 
negative. The temperature changes to which a glow lamp filament is 
subjected are so great that its resistance must necessarily be determined 
while burning, i.e. by the ammeter and voltmeter method. 

Calculations are sometimes simplified by the use of the conductance, that 
is, the reciprocal of the resistance of a conductor. The specific conductance 

or the conductivity of copper, for example, is n . m7 = 59 or roughly 60. It 

was formerly the custom to define the conductivity of liquids in another 
way, viz. by comparison with mercury; modern electro-chemical works, how- 
ever, follow the above method and use the reciprocal of the ohm. 



5. Kirchhoff's Rules, 
(a) Kirchhoff's first rule. 

The sum of the currents flowing to any point is equal to the sum of 
the currents flowing away from that point. Calling the currents flowing 
to the point positive and those flowing away negative, we have for any point 
in a wire or network, 

2i = (S), 
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the dynamo resistance R* be 01 ohm, the battery resistance R& 018 ohm, 
and the resistance of the leads Ri 012 
ohm. We are required to find the current 
i and the terminal pressure across both 
dynamo and battery. 

The back E. M. F. of the battery 
tf 6 = 50.2=100 volts. 

If now we go round the circuit in a clock- 
wise direction, as indicated by the arrow, 
and carry out the summations of equa- 
tion (9), we get 

, E — E b 



o 







or 



Fig. 7. 

116-100 „ 

5TTM 3 T5 ^ = 40 amperes. 



R a + Rh + Ri ~ 01 + 018 + 012 «— ' r 

The various ohmic pressure losses, or drops, are then as follows : 

\.R a = 40.01 = 4 volts, 
i. #6 = 40.0-18= 72 „ 
t.JJi = 40.012= 4*8 „ 
adding the back e.m.f.= 100 

Total = 116 volts. * 

We see that the E.M.F. of 116 volts is exactly used up in overcoming the 
back E.M.F. of the battery and in supplying the pressure losses, or drops, in 
the various resistances. 

In finding the terminal pressure of the dynamo, which is also the pressure 
across the external circuit, we have to remember that a part of the electro- 
motive force of the dynamo is used up in the dynamo itself in driving the 
current through its internal resistance. The greater part, however, remains 
available for the external circuit. Similarly, in a water supply the full 
pressure corresponding to the difference of level is only obtained when all 
cocks are closed. Directly water is drawn, a pressure loss occurs due to 
friction between the water and the inner surface of the pipes, and the 
pressure available for the consumer drops below that corresponding to the 
difference of level. To find the terminal pressure e we must therefore sub- 
tract the internal drop from the electromotive force, thus, 

e = E- %R a = 116 - 4 = 112 volts. 

For the battery, which is being charged, the relations are however quite 
different. The terminal pressure e b across the battery has a double duty, 
viz. to overcome the back E.M.F. E b and to drive the current through the 
ohmic resistance of the battery. Hence 

e b m E b + i . R b = 100 + 72 = 1072 volts. 
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6. Resistances in Parallel. 

It is self-evident that the resistance of several conductors connected in 
series is equal to the sum of their individual resistances. If, on the other 

A/WV 

AAAA//~ 
U/WV 

Fig. 8. Fig. 9. 

hand, two resistances i£, and R* are connected in parallel, as shown in Fig. 8, 
the combined resistance is evidently less than that of either, for the current 
has a more convenient path than would be offered by either resistance alone. 
The conductance of the loop is, as can be shown experimentally, equal to the 
sum of the conductances of the parallel branches, that is, 

!«! + !. 
r iti r% 

From this we have i- 3, \ (10). 

In making very low resistances, for example, it is almost impossible to 
cut the wire to the exact length required. It is therefore cut so as to have 
a resistance i^, slightly higher than that required, which is then brought 
down to the correct value by connecting another resistance i2» in parallel 
with it. Suppose that R l has been made 0102 ohm. The question is : What 
resistance must be put in parallel with 2£, so that the total resistance R may 
be exactly 0*1 ohm ? From equation (10) it follows that 

_ 0-102 •*» 
0102 + JV 

.\ R, = 5*1 ohms. 
Suppose now that an error of 2 per cent, is made in the adjustment of this 
51 ohms, so that R, is really only 5 ohms. The total resistance will then be 

an error of only 0*04 per cent. 

If more than two resistances be connected in parallel, we find in the 
same way that 

1111 

s=^ + 5; + s, + ■ (11) - 

If the individual resistances are equal, the calculation is much simpler. 
Suppose, for example, that the armature of a 4-pole machine is parallel 
wound, so that there are four equal parallel paths through it (Fig. 9). If 
the total length of wire on the armature is 200 metres and its cross-section 
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10 6q. mm., the resistance of each branch, taking the specific resistance of 
warm copper as 002, is equal to 

The combined resistance of the four equal parallel branches is only a quarter 
of this, so that 

i*«= 4 , 1 q- = 0025 ohm. 

To find the ratio of the currents in the two branches in Fig. 8 we observe 
that both resistances R } and i? a have the same terminal pressure e. If i, be 
the current in the resistance R Jt and 4 that in the resistance H?, then we 
have 

wherefore 6-S! (12). 

Hence, when a current divides between two or more parallel paths, the 
currents in the various branches are inversely proportional to their resistances. 
It is on this principle that large currents are 
measured by means of sensitive galvanometers 
carrying only very small currents. The gal- 
vanometer is put in parallel with a known bw 
resistance, and is said to be shunted. The 
main current i will divide, a small portion i g 
flowing through the galvanometer of resist- 
ance R gt while the remainder i, flows through 



the shunt R t . 



We have then (Fig. 10), 
i _Rt 



i. *, 




ur 



i_ _A 



t« + », R* + R L 



.(13). 



but ig + i $ = i t the main current ; therefore 

. . R 9 + R g 

t=t '-i*r* 

To simplify calculation the resistance of the shunt is usually made equal 
to 4> A or *ta °f tne resistance of the galvanometer. If, for example, the 
galvanometer has a resistance of 100 ohms, and is shunted with Jj$ ohms, 
we have 

Hence the main current is 1000 times the galvanometer current. 



7. Series and Parallel arrangement of cells. 
When cells are connected in series, the positive terminal of one cell is 
connected to the negative of the next, and so on (Fig. 11). The same current 
flows through all the cells one after another, and all the electromotive forces 
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^oxeti^ ^ XiT**^^ not on ^ muflt tne electromotive forces of all 
i ceWa \>e aAdeA *°*a* ^^» ^ ut a ^ so ^eir ^ter™^ resistances. The series 
ratsement is ^^^Las^T^ ^ wnere a lw S e current is required in spite 
I a nigh, external ^v^tice. rj^ e mcreaae< j battery resistance due to the 
aeries arraugeme*^ * *** negligible, whereas the great electromotive force 
thros obtained is important. To connect cells in parallel, all their positive 





Fig. 11. 



-/wvJ 

Fig. 12. 



terminals are joined together, on the one hand, and all their negatives on 
the other. By this means the battery resistance is made very small, but 
the pressure across the external circuit is only that due to a single cell. 
We can no more add parallel connected electromotive forces than parallel 
connected hydraulic pressures. If, for example, two pipes come down from 
two equally high reservoirs, the pressure obtained is no greater than if a 
single reservoir were used, if the resistance of the pipes be neglected. Cells 
are therefore connected in parallel to obtain a large current in an external 
circuit of low resistance, that is, when a large current can be obtained 
without a high pressure. The parallel arrangement has here the advantage 
of keeping the battery resistance, which is now considerable compared with 
the low external resistance, as small as possible, thus enabling a larger current 
to be obtained. 

A combination of these two methods leads to the mixed arrangement 
shown in Fig. 13, in which several cells are connected in series, and then 
a number of such rows connected in 
parallel The question arises: How 
should a given number of cells be 
arranged so as to give the maximum 
current ? Let 

R be the external resistance, 

R b the battery resistance, 

Ri the internal resistance of one cell, 

x the number of cells in series, 

E the E.M.F. of each cell, 

z the total number of cells. 

The number of parallel paths is -, and the resistance of each branch R t x. 

The battery resistance is therefore 

D R%x RiX 2 

zjx z 



Fig. 13. 
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Since the E.M.F. of the battery is equal to that of a single branch, that 
is E . x, we have, by Ohm's law, for the current t through the whole battery, 

• = Ex E 

Z X z 

For a maximum value of this expression the denominator must be a 
minimum. The denominator is a function of the variable x t which fact can 
be expressed thus: — 

li _ R{X 



Differentiating with regard to £, we have 



R, 



The function f{x) will have a minimum value when/*(x) = O t that is when 

z 

The left-hand side of this equation represents the external resistance, while 
the right-hand side is equal to the internal resistance of the whole battery. 
Hence, to obtain the maximum current through a given external resistance 
with a given number of cells, these should be so arranged that the internal 
battery resistance is, as nearly as possible, equal to the external resistance. 



8- Wheatstone's Bridge. 

The measurement of resistance with the Wheatstone bridge is an im- 
portant and instructive application of Kirchhoff's rules. 

The cell E (Fig. 14), whose E.M.F. need neither be known nor constant, is 
connected across the ends of a bare straight wire AB. Under the wire is a 
scale by means of which the exact 
position of the sliding contact C 
can be read. Connected in parallel 
with this wire is a branch consisting 
of the unknown resistance x, the 
value of which is to be determined, 
and a known resistance R. The 
resistance of the connecting wires 
is assumed to be negligible, A 
galvanometer is connected between 
the sliding contact C and the con- 
necting point between x and R. 
The sliding contact is moved until 
no current flows through the gal- 
vanometer. The current t\ then flows uniformly through the resistances a 
and b, and the current t, through the resistances x and R. We now apply 
Kirchhoff b second rule to the left-hand lower mesh, going round it in a 




clockwise 
no*.M.T. and 



Similar ly in the 



Hence it follows 






yr £3uwx 2! 



The ratio a : b in dob 
of the slide wire; the 
the ratio azb can be 

It is instructive to 
from the analogy of a 
mains. If a 
flow through this 
or pressure between 
bridge. When 
difference of 
from A to C is eqaal to 
an equation, we have 

and v -£=-=■» _ 

Equation (14) follows dbetsir ansa that 

This form of Wneatsune "s 
metre-wire bridge, the wire AM 

The lengths of wire a sad 4 

sistances, and it is then more < 
to obtain a balance by aherxng tfee racae 
of K The well-known Post Ofiee skx 
is of this type. 

The method outlined above is sadx- 
able for resistances of medium star- 
In the case of very small resassaneea. 
the connecting wires woold zntrodaor 
considerable error. To avoid this, zbe 
cell could be connected directly to the 
ends of the resistances x and R. while a 
and & could be represented by accurate 
resistances of such values that the end 

connections would be quite negligible. In the ordinary fynn of bridge, 

however, it is impossible to eliminate the effecs of the connection between 

ff and R. If, in fig. 14, the galvanometer be connected to the end of x, R 

' will be increased by the resistance of the connection between x and 22, 

■ whereas, if the galvanometer be connected to R, x will appear too large. 

In Thomson's (Kelvins) double bridge this difficulty is surmounted by 

connecting the galvanometer through resistances J2, and 22, to both x and R 




F^ 15. 
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(Fig. 15). The former direct connection between x and R, shown at the 
bottom of Fig. 15, still remains. We see that there are now two leads 
connected to each end of both x and R. The resistances R^ and 72, are so 
chosen that their ratio R } : Rj is equal to the ratio a : 6. If, for example, 
a : b= 1 : 10 then R l : R? must be made 1 : 10. The point D will then have 
the same potential as the point F which divides the direct connection be- 
tween x and R in the ratio : d «■ 1 : 10. We can therefore imagine the 
galvanometer directly connected to F instead of to D, and when, by altering 
the value of R } the current in the galvanometer has been reduced to zero, 
we have 

a x -he 

b^RTd' 
In our case, where a : 6= 1 : 10,. 



B + 

*R + d 



10' 



and as c : d is also in the ratio 1 : 10, it follows that x : R = 1 : 10. In this 
way the resistance of the connecting leads is eliminated and it is therefore 
possible to measure very low resistances, such as the armature resistance 
of a large dynamo, with great accuracy*. 

9. Measurement of Electromotive Force by the 
Potentiometer Method. 

A cell of constant but unknown E. M. F. is connected across the ends of & 
calibrated wire AB (Fig. 16). The P. D. (potential difference) between A and 
B must be greater than the E. M. F. x 
which has to be , measured, and also 
greater than the E. M. F. E % of the 
standard cell. A Bunsen cell, for ex- 
ample, could be used for E t and a 
Daniell cell for 2? s . A galvanometer, 
the standard cell and a high resistance 
are connected in series between the end 
A of the calibrated wire, and the sliding 
contact, the cells E and E having simi- 
lar poles connected to A. The sliding 
contact is moved along the wire until a 
point C is found where no current flows 
through the galvanometer, the final ad- 
justment being made with the high resistance short-circuited. The cell to 
be tested is now put in the place of the standard cell so that the electromotive 
forces E and x oppose each other as before. The sliding contact is again 
adjusted until no current flows through the galvanometer, its new position 
being C. 

In order to find the relation between the electromotive forces E and x 

• For further information on the subject of measurement of resistance, see Price's " Mtmme- 
ment of Resistance," Kempe's "Handbook of electrical testing," or Chapter xxvi in Watson's 
"Practical Physi cs. " 




Fig. 16. 
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from the measured lengths AC and AC, we observe that the 
pressure of the Bunsen cell E is used op along the whole length 0/ the wire 
AB. Across half the wire, for example, there it half the pressure, far, with 
the same current, pressure differences are proportional to resistances. The 
it the i'. D. between A and C to the P. D. between A and C wiU there- 
fore be equal to the ratio of the lengths of wire, that is AC: AC. We hare 
seen, however, that the P. D. between A and C exactly hahnrea the X. M. P. £",, 
while the P. D. between .4 and C exactly balances the s. H. r. x. If now we 
replace potential differences by corresponding lengths of wire, we hare 

AC E t 

AC~ * 



[16) 



This method, which brings home very clearly to the beginner the mil of 
potential along a resistance, is one of the most convenient methods of 
calibrating instruments, and it may be said that almost all instruments are 
now calibrated in this way. The calibrated slide wire is replaced, either 
entirely <>r for thr most part, by accurate resistance ©oik, an aocomnlator 
takes the place of E, and a Weston or Clark cell is used as the standard. 

In a similar way it can be shown that the pressure y across the points A 
and B is such that 

AB_ y 
AC" E,' 

It must be carefully noticed, however, that y is not the E. X. P. of the 
upper cell but only the P. D. between its terminals. The cell E differs from 
the cells m and E v in that it is carrying a current, and its terminal pressure is 
therefore less than its E. M. P. by an amount equal to its internal pressure 
drop. 



10. Joule's Law, Electrical Energy and Electrical Power. 

A conductor through which an electric current is flowing becomes heated. 
The amount of heat so developed was measured by the English physicist 
who determined the relation between the heat and the current, pressure 
and time. The quantity of heat taken as the unit in Electrical Engineering 
is the gramme-calorie, which is the amount of heat required to raise the 
temperature of 1 gramme of water from 0° to 1 ' C, or, what is practically the 
same thing, the heat required to raise 1 gramme of water through 1°C. If 
Qa represents the quantity of heat in gramme-calories, e the pressure across 
the terminals of the conductor in volts, t the current in amperes, and t the 
time in seconds, then it is found experimentally that 

Q A = 24,«.*\f (16). 

The experiment can easily be repeated h\ immersing a platinum spiral in 
a measured quantity of water, the spiral being soldered to two thick copper 
leading- in wires of negligible resistance (Fig. 17). The inner glass vessel, 
which contains the water, rests on cork knife-edges and is separated by an 
tir space from the external vessel to avoid as far as possible any loss of heat. 
A current is passed through the spiral and readings are taken of the pressure 
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Fig. 17. 



across the terminals, the current and the resulting temperature rise T 9 — T t 
in a certain time. The amount of heat is determined by multiplying the 
weight of water W in grammes by the tempera- 
ture rise T, — r,. It is found that this quantity 
of heat is proportional to the product e .i .t. 
Q h -W(T t -T x )-c.e.i.t, 

With a little care the value 24 will be ob- 
tained for c. It is a good plan to start the 
experiment with the water a few degrees bjataff 
the temperature of the room and to continue it 
until the water is an equal number of degrees 
above the room temperature. The amount of heat 
radiated out in the second half of the experiment 
will be equal to the heat received from the sur- 
roundings during the first half, thus correcting any 
radiation error. It must be remembered moreover 
that the value of W is made up of the actual 
weight of the water and the water equivalent of 
the inner glass vessel. The latter is found by multiplying the weight of 
the empty glass vessel in grammes by the specific heat of glass, i.e. 019. 

Joule's experiment is as fundamentally important in Electrical Engineering 
as his determination of the mechanical equivalent of heat, according to which 
a kilogramme-calorie is equivalent to 427 metre-kilogrammes or 1 British 
Thermal unit (Fahrenheit) to 778 foot-lbs. According to Joule's law the 
product e.i.t is proportional to a quantity of heat. Now, as heat is nothing 
more than a special form of energy, the product e.i.t must represent an 
amount of energy, and it is therefore a measure of the electrical energy 
or work. 

The unit of electrical energy is the work done in one second when a 
current of 1 ampere flows under a pressure of 1 volt. This amount of 
energy is called a joule or a watt-second. The electrical work J is given 
therefore by the equation 

J = e.i.t joules (17). 

We have now to find the relation between the electrical work in joules 
and the mechanical work in metre-kilogrammes or in foot-pounds. Putting 
e, i and t equal to 1 in equations (16) and (17) we find that the electrical 
energy is one joule while the heat Q* is 0'24. Hence 1 joule is equivalent to 
0*24 gramme-calorie. According to the mechanical equivalent of heat a 
gramme-calorie is equivalent to 0*427 metre-kg. and therefore 

1 joule = 0-24 gr.-cal. = 024 . 0427 met.-kg. = 0102 met.-kg. 

or 1 met.-kg. = 981 joules (18). 

Similarly, we could show that 

1 foot-pound = 1356 joules. 

It is no mere coincidence that we get the figure 9*81, the acceleration due 
to gravity ; it follows necessarily from the units employed. 
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Let us consider, as an example, a dynamo giving a current of 50 amperes 
at a pressure of 220 volts for 10 hours, i.e. for 36,000 seconds ; the electrical 
work done or energy given out is 

/ = 220 , 50 . 36,000 = 396 . 10* joules, 
which corresponds to 40*5. 10* metre-legs, or 292.10* foot-lbs. Again, if a 
Daniel 1 cell gives a current of 055 ampere for 1 hour at a terminal pressure 
of 1 volt, the energy given out is 

/= 1 . 055 . 3,600 « 1,980 joules. 

1 980 
This is the same amount of work as is required to raise * _ = 200 kgs. 

one metre. 

From the unit of work we can obtain the unit of electrical power, I <■• the 
rate at which work is done. If the product e.i.t represents the electrical 
work, the product e.i must be the electrical power. Hence, the unit of 
electrical power is given by one ampere under a pressure of 1 volt. 
This unit of electrical power is called a watt. If the electrical power in 
watts be represented by P, we have 

P = e.i watts (19). 

From equation (18) we obtain the relation between the watt and a 
metre-kg. per second. One metre-kg. per second is equal to 9*81 joules per 
second, that is, to 9*81 watts. H» 

1 H. P. — 75 met.-kg8, per second = 75 . 9*81 watts = 736 watts. 
This is the continental or metric horse-power, which is about 1*4 per cent, 
smaller than the British horse-power. 

1 British H. p. = 550 ft,-Ibs. per second = 550 . 1*356 - 746 watts. 

The power taken by a 10 H. p. motor, having an overall efficiency of 0'85, 
will thus be 



P = 



10.736 

0-S5 



= 8,700 watts. 



At a pressure of 220 volts, the current taken will be 

• 8 > 7()0 an 

220 ~ am P epea ' 

The above units of energy and power are often, in practice, found incon- 
veniently small. Larger units are therefore used, as follows : — 
1 hectowatt = 100 watts (rarely used). 
1 kilowatt = 1,000 watts. 

1 watt-h<mr » 3,600 watt-seconds or joules. 
1 kilowatt-hour - 36 . 10 s 



11. Potential Difference. 

In the preceding section we based our consideration of electrical energy 
on the experimental evidence of Joule, as it appeared advisable to do this 
before giving a theoretical proof. We have repeatedly made use of the 
analogy between the electric current and a current of water. The analogy is 
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also very close with regard to electrical work. The work done by a waterfall 
in a given time is obtained in metre-kilogrammes by multiplying the weight 
of water which has fallen in the given time by the height of the fall in metres 
We proceed in a similar manner to calculate the electrical work by forming 
the product e.i.L For e is the pressure or difference of level, while i.t is 
the quantity of electricity which has passed during the time t from the higher 
to the lower level or potential. From this we obtain a more accurate definition 
of that which we have, up to the present, represented by e and designated 
difference of pressure or difference of level. Thus, if in the equation 

we make the product i.t= 1, that is, we make the quantity one coulomb, we 
have J= e. In other words, the difference of pressure e in volts is the 
work, measured in joules, which is done when one coulomb flows from 
the higher to the lower electrical level. While this coulomb of electricity 
was at the higher level it possessed potential energy or capacity for doing 
work, just as a raised weight possesses potential energy, which is greater the 
greater the difference of level. We speak therefore of an electrical difference 
of potential, and define it as the work done when a unit of positive 
electricity flows from the higher to the lower electrical level. 

Inversely, we could define potential difference as the work in joules which 
we must do to raise one coulomb of electricity from the lower to the higher 
potential. Referring to Section 2 we see that this raising of the electricity 
from the lower to the higher electrical level or potential is the special 
function of the electromotive force. Electromotive force and potential 
difference or pressure are thus, in a sense, identical and are measured in 
the same units. 

The above definition of potential difference is identical with the well 
known definition met with in frictional or static electricity. Fig. 18 repre- 
sents a positively charged insu- 
lated metal sphere. Imagine & / \ 
small freely moving body with 
unit charge of positive electricity 
to be placed on the surface of the 
sphere. Since like charges repel, 
this small body will be repelled 
to an infinite distance by the 
large sphere. By this means work „. 
will be done equal to the summa- *" 
tion over the whole distance of the product of force and distance, or this 
amount of kinetic energy will be imparted to the body. Then the potential 
at the surface of the sphere is the work done by the electric forces in 
repelling the unit of positive electricity to an infinite distance. 

When the small body is at A t it possesses with respect to the point B a 
capacity for doing work, i.e. it possesses potential energy, analogous to that 
of a raised weight. The potential at the point A is, therefore, higher than 
that at B, and there is a difference of potential, or of electrical level, between 
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It is evident that the last case is the only one of the three which is at all 
practicable. 

We shall now endeavour to make the effect of a higher pressure on the 
loss in the mains, or on the cross-section of the conductor, clearer by a 
consideration of the 3-wire system. Imagine a glow lamp to be constructed 
so as to burn normally with a current of 0*5 ampere and to have a resistance, 
when so burning, of 220 ohms. To maintain a current of 0*5 ampere the 
pressure across the lamp terminals must be 0*5 . 220 = 110 volts. We shall 
assume that 200 such lamps have to be supplied at a distance of 2 kilometres, 
with an allowable loss in the mains of 10 per cent, of the power transmitted, 
and we shall calculate the necessary cross-section of cable, using pressures of 
110 and 220 volts respectively. 

1st case. Pressure 110 volts. All lamps in parallel (Fig. 19). 

The total current taken by 200 lamps at 0*5 ampere each is 
i = 0-5 . 200 = 100 amperes. 
The total power transmitted is 
Pm+.im 110 . 100 = 11,000 watts. 
With 10 per cent, loss 1,100 watts 
will be dissipated as heat in the 
mains. If Ri be the resistance of 
the mains, then 

.R t = 100>.JRj« 1,100 

o U00 on v Fig * 19 ' 

' = lW 

The total length I is 2.2,000 = 4,000 metres. From the equation 
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and 



R 



p . -j we have 



p. I 001 7 . 4,000 



^=-^-« 



= 620 sq. mm. 



R 011 

2nd case. Pressure 220 volte. 
To obtain this pressure we connect two 110 volt dynamos in series 
(Fig. 20). If, now, we connect the lamps 2 in series, the pressure across 
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Fig. 20. 

each lamp is 110 volts. We have, then, for 200 lamps 100 parallel paths 
each taking 0'5 amperes, the total current being i = 100 . 05 = 50 amperes. 
The power transmitted is therefore 

P = e . i = 220 . 50 = 11,000 watts. 
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K 



This is the same power as in the first case. The loss in the mains shall, 
of course, remain the same as before, viz. 1,100 watts. We have therefore 

*■.£, = 50 3 . Ri =1,100 



and 



wherefore 



A 



Ri 



1 50 a u **> 
0017.4,000 



0'U 



= 155 sq. mm. 



whc 

Thus, by doubling the pressure on the mains, the cross-section of the 
conductor has been reduced to a quarter of its previous value. To enable 
each lamp in the second case to be switched on and off independently of the 
others, a balancing wire or neutral wire connects the middle point of the 
dynamos to the middle point of every two lamps. This conductor is usually 
made of half the cross-section of each of the outer conductors. There is a 
great saving in copper in spite of the three wires. It is evident, moreover, 
that, with the same weight of copper in the mains, doubling the working 
pressure enables nearly four times the power to be transmitted with the 
same percentage loss in the mains. 

The above example has been worked out in detail because of the difficulty 
experienced by the average beginner in forming clear and tangible ideas on 
this question of power transmission at high or low pressures, It is evident 
that in both the above cases the same number of lamps were supplied, each 
lamp having the same current and burning, therefore, with the same brilliancy. 
The result, obtained is therefore exactly the same in both cases. 




CHAPTER II. 



13. Electrolysis.— 14. Quantitative laws of electrolysis. — 15. Polarisation. — 16. Accumulator*. — 
17. Primary cells. —18. The Voltameter. 



13. Electrolysis. 

Conductors of the first class are those through which the electric 
current passes without producing any chemical change. The metals and 
carbon belong to this class. Second class conductors, on the other hand, 
undergo chemical changes or decomposition when a current passes through 
them. This decomposition is called electrolysis and such conductors are 
known as electrolytes. To this class belong the bases, acids and salts, either 
in solution or in the molten state. 

The vessel or apparatus, in which electrolysis is carried on, is called an 
electrolytic cell, and the immersed conductors, by means of which the current 
is led in and out of the liquid, are called the electrodes. The positive electrode. 
by which the current enters the liquid, is called the anode, while the negative 
electrode, by which the current leaves the cell, is called the cathode. 

The constituents into which the liquid is split up appear at the electrodes, 
one constituent wandering with the current to the cathode, while the other 
makes its way against the current to the anode. These constituents are 
therefore called ton*, i.e. wanderers. According to modern views some of the 
ions are charged with positive electricity. These so-called cations move in 
the positive direction of the current and give up their positive charges to the 
cathode. The other ions, called anions, are charged with negative electricity 
and move against the current to the anode, to which they give up their 
negative charges. It is perhaps difficult for the beginner to reconcile these 
views with the general idea that an electric current consists only in a move- 
ment of positive electricity. It is probable, however, that the latter is correct 
when applied to first class conductors, except that it is the negative electricity 
which moves and not the positive. The student will do well to let both 
ideas exist peacefully side by side. 

To obtain a better understanding of electrolysis we will now turn our 
attention to the difference between metals and non-metals. Metals, such as 
potassium, magnesium, iron and gold, have a characteristic lustre; they are 
good conductors of heat and electricity, and their compounds with hydrogen 
and oxygen are bases, e.g. caustic soda (NaOH), caustic potash (KOH), slaked 
lime (Ca [OH],). The basic character of the metallic oxides is shown by the 
facts that they turn red litmus blue, act as caustics, have an alkaline taste 
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and neutralise acids. The basic nature of many metallic oxides is not rery 
pronounced, being only shown by their ability to neutralise adds. 

In addition to the above characteristics, all metals show a remarkable 
peculiarity when present in a solution through which an electric current is 
flowing, in that their ions always move with the current, cowards the cathode. 
The metals are therefore electro-positive, that is, their ions are the carriers 
or transporters of positive electricity {cations). Since hydrogen also moves 
with the current towards the cathode, it is also to be classed as a metal, more 
especially as it can be chemically replaced in its compounds by metals. 

T<» the non-metals belong chlorine, bromine, iodine, nitrogen, oxygen, 
sulphur, etc., which are without metallic lustre, and which, in so far as they 
occur in the solid state, are bad conductors of heat and electricity. Finally, 
they combine with hydrogen and oxygen to form acids, e.g. hydrochloric acid 
(HC1), sulphuric acid (H*50 4 ), nitric acid (HXO,) and phosphoric acid 
(H,P0 4 ). Acids are characterised by a sour taste, their ability to turn blue 
litmus red, to dissolve metals and to neutralise bases with the formation of 
.salt.-. 

Of the non-metals, chlorine, bromine, iodine and fluorine move against 
the electric current and belong, therefore, obviously, to the anion*: moreover, 
the hydroxy 1 group (OH) among the bases, as well as the acid radicals S0 4 , 
PO«, XOj, etc., are anions. 

W« will now endeavour to make the processes of electrolysis clearer by 
means of a few characteristic examples. 

1. Electrolysis of Bases. 

When a solution of caustic potash (KOH) is electrolysed, the metal 
potassium moves with the current and causes hydrogen to be liberated at 
the cathode, in accordance with the equation 

2K + 2H,0 = 2KOH + H l . 
The hydroxy] group OH, on the other hand, moves against the current and 
causes oxygen to be liberated at the anode in accordance with the equation 

40H- 2IL/3 + 0,. 
the result it would appear that water only was being decomposed. 
The decomposition of the water, however, is purely chemical and takes no 
part in the passage of the current, which is due entirely to the decomposition 
of the caustic potash. Pure water is a perfect insulator. 

1 Electrolysis of Acids. 

The simplest case is that of hydrochloric acid (HC1). Hydrogen is liberated 
at tho cathode and chlorine at the anode. We have in this case a simple 
decomposition without secondary reactions. In the electrolysis of sulphuric 
acid (HJSO t ) hydrogen is likewise liberated at the cathode. The acid radical 
SO,, on the other hand, is not liberated at the anode, but if the anode 
consists of carbon or platinum, oxygen is liberated, the chemical reaction 
being as follows-: 

2S0 4 + 2H,0 = 2H,SO« + O, . 
The result is therefore the same as if water alone were decomposed. 
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If, however, the anode consists of copper, the radical S0 4 attacks it, 
forming copper sulphate in accordance with the equation 

S0 4 + Cu = CuS0 4 . 

3. Electrolysis of Salts. 

When a solution of potassium chloride (KC1) is electrolysed, the potassium 
ions wander to the cathode, where caustic potash is formed and hydrogen 
liberated, as above ; the chlorine goes to the anode. If the two electrodes 
are separated by a porous partition, e.g. an unglazed earthenware pot, the 
final products of electrolysis will be caustic potash and chlorine. In the 
absence of such a partition, a tertiary reaction ensues between the chlorine 
and caustic potash with the formation of potassium chlorite (KCIO) in 
accordance with the equation 

2KOH + 2C1 = KCIO + KC1 + H,0. 
If, however, the solution be hot, potassium chlorate is formed, thus: 
6K0H + 6C1 - KCIO, + 5KC1 + 3H,0. 

As a further example of the decomposition of a salt solution, we may take 
the electrolysis of copper sulphate (CuS0 4 ). The copper wanders with the 
current and electroplates the cathode. The group S0 4 moves, as before, 
to the anode and, if the latter consists of carbon or platinum, causes & 
liberation of oxygen. If the anode is of copper it will be eaten away, with 
the formation of copper sulphate, thus : 

Cu + S0 4 «=CuS0 4 . 

14. Quantitative laws of Electrolysis. 

The amount of an element or of a chemical compound deposited on an 
electrode was found by Faraday to be proportional to the current and to the 
time, or, in other words, proportional to the quantity of electricity which has 
passed. Thus, if 

m be the weight of deposit in milligrammes, 
i the current strength in amperes, 
t the time in seconds, 
and c a coefficient, 

then it is found experimentally that 

m = c . i . t 
The coefficient c is different for various ions. Faraday found that it was 
proportional to the atomic weight and inversely proportional to the valency. 
Thus, if 

a be the atomic weight, 

and k the valency, % 

then Faraday found experimentally that 

w = 0010386? i. tings (21). 
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In the let cell (H^O,) : 

2 mgs. hydrogen (H = 1), 16 mga oxygen (O = 16). 
In the 2nd cell (HC1) : 

2 mgs. hydrogen (H = 1), 70*8 mgs. chlorine (CI « 35'4). 
In the 3rd cell (CuSOj : 

63-2 mga. copper (Cu = 63-2), 16 mgs, oxygen (0 = 16). 

In the 4th cell (CuCl 8 ): 

63*2 mgs. copper (Cu = 632), 708 mgs. chlorine (CI = 35*4). 

/ 2 3 if fi 

— «- 



/f,St/ ¥ 



net 



CuCL 



a*a 



CwS0 9 
Fig. 21. 

So far, everything is quite regular, and it appears that a given current 
flowing for a given time liberates the same weight of a given element in 
whatever combination it may exist in the electrolyte. The actual weight of 
any element liberated is seen to depend primarily on its atomic weight. We 
obtain in each cell either atomic weights or multiples of them. From this 
fact we could have calculated from the weight of hydrogen liberated in 
the first cell, the results obtained in the next three cells. We meet & 
difficulty, however, when we come to the fifth cell. We cannot say before- 
hand if we shall obtain the same weight of copper as in the third and fourth 
cells, viz. 63*2 mgs. If so, the electrolyte being CuCl, the amount of chlorine 
liberated would only be 35*4 mgs. If, however, the chlorine liberated is the 
same as in the second and fourth cells, viz. 70*8 mgs., the amount of copper 
deposited must be 1264 mgs. Experiment proves this latter to be the case. 
For the same current flowing for the same time, twice as much copper is 
deposited from a cuprous chloride solution as from a cupric chloride solution. 

In cuprous chloride one atom of copper is bonded with one atom of 
chlorine ; the copper is therefore univalent. Assume for a moment that an 
atom of hydrogen weighs 1 mg., then in the first cell we have separated 
2 atoms of hydrogen from the group S0 4 , that is, we have broken two bonds 
or valencies. Similarly, we find that two bonds have been broken in each 
cell, leading us to the simplest expression of Faraday's law : The same 
current flowing for the same time breaks up always the same number 
of bonds or valencies. 

We can, however, express this law in another form. The number obtained 
by dividing the atomic weight by the valency is called the chemical equiva- 
lent of the element. The weights of various elements liberated by a given 
quantity of electricity are therefore proportional to the chemical equivalents, 
i.e. the quantities are chemically equivalent. Now, according to modern 
views of electrolysis, the electric pressure applied to the cell causes those 
electrically charged ions which exist in a free state in the solution to wander 
in or against the direction of the applied pressure. These ions give up their 
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charges on arrival at the electrodes, and act therefore as the carriers of the 

electricity through the liquid. We see f then, that equivalent weights of 

various elements carry or transport equal quantities of electricity, or, in 

other words, equivalent weights of different ions carry equal electrical 

charges. 

The weight in milligrammes of an element which is deposited in 

one second by a current of one ampere is called its electro-chemical 

equivalent. This can be calculated from equation (21) if wc know the 

atomic weight and valency of the element. For example, silver is univalent 

and has an atomic weight of 107*6, whence its electro-chemical equivalent is 

0-010386 . 107-6 _ „ Q , , . x . 0-010386 . 632 _ QOO 
= 1118; for copper (cupnc) we get = = 0'328. 

In the same way the weight of hydrogen and oxygen liberated by an ampere 
in one second can be calculated. From a knowledge of its specific gravity 
or density the volume of the gas liberated can also be found. In this way 
we find that an ampere liberates in one second 0174 cubic centimetre of the 
explosive mixture of hydrogen and oxygen, measured in a dry state at 0° C. 
and at a pressure of 760 mm. of mercury. 

The relative volumes of hydrogen and oxygen evolved by the electrolysis 
are proportional, according to Avogadro's law, to the number of molecules of 
each gas. Since the molecules of both gases contain two atoms, the volumes 
are proportional to the number of atoms, that is, from the formula H 3 0, in 
the ratio of 2 to 1. 
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15. Polarisation. 

If dilute sulphuric acid be electrolysed in a cell with platinum electrodes, 
there is found to be a potential difference of two or three volts between the 
terminals of the cell. If a smaller 
pressure than this be applied the 
electrolytic action ceases, while 
the application of a larger pres- 
sure of, say, 10 or 12 volts to the 
cell and an external resistance R 
in series simply causes such a 
current to flow that the drop in 
the external resistance leaves a 
pressure of 2 or 3 volts across 
the cell. The current is then given by the equation 
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Fig. 22. 



t = 



E- 



R ' 

where E is the applied p.d. or the E.M.F. of the generator in Fig. 22, e the 
P.D. between the terminals of the cell and R the external resistance, including 
that of the generator in the figure. It is remarkable that, although the r. i<. 
e is applied externally to the cell and it is this p.d. which drives the current 
igfa the cell, yet the magnitude of the P.D. is determined entirely by the 
cell It appears to be a function of the cell which we cannot arbh 
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alter, which remains practically constant, for example, when we so alter E 
and R that the current varies over a wide range. It even remains very 
nearly constant when the resistance of the liquid is considerably changed by 
varying the distance between the electrodes. We see, then, that the P.D. 
across an electrolytic cell cannot be found, as in the case of a metal resistance, 
by multiplying the internal resistance Ri by the current i. The p.D. e is 
very much larger than this product. — 

The reason for this is obvious when we notice that, on breaking the 
circuit, the electrolytic cell sends a current through the voltmeter. It acts 
now as a generator or source of electrical energy, the current coming out 
from that terminal of the cell at which it previously entered. This current 
is called the polarisation current and the electromotive force producing it is 
the e.m.f. of polarisation. Its effects are only noticeable so long as the 
electrodes are covered with bubbles of the liberated gases. We have thus in 
the electrolytic cell a galvanic cell made up of hydrogen, sulphuric acid, and 
oxygen, the electromotive force of which is opposed to the original current. 

This galvanic cell was, however, active during the passage of the original 
current. The terminal pressure e had therefore a double function to perform, 
viz. to overcome the electromotive force of polarisation E u and to supply the 
pressure drop due to the internal ohmic resistance of the cell We have then 
for the terminal pressure of the cell the equation 

e = E l + 1 . R;. 

Hence, we define the e.m.f. of polarisation, or the back e.m.f., as the 
electromotive force of the new element or galvanic cell produced by the 
chemical changes of the electrodes. If, as is usual, the polarisation is very 
large compared with the ohmic resistance, it follows that the terminal 
pressure will depend almost entirely on the value of E u and very little on 
the current or internal resistance. 

The phenomenon of polarisation will be made clearer by considering it in 
the light of the principle of the conservation of energy. By multiplication 
with i, the above equation becomes 

The product e . i is the total power supplied to the cell, white »*. Ri is the 
power dissipated as heat in the liquid. The power E x . i must therefore be 
used in decomposing the water. This is obviously so, for the mixture of 
gases produced possesses a store of potential energy. We can explode the 
mixture at any moment and obtain in the form of heat or of mechanical work 
the energy used in its formation. 

Now, the energy stored in the gas is proportional to the quantity of gas, 
which, as we have seen, is proportional to the quantity of electricity which 
liberated it. The energy stored in the gas is therefore 

J — c . i . t, 

where c is a constant for the gas concerned, viz. water-gas. On the other 
hand, the energy stored must be 

J = E 1 .\.t. 
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From this it follows that E v — c, that is, that the B.M.F. of jtolarisation for 
a grit cess has a constant value c. We assume, of course, 

that the liquid and electrodes are similar in each case, so that the final 
products are of exactly the same chemical composition. For other types 
of cells the E.M.F. of polarisation is different, depending, as it does, on the 
energy of chemical composition, or calorific value, as it were, of the electro* 
U ' ic products. When copper sulphate is decomposed with platinum eleol 
the back E m.k. will be quite different to that found for sulphuric acid. In 
rst case, the products of electrolysis are copper and oxygen. When 
copper and oxygen combine to form copper oxide the heat evolved is quite 
different to the heat produced by the explosion of equivalent amounts of 
hydrogen and oxygen. 

It is very interesting to calculate the back E.M.F. from a knowledge of the 

eal data. We know, for example, that when 18 grammes of water-gas 

are exploded to form IS grammes of water, 68.000 calories of heat are evolved. 

The electrical energy required for the decomposition of 18 grammes of water 

must be equal to this; it is given by the equation 

68,000 = 24 .E x .i.L 

From equation (21) on page 28, 1 ampere flowing for 1 second liberates 



0-010386 .1 , , , 010386 . 16 

- mg. hydrogen and 5 mg. oxygen, 



or, together, 



■2 



010880. IS 



mg. = 935 . 10~* grammes of water-gas. 

The quantity of electricity necessary for the liberation of 18 grs. of water- 
gas is thai ' 

1 s 
'•' ■ n .r ' in-* = 1^2 . 10* coulombs. 

Putting this value of j . t in the above equation we get 

<is,000 



ffi- 



24. 1*92. 10* 



= 1 47 volts. 



We see, then, that it would be quite impossible to electrolyse acidulated 
water by means of a Daniell cell It- is important to remember, however, 
that the actual back E.m.f. is much higher than the calculated theoretical 
value. TV- foregoing considerations wore merely for the purpose of illustrating 
the main principles underlying the phenomenon of polarisation. 

\\ a will now consider a ease is which there is practically no polarisation, 
because the nature of the electrodes is not changed by the electrolysis and 
oergy is stored in the final products. It copper sulphate solution be 
decomposed with a plate of pure copper as anode, chemically pure copper 
*ill be deposited on the cathode, while an equal weight of copper is dissolved 
from the anode. Both electrodes are therefore always of the same chemical 
nature and cannot form a polarising element or cell with the liquid. The 
back E.M.F. ifl therefore zero and e is equal to t . R{. We come to the same 
ision when we consider that the energy used in depositing copper on 
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the cathode is equal to the energy liberated at the anode where copper is 
dissolved, i.e. oxydised. The decomposition requires therefore no supply of 
energy, except to overcome the internal ohmic resistance. 



1 6. Accumulators. 

The first accumulators or secondary cells were made by Planted who 
electrolysed dilute sulphuric acid between electrodes of lead, the surfaces of 
which became thereby chemically changed, or formed, as the change is 
technically termed. To increase the capacity Faure made the plates with 
deep grooves or holes into which pastes of various oxides of lead, or finely 
divided metallic lead, were introduced. The positive plates are now largely 
made of deeply grooved lead plates having an enormous surface (Fig. 23). 
These plates are "formed" in the works by electrolysis of sulphuric acid, their 
surface being thus converted into lead peroxide. The negative plates (Fig. 24) 
consist of lead grids into the meshes of which lead oxide paste is forced. In 
this unfinished condition they are delivered and, after fitting up the battery, 
it is necessary to charge it continuously for about 40 hours, thus converting 
the paste in the negative plates into metallic lead. A cell consists of a 
number of positive and negative plates placed alternately, resting on projecting 
lugs on the sides of the glass vessel. All the positive plates in a cell are 
ronnt'cted together by a lead bar running along the top, and, similarly, the 
negative plates by another bar (Fig. 25). 
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Fig. 23. 



Fig. 24. 



Fig. 25. 



To understand the working of the cell we may assume that we have two 
pure lead plates and a vessel of sulphuric acid from which we can construct 
an accumulator by the original method devised by Planted On passing a 
current through our electrolytic cell, hydrogen will be liberated at the 
cathode, which will therefore be unchanged. At the positive plate or anode, 
however, oxygen will be evolved which will attack the lead and produce a 
coating of the brown peroxide of lead (PbO a ). On stopping the current we 
have now a cell consisting of lead, sulphuric acid and lead peroxide, ami 
having an electromotive force of 2 volts. This E.M.F. was also acting during 
the passage of the current, that is when charging, its direction being opposed 
to the current. If now the terminals of the cell be joined through a resistance, 
the cell discharges and a current flows through the resistance, leaving the 
cell by the terminal at which the charging current entered. The terminal 
which was positive while charging is also positive when discharging, for in 
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electrolytic ce^ ^ a t terminal is called positive at which the current 
iters, while xn any *>Urce of electrical energy the positive terminal is that 
which the current \eavea. 

When discharging the changes in the cell are as follows : 

+ 



Before discharging: 


PbO, 2H*S0 4 Pb 






Movement of the ions : 


Ha— — + 


Reactions at the electrodes : 


Pb0 2 + H, + H,S0 4 Pb + S0 4 




«PbS0 4 + 2H,0 =PbS0 4 


Fully discharged : 


PbS0 4 2H,0 PbS0 4 



Both plates thus become converted into lead sulphate; the positive 

[through reduction of the peroxide by means of the liberated hydrogen, the 

negative through oxidation of the metallic lead by the oxygen, the lead 

sulphate being considered as a compound of lead oxide (PbO) and SO,, 

obtained by displacing water from sulphuric acid. The result is that the 

cess of oxygen in the peroxide plate is transferred to the lead plate, the 

xidation of which is the source of the electrical energy, just as the oxidation 

f coal in a furnace is the source of heat energy. When, finally, the positive 

late has given up all ite excess oxygen, and the negative plate has been 

ereby coated with sulphate, the store of potential energy is used up and 

I is discharged. This is evident from the fact that the plates are now 

and can therefore no longer make up a voltaic cell, one essential of 

hich if? the presence of two chemically different electrodes. We must not 

orget to mention that the concentration of the acid gradually decreases as 

e cell becomes discharged, its specific gravity indicating to a certain degree 

e extent to which the cell is discharged. This change of concentration 

list be taken into account, in addition to the reduction and oxidation, when 

nsidering the energy supplied by the cell. 

The discharged accumulator is treated again as an electrolytic cell, that 

it is charged. The following changes then take place : 

+ 
Before charging: PbS0 4 H,S0 4 PbS0 4 

Direction of current in cell : *- 

ovement of the ions: S0 4 -« — — *-H, 

Chemical reactions : PbS0 4 + S0 4 + 2H.0 PbS0 4 + H, 

= Pb0 9 + 2H,S0 4 = H,S0 4 + Pb 
Fully charged : PbO, 3H,S0 4 Pb 

The positive plate is again converted into peroxide and the negative plate 
to metallic lead, and the electrolytic cell has become once more capable of 
»eing used as a source of electrical energy. 

I that the process of charging an accumulator is quite different 

rom the charging of a condenser, for in the latter case the energy is stored 

in an electrical form, whereas in the accumulator the storing consists of 

chemical changes in the active materials of the cell. When we speak of the 

3—2 
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capacity of a cell, we do not mean the same thing as we do when we speak 
of the capacity of a condenser. The capacity of a condenser is defined as the 
quantity of electricity which flows into it at the positive terminal when a 
p.D. of one volt is applied to its terminals. It is important to note that the 
same quantity flows out at the negative terminal, there being no more 
electricity in the condenser when charged than when uncharged , its 
distribution is, however, different in the two conditions. The capacity of 
an accumulator, on the other hand, is the total quantity of electricity which 
is set in motion by its discharge. 

When an accumulator is said to have a certain discharge capacity in 
ampere-hours, it is theoretically immaterial whether a large current be taken 
for a short time or a small current for a long time and also whether the 
previous charging current was small or large. Like a Daniell cell, for 
example, an accumulator has a certain electromotive force but no fixed 
current. The makers, however, specify a certain discharge current as the 
normal, or as the maximum, for a given size and type of cell. This is not 
the current which the cell is bound to give, neither is it the largest current 
the cell is capable of giving, but merely the largest current which the cell 
should be called upon to give without running the danger of loosening the 
active material, which may come away from the plates and fall to the bottom 
of the vessel, or of buckling the plates, which may bend so much under bad 
treatment as to cause positive and negative plates to come into contact. We 
can therefore choose any discharging current within practical limits, and will 
obtain corresponding times of discharge. Theoretically, the capacity should 
be the same in every case, siuce. according to Faraday's law, the product i , t 
is proportional to the quantity of active material decomposed. 

In practice, however, it is found that the capacity is considerably decreased 
when the cell is discharged with a heavy current. This is due to the action 
being largely superficial in such a case, only a portion of the active material 
taking part in the chemical changes. 

The ampere-hour efficiency is the ratio of the ampere-hours in the 
discharge to the ampere-hours in the charge. Theoretically, this ratio should 
be equal to 1, since charge and discharge consists in the chemical conversion 
and reconversion of the active material, and the quantity of electricity set in 
motion is proportional to the quantity of converted active material. Owing 
In \arious causes, however, the accumulator, especially if left standing for a 
long time, discharges itself. The causes of this are as follows : faulty 
insulation, local currents between parts of the same plate, due to impurities, 
imperfect conversion of the active material during charge, or to unequal 
concentration "f the acid. Finally. ■ psrt of the charging unpere-houn u 
used in the useless production of gas. This occurs mainly towards the end 
of the charge when the active material is almost all converted and the 
hydrogen and oxygen, failing to find any material with which to combine, 
is given off and leads to so-called "gassing." For these reasons the ampere- 
hour efficiency is less than 1. It is, however, very high, generally exceeding 
0*9, and by suitably arranging the experiment it can be made very nearly 
equal to 1. 
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In determining the ampere-hour efficiency it is, of course, very important 
to cease charging or discharging at the correct time. The charge is generally 
carried on until the active material on the surface of the plates is nearly all 
■rted, and the cell "gasses," the pressure across the cell then rising to 2'6 
or 2 7 volts owing to the gas bubbles which juUlu** to the electrodes. The 
discharge, on the other hand, is continued until the pressure drops to 1*8 
volts, the drop being to a large extent due to increasing internal resistance 
as the result of the formation of lead sulphate on the plates. This final 
value of 18 volts should be read on the voltmeter during the discharge frith 
normal current and not after opening the circuit, for the E.M.F. of the cell 
may then read 2 volts. We see then that the cell is not entirely discharged, 
bat it is found that a further discharge does great harm to the plates, 
besides being of little use owing to the rapidly dropping pressure. 

The watt-hour efficiency is, however, of greater practical importance than 
the ampere-hour efficiency. To determine this, we observe the terminal 
pressure at frequent intervals during charge and discharge, and plot the 
values observed as ordinates with the time as abscissae (Figs. 26 and 27 i. 
We gee rhat the average pressure during charge is much higher than that 
during discharge. During charge the terminal pressure is gi%*en by the 
equal i 

e = E> + i.& (22), 

while during discharge the equation is 

e=h\-i.R, (23). 
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Fig. 26. 
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Fig. 27. 



The average terminal pressure during charge is then fore greater than 
that during discharge by twice the internal drop, ijiiite apart from the fact 
n. motive force during discharge is less than that during charge, 
be in the latter case the E.M. F. is increased by the presence of the gases 
evolved The watt-hour capacity is therefore less than the ampere-hour 
efficiency, and lies in favourable cases between 0*8 and 0*9 since we have, in 
addition to the losses already mentioned, the loss through ohmic heating*. 



* For furihtr information on accumulators, aee"The Storage Battery " by TreadweU, "Theory 
wf the Lead Accumulator " by Dolexalck, or " Storage Battery Engineering " by Lyndon. 
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17. Primary Cells. 

The simplest voltaic cell consists of plates of copper and zinc in dilute 
sulphuric acid, the copper terminal exhibiting a positive charge and the zinc 
a negative one. If the terminals be joined by means of a conductor, a current 
flows through it from copper to zinc, the current flowing from zinc to copper 
in the cell. The sulphuric acid is thereby decomposed and the hydrogen, 
going with the current, adheres to the copper plate in the form of small 
bubbles. We have, then, a new cell consisting of hydrogen, sulphuric acid, 
and zinc, the electromotive force of which opposes that of the original cell 
As a consequence, the E.M.F. of the cell gradually dies away, and the cell is 
said to polarise. As the cell, for practical purposes, should have a more or 
less constant E.M.F., steps must be taken to prevent the polarisation, that is, 
bo hinder the formation of free hydrogen. Either a metal must be deposited 
on the cathode instead of hydrogen, or the hydrogen must be combined with 
some other substance at the moment of its evolution. 

In the Daniell cell the difficulty is overcome by the use of two liquids, 
copper sulphate and dilute sulphuric acid, separated by a porous earthenware 
pot. The constituents of the cell may be represented as follows : 
+ Cu— CuSQ, 1 1 H,SO«— Zn - . 

The positive pole consists of a plate of copper dipping into copper 
sulphate, the negative pole of a zinc plate in dilute sulphuric acid. The 
zinc is amalgamated to prevent its consumption by the acid when the cell is 
not being used. The current flows through the cell from zinc to copper and 
the hydrogen moving in the direction of the current passes through the 
pores of the earthenware pot and throws down the copper out of the copper 
sulphate solution, as shown by the formula 

H 2 + CuS0 4 =H,SO, + Cu. 

The zinc is dissolved by the group SO*, forming zinc sulphate (ZnS0 4 ), 
and this, being an oxidisation, supplies the energy corresponding to the 
electrical energy supplied by the cell. This includes the work done in the 
external circuit, the heating in the cell itself and the energy consumed in 
precipitating the copper. To put it simply, the total electrical energy 
developed by the cell is equal to the difference between the energy evolved 
in the solution of the zinc and the energy consumed in the precipitation of 
the copper. Since the electrodes remain unchanged, there is no polarisation, 
and the electromotive force remains constant at 1*07 volts, assuming that we 
are dealing with pure materials. The current varies, of course, according to 
the external resistance. The internal resistance depends on the size of cell, 
but assuming it to be 0*5 ohm the current which would flow through th- 

107 

were it short-circuited, is jrr= 214 amperes. 

The Bunsen cell consists of carbon in strong nitric acid and zinc in 
dilute sulphuric acid, the liquids being separated, as before, by a porous 
diaphragm. 

+ C— HNO, || H,S0 4 — Zn- 
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The carbon is the positive, the zinc the negative pole. In the sulphuric 
acid the action is exactly the same as before. The hydrogen passes through 
the pores and combines with the nitric acid, as shown in the formula : 
3H, + 2HNO, - 2NO + 4H.O. 

The nitrous oxide (NO) thus liberated is further oxidised by the air to 
nitric oxide (NO,) io the form of brown fumes with an objectionable odour. 
The E.M.F. of a Bunsen cell is 1"8 — 1*9 volts. Its internal resistance is lees 
than that of a Daniell cell. 

The bichromate cell consists of carbon and zinc in a mixture of dilute 
sulphuric acid and potassium bichromate (K,CrO,, CrO,): 
+ C— H,S0 4 , K,Cr0 4 , CrO Jt — Zn -. 

There is no poroHfl partition. The carbon is again the positive pole. 
The radical SO, dissolves the zinc as before, while the hydrogen is oxidised 
by the chromic acid (CrO,), with the formation of water and chromium oxide 
(Cr s O,), thus 

2CrO, + 3H a = Cr,0 3 + 3H,0. 

The chromium oxide (0,0,) combines with the sulphuric acid, giving a 

greenish coloration, which gradually replaces the red tint of the chromic acid 

(CrO,). At the same time, the electromotive force, which was primarily 

s. falls, so that with continuous heavy use the cell has not a constant 

E-M.K. 

The Leclanch^ cell consists of carbon and zinc in a solution of sal am- 
moniac : 

+ C— NH.C1— Zn-. 
With the decomposition of the sal ammoniac, the chlorine goes to the zinc, 
which it attacks, forming zinc chloride. Although not oxidation, this process 
is very similar to it, and supplies the energy of the cell. The group NH» 
behaves very like a metal and goes with the current to the carbon, where it 
splits up into ammonia and hydrogen : 

2NH 4 = 2NH I + H,. 
The hydrogen, thus produced, would polarise the cell, were the carbon 
i with manganese dioxide, which combines with the hydrogen, 
giving up a part of its oxygen, in which it is very rich, and producing water 
and a lower oxide of manganese : 

2MnO, + H, » MnA + H,0. 
This action is not very rapid and the de polarisation is not instantaneous 
in its action as in the case of nitric or chromic acid. Although the E.M.F. of 
the cell is 1*4 volts when carrying no current, it rapidly falls when in use, 
id the cell is therefore only suitable for intermittent work. 

The Weston Standard cadmium cell consists in its best form of an 

[-shaped glass vessel (Fig. 28) into which two platinum wires are fused. 

le platinum wires pass through the bottom of each limb into the liquid 

lea, the positive being pure mercury and the negative cadmium, 

indered liquid by being amalgamated with mercury (12 to 13 per cent. 

Imium). The electrolyte is a saturated solution of cadmium sulphate 
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(CdSO«), its saturation being assured by the addition of some crystals 
the salt. When current passes, the cadmium in the electrolyte movi 
towards the mercury electrode and would 
alloy itself with it, thus making the two elec- 
trodes more and more alike, and gradually 
reducing the e.m. F. of the cell. This is pre- 
vented by placing above the mercury a paste 
consisting of mercurous sulphate (Hg 3 SO<), 
and cadmium sulphate (CdS0 4 ), and metallic 
mercury. The cadmium ions, displace the c& 
mercury from the mercurous sulphate form- ~" 
ing cadmium sulphate and metallic mercury, Fig. 28. 

thus : 

Cd + Hg,SO« =* CdS0 4 + 2Hg. 

The positive electrode is unaffected and remains pure metallic mercury, 
polarisation being thus avoided. At the negative electrode cadmium is, of 
course, dissolved by the SO< group. 

The electromotive force is very constant at 1*019 volts, and is hardly 
affected by small changes of temperature. It must only be allowed, however, 
to give very small currents and is therefore only used in the potentiometer 
method. It is now largely used for the calibration of instruments by this 
method, and has, to a large extent, replaced the Clark cell, which was formerly 
used for the same purpose, but which is much more sensitive to changes of 
temperature*. 

18. The Voltameter. 

The legal definition of the ampere is based on the silver voltameter. A 
small platinum bowl is used as the cathode, and contains a solution of silver 
nitrate (AgN0 3 ) (20 to 40 parts by weight to 100 parts of water). The 1 
anode consists of pure silver. The solution is only used until 3 grammes of 
silver have been deposited per 100 c.cms. of solution, and the deposit on the 
bowl must not exceed O'l gramme of silver per square centimetre. The 
current density on the anode surface must not exceed 0*2 ampere per sq. cm. 
while on the cathode it must not exceed 002 ampere. The bowl is weighed 
before the experiment, and after the experiment it is washed with distilled 
water, free from chlorine, until the washings give no cloudiness on the 
addition of hydrochloric acid. This proves the perfect removal of every 
trace of silver nitrate, which would otherwise form a precipitate of silv< 
chloride when the acid was added, in accordance with the formula: 
HC1 + AgNO, = AgCl + HNO,, 

The bowl is then washed for 10 minutes with hot distilled watei 
(70 — 90* U.) and again rinsed with cold water until the washings remain 
perfectly clear on the addition of hydrochloric acid. It is then dried in warm 
air, cooled and weighed. 

Great care must be taken not to touch the inside of the bowl with tl 



• For farther information on primary batteries see ''Primary Batteries " by W. R. Cooper. 
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fingers either before or during the experiment. It is a good thing to heat 
the bowl to redness in the tip of a Bunsen flame to destroy any organic 
matter, before commencing the experiment This should not be done if the 
bowl contains any silver, as an easily fusible alloy of silver and platinum may 
be formed. The cold or luminous part of the Bunsen flame must be avoided 
or the bowl may become very brittle owing to the formation of platinum 
carbide. 

If we represent by 

fiij, the weight of bowl before experiment, 
m* „ . ,$ after experiment, 

t, the time in seconds, 
then, since 1 ampere deposits 1'118 mgs. of silver in 1 second, we have 

» " 1-H3 t amperes (24). 

Copper voltameters and water voltameters are suitable for heavier 
currents but do not give such reliable results as the silver voltameter. They 
are very useful, however, for general laboratory work, from an educational 
point of view. 



CHAPTER III. 



19. Strength of magnet pole.— 20. Strength of magnetic field.— 21. Lines of force. — 
22. Magnetic potential. — 23. Iron in magnetio field. — 34. The earth's field. 



19. Strength of Magnet Pole. 

A magnet is a piece of steel which possesses the property of attracting 
pieces of iron to itself. The name is supposed to have originated in the 
discovery near the town of Mag- 
nesia of pieces of iron ore possess- ^ ' "''' i n . n . . im'n ij. irfc 

ing this property. If a bar of 
steel possessing this property be 
plunged into iron filings, they are 
found to cling to it, especially at 
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Fig. 29. 



its ends (Fig. 29). These places, where the force of attraction seems strongest, 
are called the poles of the magnet. In very long and thin magnets it can be 
assumed that the attractive force is directed towards a single point near 
each end. These points are not at the extreme ends, but at the points iV 
and S in Fig. 29. The line joining these points is called the magnetic axis. 

If the magnet is free to rotate about a vertical axis A, one of it« poles 
will point approximately towards the geographical north. This pole is called 
the north pole of the magnet, the other being called the south pole. If two 
magnets be brought near together, it is observed that their like poles repel 
each other, while their unlike poles attract each other. It follows from this 
that the geographical north pole of the earth possesses physical south polarity, 
and vice versa. 

Coulomb was the first to measure the force between two magnet poles. 
He suspended a long thin horizontal magnet by means of a fine metallic 
wire. By turning the upper end of this wire he moved the north pole 
of the suspended magnet away from the south pole of another vertically 
placed magnet. Since the turning-moment or torque exerted by a twisted 
wire is proportional to the angle of twist, he was able to determine the 
relation between the attractive force between the poles and the distance 
between them. He found the force to be inversely proportional to the square 
of the distance. He found, moreover, that the force was doubled by putting 
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another similar magnet with one of the two already in use, that is, by 
doubling the strength of one of the poles. If then 

/= the force exerted on each pole by the other, 

thj = the strength of one pole, 

m- = the strength of the other pole, 
and r = the distance in centimetres. 



we have 



/= 



■w*, . m, 



.(25). 



If we choose the units of force and length, this equation gives us the 
definition of unit pole strength. As the unit of length we take the centi- 
metre, and as the unit of force, that force which, acting on the mass 
of 1 cubic centimetre of water, produces an acceleration of 1 cm. per 
second per second. This force i9 called a dyne. Since the kilogramme 
weight is a force which produces an acceleration of 981 cms. per second per 
second in the mass of a kilogramme or 1000 c.cms. oT" water, a kilogramme 
weight is equal to 981,000 dynes. Hence 

1 dyne = ggj-jjgQ k g* ■ 102 milligrammes.* 

If we wish to express Coulomb's law in the simple form of equation (25) 
we cannot now choose arbitrarily the unit of pole strength, but must obtain 
the unit from the equation. If in equation (25) we put m,« 1, m,» 1 and 
r=l. then we have /» 1. Hence that pole has unit strength which 
exerts a force of 1 dyne on a similar pole at a distance of 1 cm. The 
strength of a pole or a quantity of magnetism is therefore measured by the 
force it exerts under certain conditions, and we define the pole strength m as 
the force exerted by the pole on a pole of unit strength at a distance of 
1 centimetre. 



20. Strength of Magnetic Field. 



tThe space surrounding a magnet, or any space where magnetic effects 
observed, say, by means of a compass needle, is called a magnetic 
field. The magnetic effect at any point 
near a magnet can be determined from a 
consideration of the combined effects of 
the two poles. At the point A (Fig. 30), 
in the neighbourhood of a magnet, 
imagine a freely moveable north pole, 
corresponding south pole being so 
£ar away as to be negligible. This north 
pole will be repelled in the direction AB 

h pole -V. and attracted in the direction AC by the south pole 8. 
The forces are inversely proportional to the squares of the distances. In 




Fig. 30. 



To indicate that forces and not 
when u**d %» forces. 



are referred to, a star will be added to the unite of 
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Fig. 30, for example, the distances are 2 : 1 and the forces 1:4. By the 
parallelogram of forces the resultant of AB and AC is AD. This is there- 
fore the direction of the magnetic force at this point. If a compass needle 
be placed at A the magnetic forces due to the bar magnet will act on its 
poles and turn the needle until its magnetic aft is lies along AD. Thus 
the magnetic axis of a magnetic needle, free to move in any direction, in- 
dicates the direction of the magnetic field at any point. 

To find the strength of the magnetic field at any point, we place a pole 
of strength m at the point and determine the force acting on it. This force 
is proportional both to the strength of the pole m on which the field is acting 
and to the strength of the field. If H represents the strength of the field, 
we have 

f=m.H (26). 

If, in this equation, we put m = l, then f-H. The field strength H is 
therefore equal to the force in dynes exerted on unit pole at the given 
point. Hence that field has unit strength which exerts a force of 1 dyne on 
unit pole. 

The force on a pole at .4 in Fig. 30 was due to the two poles N and S. 
We shall consider now the case represented in Fig. 31, where one pole of 
the magnet is very far away. As its 
effect decreases as the square of the 
distance, this pole can be neglected. If 
now the pole strength of the magnet 
be in and a unit pole be placed at the 
point A t r cms. from the pole m, the force 
on the unit pole, by Coulomb's law, is 

1 



m 



Fig. 31 
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.(27). 



Since we are dealing with the force on unit pole, i.e. with strength of 
field, we have put H in the above equation in the place of/. 

We imagine now a magnet needle of pole strength m and having a 
magnetic axis of length I, placed in a uniform field of strength H. The 
axis of the needle is at right 



angles to the direction of the 
magnetic force, which in Fig. 32 
is supposed to act downwards. 
On the north pole there acts a 
force of f x = m , H with an arm 

or leverage of = , and on the south 

pole is a force /,, =*m ,H with an 
equal arm. The total turning- 
moment is therefore 



f. 



Fig. 32. 



+f,)=2mH^ = H.'nd 



Since the force is in dynes and the arm or length in cms,, the turning- 
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moment is in centimetre-dynes. The turning-moment is therefore the 
product of two quantities, of which the first is the field strength and the 
second a magnetic characteristic of the needle, viz. the product of its pole 
strength and length. This product m . I is called the magnetic moment of 
the needle. 

21. Lines of Force. 

So far, we have based our assumptions on the now obsolete view ac- 
cording to which a certain quantity of magnetism is concentrated at the 
polar points, from which effects are caused at a distance without reference 
to the intervening space. As a matter of fact, poles are never concentrated 
at points, and modern physics no longer recognises action at a distance. 
The oloVff view is, however, of great value inasmuch as it explains in a 
simple manner the results of many magnetic experiments, and enables us 
to express them mathematically. For a deeper insight into magnetic phe- 
nomena we must turn to Faraday's ingenious conception of lines of force, 
which enables us to form a mental picture of the processes underlying the 
various phenomena. Faraday did not believe in action at a distance, and 
to him the force in the neighbourhood of a magnet did not come into 
existence only when another pole was placed there on which the force could 
act. The space around a magnet is in a peculiar state. It is filled with 
magnetic forces which flow, as it were, from pole to pole. This view explains 
magnetic phenomena as well as, or even better than, the old theory, and 
the agreement between the results obtained mathematically from the one 
and the results obtained by a consideration of the other strengthens our 
belief in the correctness of both theories, or, at least, of the results obtained 
from them. 

Faraday's conception is based on a simple experiment which every student 
should repeat for himself. If iron filings are shaken through a sieve on to a 
magnet and the board or table on 

which it lies is lightly tapped, the ,*'* "***. 

filings arrange themselves in charac- 
teristic curves (Fig. 33). The iron 
tilings become magnetised by their 
proximity to the magnet, and acting 
as magnetic needles arrange them- 
selves with their axes along the 
direction of magnetic force. The 
h j>ole of one filing attracts the 
south pole of the next with the result 
that curves are produced which indi- 
cate the direction of the magnetic 
farm mnrh more plainly than the 
geometrical construction of Fig. 30. 
These curves are called " lines of force 
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Fig. 33. 



and are conventionally assumed to 
d from the north pole, through the surrounding medium, to the south 
A compass needle sets itself with its axis tangential to the line of 
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force, and its north pole pointing along the positive direction of the line. A 
freely moving north pole, whose corresponding south pole is far removed, will 
move along the line of force from N to S (Fig. 33). Hence we can define 
a line of force as the path of a freely moving north pole. It is essentially 
nothing more than the direction of the magnetic force. When dealing with 
magnetic problems it is usual to refer to the lines of force as if they had 
a real existence, somewhat similar to the visible lines of the iron tilings 
experiment. 

The line of force is, however, far more than a convenient indication of 
the direction of the magnetic force; it enables us to express, in a very con- 
venient way, the magnitude of the force, that is, the strength of the magnetic 
field. To this end we observe that the lines of force radiating from a pole do 
not He in one plane, but radiate out into space in all directions. Imagine 
a number of concentric spheres with the pole as centre ; radiating from the 
pole the lines of force will pass through the surfaces of successive spheres. 
Since the area of a sphere increases as the square of its radius, the number 
of lines of force per unit area must decrease in the same ratio. We are now 
able to see why, in Coulomb's law, the force/ varied inversely as the square 
of the distance, and why, in equation (27) on page 44, the strength of the 
field in the neighbourhood of a pole decreased as the square of the distance. 
We can now define the strength of a magnetic field very simply as the 
number of lines of force per square centimetre. 

If now the strength of field is to be measured both by the force on unit 
pole and by the number of lines per square cm., both methods giving the 
same result, the unit for the line of force 
cannot be arbitrarily chosen. In a field 
of unit strength there muBt be one line 
per sq. cm. To make this clearer imagine 
a unit pole at the centre of a sphere of 
1 cm. radius (Fig. 34). If now another 
unit pole be placed on the surface of the 
sphere, the force acting on it, according to 
Coulomb's law, is 

1.1 



Fig. 34. 



J7 = 




On the above assumption the number 
of lines per sq. cm. must be the same figure, 
viz. 1, Hence a line of force represents the total flux of force, so to say, 
which passes through 1 sq. cm. of the surface of a sphere of 1 cm. radius, 
described about a unit pole. The surface of a sphere is 47rr*, that is, in our 
case, 4w sq. cms. Since there is one line per sq. cm. the total number of lines 
radiating from unit pole is 4-tt. A line of force is thus 1/47T of the total flux 
of force radiating from unit pole. 

The total number of lines N radiating from a pole m can be found from 
the formula : 

N = \wm (28), 



Lines of Force 

and the total number of lines crossing a surface of A sq. cms. over which 
there is a normal uniform field strength is 

4-N=H.A (»V 

If, for example, the field strength in the air-gap between the poles and 
armature of a dynamo is 7,000, this means that 7,000 lines of force leave 
every sq. cm. of the north polar surface. If the surface of the pole facing the 
armature is 400 sq. cms. the total number of lines entering the armature 
from the north pole is 

N=H.A = 7.000 . 400 = 28 . 10* lines. 
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22. Magnetic Potential. 

We have already seen that a freely moving north pole in a magnetic 
tic Id moves along the lines of force. If now we form the product from point 
to point of the force acting on the 
pole and the distance moved through ^^" ""*-- v 

by it, and take the sum of the pro- f ^ % \ 

ducts so obtained, we find the work 

i»y the magnetic field in moving 
the pole. This work is either used in 
overcoming mechanical resistance, or 
in storing kinetic energy in the moving 
body. If we, on the other hand, move 
a north pole n (Fig. 35) against the 
direction of the line of force from 6' 
to JV, we have to overcome the oppos- 
ing force of the magnetic field, which 
tends to drive the north pole from N 
to S. We must therefore do an 
amount of work equal to the summation of the product of force and 
distance along the whole path traversed. This work is stored as potential 
energy, to be liberated once more when the north pole, under the influence 
of the field, is driven back. This is quite analogous to the case in which we 
lift a weight, thus overcoming the opposing force of gravity. The work done 
is stored as potential energy in the raised weight, to be liberated when the 
weight falls from the higher to the lower level. We see, therefore, that 
there is a difference of magnetic level or magnetic potential between 
the different points on a line of force. As in Section 11, we define this 
magnetic potential difference as the work done in moving the positive 
unit quantity of magnetism, that is, a unit north pole, from the lower 
to the higher potential. Inversely, it could be defined as the work done 
by the field when a unit north pole is moved from the higher to the lower 

rial. We have here assumed that the potential of the north pole is 
positive and that of the south pole negative. The potential at the middle 
point of ft line of force will be zero. 

In moving the north pole n from to D in Fig. 35 it is immaterial 
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whether we follow the line of force or go any other way. This follows from 
the conservation of energy. The enorgy used in moving the north pole I 
from to D is constant, by whatever path we go, for it is stored as potential 
energy, its amount depending only on the initial and final positions C and D. 
The same amount of energy will be restored in every case when, under the 
action of the field, the pole n is driven back from D to C. 

On the other hand, to move the pole n from C to E requires no expendi- 
ture of energy, since the motion is at right angles to the lines of force. There 
is no difference of potential between the points C and E, Such points do 
not, of course, lie wholly in one plane, but exist in the surrounding space. 
They lie on a so-called equipotential surface or plane, which is normal to the 
direction of the field at every point, and on which a pole can be moved 
without work being done. 

We will now consider a homogeneous field, in which all the lines of force 
are parallel. If a pole be moved against the direction of the field (Fig. 36) 
the force on the pole is constant over 
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the whole distance I. If the pole have 
unit strength, the potential difference 
between the points A and B separated 
by a distance I will be equal to the 
product of the force and the distance, 
La HA. 

Up to the present we have spoken 
only of potential differences, but we will now go a step further and define 
magnetic potential itself. We will imagine a north pole m, concentrated 
at a point from which the south pole is so far removed as to be negligible. 
The lines of force radiate into space, and under their influence a north pole 
at A (Fig. 37) would be driven away to an infinite distance. The force 
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Fig. 37. 

acting on it would decrease as the square of the distance, and would finally 
vanish. The total amount of work done in driving unit pole from A to 
infinity is called the potential at .4, or the potential of m at A, and we thus 
assume that at an infinite distance the potential is zero. 

It may appear strange that the potential at an infinitely distant point is 
the 6ame as that at the middle point of a line of force, which we found above 
to be also zero. It would, however, be possible to bring a north pole from 
an infinite distance, along the path indicated by the dotted arrow in Fig. 35, 
to the centre of any line of force without any expenditure of energy, for the 
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called molecules of the iron or steel, are naturally magnetic, but point in all 
directions without law or order (Fig. 39). They have therefore no external 
effect and the iron appears unruagnetised. When a magnet is brought near, 
the molecules are turned, like compass needles, to point in the same direction. 
The ends of the piece of iron will now exhibit "free" magnetism, while 
towards the middle of the piece the molecules neutralise each other. It is 
evident that the molecules of wrought iron are more readily turned than 
those of hard steel. 












Fig. 39. 



Fig. 40. 



This molecular theory of magnetism is supported by the fact that wrought 
iron is only temporarily magnetised, while steel becomes a permanent magnet. 
When the magnetisingjbrce is removed, the molecules of the elastic wrought 
iron return almost entirely to their former chaotic arrangement, leaving only 
a small trace of remanent magnetism. With hard steel, on the other hand, 
the molecules, when once turned, remain in their new position and we have 
a permanent magnet. It is now clear why a steel magnet exhibits no 
magnetism at the middle of its axis, and yet, when broken in two, the two 
rough ends are found to be poles of opposite sign. 

The strongest point in favour of the molecular theory is, however, the 
development of heat in a piece of iron subjected to rapidly reversing mag- 
netism. A reversal of magnetism means a rotation of the molecules, and 
this is opposed by their friction, the molecules tending to remain in their 
previous condition and opposing any change. This phenomenon is therefore 
called hysteresis, i.e. a lagging behind. The work done in reversing the 
magnetism appears as heat, the energy expended per second being propor- 
tional to the frequency of the reversal and to the volume of the iron. It is 
also, of course, dependent on the hardness of the iron. 



24. The earth's field. 

As the magnetic poles of the earth do not correspond with the geo- 
graphical poles, the axis of a magnetic needle makes an angle with the 
geographical meridian, which is known as the angle of declination. In 
England, the declination is to the west and in London at the present time 
is 16°. If the needle be freely movable in the vertical as well as the 
horizontal plane, it will form an angle with the horizontal, known as the 
inclination. In England the north pole will be below the centre and the 
inclination in London is 67°. With the ordinary magnetic needle, moving 
about a vertical axis, we are only concerned with the horizontal component 
of the earth's field. In London, at present, this is equal to 0185, that is, the 
horizontal force on a unit pole is 0*185 dyne. 
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25. Magnetic effect of a straight conductor. 

It is found by experiment that a magnetic needle is deflected out of its 
n<Tth and south direction when near a conductor carrying a current. Hence 
the electric current produces a field in its neighbourhood. The direction of 
the lines of force of this field can be found by moving a compass needle con- 
tinually in the direction indicated by it, or by sprinkling iron filings on a 
plane through which the conductor passes normally (Fig. 41). 

The filings arrange themselves in concentric circles around the conductor 
as a centre. The lines of force produced by the current are therefore closed 
circles and a freely moving north pole — 
its corresponding south pole being far 
removed — would rotate about the con- 
ductor in the direction of the lines of 
force. This direction is always normal 
to the plane through conductor and pole. 
It can be found by Ampere's swimming 
If a person swims with the cur- 
rent and looks to the magnet needle, 
its north pole will be deflected to his 
left hand. Another rule, requiring less 
imaginative effort, is the corkscrew rule : 
The directions of current and field 
related In the same way as the 
stions of translation and rotation of a right-handed screw. 

The action between conductor and pole is naturally mutual. If the pole 

H fixod and the conductor is movable, the latter will move in a direction at 

right angles to a plane through conductor and pole. The motion will thus be 

*t right angles to the plane through the conductor and the lines of force 

ng it, due to the pole alone. The direction of motion can be found by 

ipere's rule, in this case also, if the rule be expressed as follows: If a 
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Fig. 41. 
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person swims with the current and looks toward the north pole, 
whence the lines of force proceed, the north pole tends to move to the 
left. If the pole is fixed, the conductor tends to move to the right. In 
this form, the rule is applicable to motors, in which a uniform field proceeds 
from a large pole face. In Fig. 42 a conductor, carrying a current in the 
direction indicated, is in front of a north pole, from which the lines of force 
come out normally to the paper. If we imagine ourselves swimming with the 
current and facing the north pole, we see that the conductor will move to the 
right, as shown by the dotted arrow. Similarly, in Fig. 43 a current-carrying 
conductor is in front of a south pole into which the lines of force enter. If 
we imagine a swimmer with his head to the right and feet to the left, looking 
out from the surface of the paper, his right hand will point in the direction 
of the dotted arrow and the conductor will therefore move towards the top of 
the page. 





Fig. 42. Fig. 43. 

As a further example, imagine a horizontal conductor carrying a current 
in a magnetic field, the direction of which is from right to left, perpendicular 
to the vertical plane through the conductor (Fig. 44). Swimming with the 




I 



Fig. 44. 

current and looking to the right, where we /hay imagine a north pole to be 
situated, our left hand points downwards, and the north pole would, if 
possible, move in this direction. If the magnetic field is stationary the 
conductor will, if possible, move in the direction of our right hand, that is, 
vertically upwards as shown by the dotted arrow. 

We must now determine the force exerted on each other by a pole 
and a small element of current-carrying conductor. In Fig. 45 let 
/= the current, in units which we have yet to determine, 



dl— the length of the element of conductor in centimetres,. 



y 
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m m the strength of the pole, in units already defined, 
r = the distance between pole and element of conductor in cms., 
= the angle between r and dl, 

df*s the force in dynes between pole and element of current. 
It is found by experiment that the force is proportional to the current, to 
the pole strength, and to the length of the element of conductor. If £ is not 
a right angle, the length dl must be replaced by dl sin<£, as the number of 
the lines radiating from the pole m which meet dl is equal to the number 
crossing AB = dtsui(f>. Finally, the force is inversely proportional to the 
square of the distance, since the pole m radiates lines of force equally in all 
directions and their density must therefore decrease with the square of the 
distance. We arrive, therefore, at the experimental result, that 

m . I . dl .*m<£ 



<*/= 



,(30> 




Fig. 45. 

Although sometimes called Biot-Savart's law, this equation was originally 

established by Laplace. From equation (27) on page 44 we see that - 

is equal to the field strength H produced by the pole m at the point occupied 
by the element of conductor. Equation (30) can therefore be written thus: 

df=H.I.dlsin<t> (31). 

$ now represents the angle between the conductor and the lines of force 
cutting it. If now the field is uniform and the conductor 13 straight and 
I cms. long and perpendicular to the lines of force, the total force acting on 
the conductor is 

/« H.I. 1 1 dynes (32). 

This equation is applicable to the cases represented in Figs. 42, 43 and 
44. We must, however, determine the unit in which / must be expressed, 
for, hiring chosen the units for / H and Z, the current cannot be expressed 
arbitrarily in any unit, such as the ampere. 

If in equation (32) we put/= 1, H= 1, and f = l, then 7=1. The unit 
of current in equation (32) is therefore that current which exerts a 
force of 1 dyne on 1 cm. of conductor through which it flows, in a field 
of unit strength, the conductor and field being at right angles. This 
unit is called the absolute unit of current. It appeared, formerly, to be too 
large for practical purposes and a tenth part of it was therefore adopted as 
the practical unit and called an ampere. Very accurate experiments were 
then made bo determine the amount of silver deposited in a given time by 
this practical unit of current, the result being 1*118 milligrams per second. 
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If now 

/ represents the strength of current in absolute units, 
while i „ „ „ amperes, 

we see that the number of amperes will always be ten times as large as the 
number of absolute units, i.e. 

1-107. 



or 



/- 



10 



( (33> 



Substituting in equation (32) we have 



f- s w l 



.(34). 



The importance of this result is evident at once, if we apply it to electric 
motors. Suppose, for example, that 944 wires each 24 cms. long lie upon the 
periphery of an iron drum (Fig. 46). 
Suppose, further, that two-thirds of the 
total number of wires lie under the poles 
and that each wire carries a current of 
i«10 amperes. We assume that the 
wires are so connected that the turning- 
moments produced under each pole are 
in the same direction and can therefore 
be added. Let the strength of the field 
or the number of lines of force per sq. cm. 
be 7,000, and the diameter of the arma- 
ture 40 cms. We are required to find 
the turning- moment or torque of the 
motor in metre-kilogrammes. 

The total length of wire under the 
poles is 




Fig. 46. 



l = ~. 944.24 
if 



15,000 cms. 



From equation (34) we have 



i 10 

/= H. ~ . I = 7,000 . ^ . 15,000 = 105 . 10* dynes. 



10 



I 



981,000 



kg.* 



Now from page 43 we know that 1 dyne = 

The force acting on the periphery is therefore : 

„ 105. 10" 1A „- . 
F= 98T;000 = 107k ^ # 
This force acts at a radius of 20 cms. = 0*2 metre, giving a turning-moment of 
M t = 107 . 0*2 = 21*4 metre-kilogrammes. 
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26. Magnetic effect of a single-turn coil. 

If either the swimming rule or the corkscrew rule be applied to a single- 
turn coil (Fig. 47), we find that all the lines of force produced by the current 
enter the coil from one side and come out at the other, closing 
on themselves by passing round outside the coil. The coil is 
thus a magnetic shell or disc, having a south pole on one 
face, where the lines of force enter, and a north pole on the 
other, where they leave. If then we face the disc or coil, mid 
the current is flowing in a clockwise direction, we are facing 
a south pole ; whereas, if the current is flowing in an anti- 
clockwise direction, we are facing a north pole. 

In order to determine the magnitude of the force exerted 
on a pole m, situated at the centre of the coil, we shall con- 
in the first place, a small element dl of the coil. The Fl &* 47 ' 
length of the element is at right angles to the radius, that is, to the line 
joining the element of conductor to the pole at the centre. The value of 
sin <f> is therefore 1. If the radius of the coil be r cms., we have from equation 
(30) on page 53 

, . m. / .dl 




e total length of all such elements of conductor is 2irr. The total force 
is therefore 

- m.1 . 2wr m.I ,2tt ,._. 

/= ^ " r ( )l 

Now the strength of field H is defined as the number uf lines of force per 
sq. cm. or as the force on unit pole. Putting m = 1 in equation (35) we 
obtain the field strength at the centre as 

E^~- (36). 

We will now make use of this result to explain the principle of a certain 
class of practical measuring instruments. A large number of such instruments 
depend for their action on the effect of a current-carrying coil or bobbin on a 
magnet needle. The movement, however, by which the effect is mea> 
alters the relative position of coil and needle, thus destroying the proportion- 
ality between the current in the coil and its force on the needle. Such 
instruments must therefore be calibrated empirically. 

In other instruments, however, a definite relation between the current 
and the reading of the instrument is maintained. If, for example, the 
deflected needle is always brought back to its neutral or zero position by 
twisting one end of a spiral spring, the other end of which is attached to the 
needle, the turning-moment exerted on the needle by the current is exactly 
equal to that exerted by the spring, which, we know, is proportional to the 
angular twist applied to it. The current in the coil is therefore proportional 
to the angle through which the torsion head has to be turned. 
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Another method, by which proportionality may be maintained within 
certain limits, is to work with very small deflections which can be read by 
means of a beam of light, reflected on to a scale from a small mirror attached 
to the magnet needle. In such mirror galvanometers the relative moveti>> at 
between coil and needle is so small that proportionality is maintained over a 
certain range. 

Finally, the diameter of the coil can be made so large, compared with the 
length of the needle at its centre, that, whether deflected or not, the poles of 
the needle can be assumed to be at 
the centre of the coil. The instrument 
is then known as a tangent galvano- 
meter. For the sake of clearness, the 
needle in Fig. 48 is shown much 
larger, compared with the diameter 
of the coil, than it actually is. The 
tangent galvanometer is set up so 
that the plane of the coil is vertical 
and in the magnetic meridian. When 
no current is flowing, the axis of the 
needle will lie in the plane of the coil. 
In the plan of the galvanometer (Fig. 
48) the coil will be represented by a 
straight line parallel to the lines of 
force of the horizontal component h of 
the earth's magnetism. When a cur- 
rent flows in the coil, each pole m of 
the needle will be subjected to a force / perpendicular to the plane of the 
coil ; from equation (35) we have 

m m . /. 2tt 
/ ~ 

The force on each pole due to the earth's field is equal to m . h and acts 
parallel to the plane of the coil. Under the action of these two forces the 
needle comes to rest at an angle a to the plane of the coil. The component 
of the force due to the earth, acting at right angles to the needle, is 

AB = m . h .sin a, 
while the opposing component of the force due to the current in the coil is 




Fig. 48. 



AC=f. cosa = 



7/t 



. I.2w 



cos a. 



Since the needle is in equilibrium, AB = AC, or 

m.I .2tt 



JU 



h . sin a 



cos a. 



Cancelling m out from each side of the equation, we see that the reading of 
the galvanometer is quite independent of the strength or size of the magnetic 
needle. ■ Solving the above equation for J, we have 

h.r 



/ = 



2tt 



tana (37). 
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Since the number of amperes is 10 times the number of absolute units, 
we have 

. 10. h. r 



2tt 



tana 



.(38). 



If the horizontal component of the earth's field at any place is known, the 
strength of current can thus be calculated from the values of r and a. Con- 
versely, a standardised tangent galvanometer can be used to determine the 
horizontal component. 

We will now consider the case in which the pole m lies on the axis AA 
of the coil, but at a distance from it (Fig. 49). If the line a joining the pole 
to the circumference of the coil makes an angle a with the axis, then 



r 
sin a 



Now the element of conductor at B is perpendicular to the plane of the 




Fig. 49. 

paper and is therefore at right angles to the line a which lies in that plane. 
Putting sin ^ = 1 in equation (30) on page 53, we get 

, , m .1 .dl m.I .dl . sin 9 a 

d/= __ _ — .. 

This force acts perpendicularly to the plane containing the pole and the 
element of conductor, that is, in the direction CD. The component acting 
along the axis is CE**df.vmcu Adding up the forces due to all the 
elements of conductor constituting the coil, we find that all the components 
such as ED, at right angles to the axis, neutralise one another, while the 
components along the axis must be added. The total force acting on the 
pole m is therefore along the axis A A and has a magnitude 

/. *.*/. • w./.sin*a -,„ 
/= xdf . 8ina= — . Zdl. 



Since 2dl is equal to 2irr, this reduces to 

2wm.I 



f- 



. sin* a 



(39). 
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To find the field strength at point C, that is, the force on a unit pole at 
this point, we must put m= 1 in equation (39), giving 

H^^^.sm*a (40). 

T 

This equation will prove of great assistance to us in the next section in 
calculating the field of a solenoid. 



27. Magnetic field of a solenoid. 

The lines of force due to two parallel conductors carrying currents in the 
same direction combine to form lines of force which encircle both conductors. 
Two conductors are shown, for example, in Fig. 50, passing vertically through 
the paper, and carrying currents which flow towards us. The points in the 
cross-sections of the wires may be considered as representing the points of 
arrows indicating the direction of the current. If now we draw the lines of 
force due to each individual conductor, we find that they are in opposite 
directions in the space between the conductors, and therefore mutually 
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neutralise one another, more or less. At points such as A and B, on the 
other hand, the forces due to both conductors are in the Barae direction and 
the density of the lines of force is greater than that due to either conductor 
alone. We could calculate in this way the strength and direction of the 
field at every point, but it is simpler to make use of iron filings and obtain a 
diagram such as Fig. 51* We shall thus see clearly that the lines embrace 
both conductors. 

If the wire be wound into a solenoid, that is, a long cylindrical coil of 
small diameter, the lines of force pass through each individual turn or coil M 
seen in the previous section. They combine now to form much longer lines 
threading more or less through the whole solenoid, inside which they run 
approximately parallel to the axis. Some of the lines such as 1 and V in 
Fig. 52 arc produced by the two middle turns only, others such as 2 and 2' 
by the four middle turns and so on, while others such as 4, 4' and 5 are due 
to the combined action of all the turns. We see, therefore, that a current- 
carrying solenoid is very similar to a bar magnet, for its lines of force do not 
enter and leave entirely at the ends, but, to a large extent, emerge from the 
sides of the north polar half of the magnet and doubling back re-enter the 
sides of the south polar half. 

The polarity of the solenoid can be determined by either of the rules 
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ty given. 
the left hand indicates tike 
the tines of force inside the 

It can be seen that every 
mid-point. The field 
square centimetre inside the 
falls off on either side towards the 
core is drawn into such a 
strongest part uf the lnafnct i r field, 
so that the namber of lines passing 
through it from end to end is a 
maximum. If we imagine a rod 
of iron half in the solenoid and 
half out, we see that the lines 
would have a more convenient 
path and therefore increase in 
number in the iron rod, were it 
further inside the solenoid : it will 
therefore be drawn in. The sent 
of the force on the rod can be seen 
at once when we consider that the 
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lines enter or leave that end of the rod which is inside the solenoid in 
parallel paths, whereas these same lines leave or enter that part of the rod 

which is outside the solenoid in all directions. A great number of galvano- 
meters, ammeters and voltmeters depend for their action on this principle ; 
they are generally known as soft-iron instruments. 

We will now investigate the field strength at the centre of the solenoid. 
We will represent by 

/ the strength of current in absolute units, 

5 the number of turns or windings, 

/ the length of solenoid in centimetres, 

r the radius of solenoid in centimetres. 
Th«.- 8 turns carrying the current J are equivalent to a belt J cms. wide 
carrying a current S . /. The 
current which in Fig. 53 flows 
in the strip of width dx is there- 
fore equal to 

s.i.' 1 ?. 



Imagine a unit pole to be 
placed at the centre of the solen- 
oid. The force exerted on it by the 
band dx can be found by equa- 




Fig. 53. 



dx 



tion (40) on page 58. For / in the equation we must substitute S . / . -j ; 
this gives us 



dll = 



2tt^S.1 dx 



. sin* a, 
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Now x = r . cotan a and dx — — i 



sin 1 a 



da. 



Putting this value for dx in the equation for dH and integrating between 
the limits w — a, and +a,, we get 

^ = — I ^ . sin a . a a = j cos a I = -. . cos a t 

"" (4D 

For very long solenoids cosc^ is practically equal to 1, so that 

H J— J 



■(42). 



If the current be expressed in amperes, this formula becomes 

T OAtt.S.I 



(m 



If the unit pole be placed at the centre of one of the ends of the solenoid, 
the integration must be carried out between the limits -= and a t (Fig. 54). 
We obtain then 



}[ = — \ . sin a . da = ; cos a 



. cos a, 
(44). 





1 

j 

2 


*^^^^^<1 1 x * 



Fig. 54. 

As before, if the solenoid is very long, a x is very small and cos ai can be 
taken as unity. The field strength at the ends is thus half that at the 
middle, and of the total number of lines passing through the middle of the 
solenoid a half passes through the ends while the other half leaves by the 
cylindrical surface. 

28. Magnetisation Curves. 

Under similar conditions, the number of lines of force per square centi- 
metre is greatly increased by the presence of iron within the coil. The 
solenoid then becomes an electromagnet. It is as if the lines of force which 
would be present were the space occupied by air produced or induced a much 
greater number of lines in the iron. The field strength or number of lines 
of force per square centimetre in the air, which is represented by the 
letter Hj is therefore also called the magnetising force. The number 
of lines per square centimetre in the iron is called the magnetic induc- 
tion and is represented by the letter B. It is to be noticed that the 
induction B includes the lines which were present before the iron was intro- 
duced as well as the new lines due to its introduction. 
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We account for the greatly increased number of lines in iron by assuming 
that its magnetic conductivity or permeability is much greater than that of 
air. The ratio of this permeability to that of the air is represented b; 
Greek letter ji. The permeability /* gives, therefore, the magnetic 
conductivity of the iron compared with air; other things being equal, 
the number of lines produced in the iron is p times the number which 
would have been produced in the air. From this it follows that 

B=*.H (45). 

or M«§ (46). 

For air the permeability is evidently 1, and we have B — if. 

The value of /i depends above all on the quality of tho iron. The 
permeability of annealed armature stampings or of mild cast magnet steel 
may sometimes exceed 3,000. The permeability of a given piece of iron 
or steel varies moreover with the degree to which it is magnetised. 

The experimental determination of the permeability is carried out in tho 
way indicated in Fig. 55. The rod of iron to be tested is made in two parts, 




Kg. 55 
and passes through holes a and a* in a m 
the magnetising coils 8 and S, and the 
is passed through the coiW 8 and 5,. and from a 
of turns in these coils, together with toe length I a/ 
H can be found from the equation 

The length / does not include the 
as these carry very htUe of the 
directions as soon as the rod eatte 
offers very little resistance to the 
The left-hand half of the rod is 
secondary coil K is ejected by 




62 



Electrical Engineering 



the coil is thus suddenly removed, with the result that an electromotive force 
is induced in the coil, causing a momentary current to flow through the so-called 
ballistic galvanometer g, which is connected up in series with the coil E, 
From the deflection or swing of the ballistic galvanometer, the number of 
lines passing through the iron rod, and therefore cut by the coil E, can be 
calculated. By dividing this number of lines by the cross-section of the 
rod we obtain the induction density JB. The experiment can then be repeated 
with another value of the magnetising current, and in this way a set of 
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corresponding values of H and B obtained. Tests made on a sample of cast 
steel gave the following results (compare Fig. 56): 



H = 09 


B= 1,130 


M = F = 


= 1,260 


1-58 


5,200 




3.350 


27 


8,160 




3,020 


375 


9,480 




2,530 


8*55 


12,440 




1,460 


181 


14,510 




800 


345 


15.710 




460 


827 


17,150 




210 


145-3 


18,200 




130 



A peculiar point in the above table is the low permeability possessed by 
the steel when weakly magnetised. The molecules are evidently but slightly 
affected by small values of the magnetising force. With stronger fields, 
covering the range of inductions from 5,000 to 9,000, B is roughly proportional 
to H, Finally, we see that beyond a certain point a continual increase in 
the magnetising force has little effect on the magnetic induction. The iron 
is then said to be saturated. It is impossible, however, to say at what point 
saturation commenced. 

If now we plot these results on squared paper, with the magnetising force 
E as abscissae and the induction B as ordinates, we obtain the so-called 
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If the magnetising force be still further increased, the value of B increases 
uniformly by an amount 2'5 times the increase of H. The upper part of the 
curve in Fig. 57 is thus a straight line. If this line be produced backwards 
it cuts the ordinate axis in the point J5 = 21,350. For very high saturation 
we have therefore 

5 = 21,350 + 2'5tf. 

For practical purposes the magnetisation curves as drawn above are not 
convenient, as we generally require to know the necessary number of ampere- 
turns per centimetre length of path for a given value of B. This cannot be 
read off directly from the curve but must be obtained from equation (43) on 
page 60 by dividing the corresponding value of H by 0'47r. Thus, if the 
number of ampere-turns be X t the ampere-turns per cm. will be 

1 -0-8/7 (47). 



I I 



0"4tT 



The calculations are simplified if the magnetisation curves are drawn with 

X 

-j for abscissae instead of H, as is done in Fig. 58. For any value of the 

flux density B we can then read off directly the necessary number of ampere- 
turns per centimetre of path. 

From Fig, 58 we see that wrought iron, cast steel, and ingot iron require 
very small magnetising forces up to 5=14,000. Cast iron, on the other 
hand, is much less satisfactory and it is for this reason that the magnet 
frames of large machines are now very often made of cast steel notwithstanding 
its higher price. 



29. Ohm's law and the magnetic circuit. 

For a closed magnetic circuit such as, for example, an iron anchor ring, 
it is practically immaterial whether the ampere-turns are distributed over 
the whole circumference or are wound all together 
at one part, as shown in Fig. 59. In either case 
we can apply equation (43) on page 60 and get 

n rr M • 0*47T . S . % , X . Q . 

B**fiH=- -. = ^.0'4tt.j ...(48), 

where I applies no longer to the length of the 
coil, but to the mean length of the path of the 
magnetic lines. 

If now A represents the cross-sectional area 
of the iron measured perpendicularly to the lines, 
then the total number of lines or the total magnetic flux is given by the 
equation 

N = B .A = fi.H .A = - - t , 




Fig. 59. 
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The denominator of the right-hand side of this equation has a similar 
form to the expression for electrical resistance in the equation 

*-„.!. 

r a 

The similarity becomes plainer when we remember that the conductivity 
is the reciprocal of the specific resistance. The permeability /a in equation (49) 

can be looked upon as the magnetic conductivity and its reciprocal - then 

corresponds to the specific resistance p. 

I 
From this point of view the expression -j represents a magnetic 

resistance. It is proportional to the length and inversely proportional to 
the conductivity and to the cross-section of the magnetic path. Through 
magnetic resistance we may imagine the lines of force to be driven in 
much the same way that the electric current is driven through an electrical 
resistance, It is because of this analogy that we speak of the total number 
of lines as the magnetic flux. The force that drives this magnetic flux 
through the magnetic circuit is produced by the ampere-turns X, The 
ampere-turns may therefore be compared to the electromotive force which 
drives the electric current through the resistauce of the electric circuit. This 
is, perhaps, made more evident by a consideration of the equation 

H.I = 0Att.X 9 

which follows from equation (43) on page 60. Since H is the force on a unit 
pole, the product H . I represents the work done in moving the unit pole in 
air against the lines of force over the whole distance /. This is, however, what 
we considered in Section 22 under the name of magnetic potential difference. 
We can therefore look upon the magnitude 0'4rr . A" as the magnetic pressure 
or force acting round the magnetic circuit, and it is for this reason called the 
magnetomotive force. Equation (49) can now be written in the form: 

. n magnetomotive force 

magnetic flux = — « — -: r- . 

^ magnetic resistance 

The magnetic resistance of the whole or any part of a magnetic circuit is 
generally referred to as its relitctance. 

Although this Ohm's law for magnetism, as it has been called, has been, 
and still is, of enormous importance in the design of electrical machinery, we 
must be very careful lest we be misled by this electrical analogy. The 
similarities between the electric and the magnetic circuit are, after all, 
mainly only apparent. Although we speak of the total number of lines N 
as a magnetic flux, it is merely a name which enables us to follow the 
ncal analogy more readily; once the lines of force are produced they 
remain at rest and there is no flow of magnetism around the circuit. 

A great and fundamentally important difference between an electric 
current and a magnetic flux lies in the fact that work must be done to 
drive a current through u resistance, the energy thus expended appearing 

heat in the resistance. The maintenance of a magnetic field or of 
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magnetic induction involves, on the other hand, no expenditure of energy. 
None of the energy expended in the field windings of a dynamo, for example, 
is transformed into magnetism, but every trace of it is transformed into heat 
in the resistance of the field winding, and can be calculated from the product 
imRm* The consumption of energy would be just the same if the current 
remained the same, although the space within the coil were filled with air 
instead of iron, thus reducing the number of lines to a very small value. 
For this reason there is no direct loss of energy in a dynamo due to a 
part of the magnetic flux leaking from pole to pole without passing through 
the armature. 

Above all, however, attention must be drawn to the fact that electrical 
resistance depends simply on the length and cross-section of the conductor, 
whereas magnetic reluctance is also dependent on the degree of saturation of 
the iron. 

We will now illustrate, by means of an example, the application of this mag- 
netic Ohm's law to the calculation of a dynamo. The magnetic circuit consists 
of several parts differing in length, cross-section and material (air, wrought iron, 
cast iron, etc.). A part of the total magnetic flux is lost, so far as the arma- 
ture is concerned, by leakage through the air, so that some parts of the 
magnetic circuit carry a larger number of lines of force than other parts. 
We have then to calculate the number of ampere-turns required on the poles 
to produce a given magnetic flux through the armature. To do this we 
divide the flux or total number of lines in each part of the magnetic circuit 
by the cross-section of that part. In this way we obtain the induction or 
flux density in lines per square centimetre at each point, thus 

ft-fj (50). 

We then find from the magnetisation curve of the material of which any 
part is constructed, the value of H Xl that is, the magnetising force necessary 
to produce the induction B l in the material concerned. Unfortunately the 
relation between B and B is no simple one, but depends in a complicated 
way on the saturation of the iron; we are therefore compelled to use mag- 
netisation curves, which have been found experimentally for the materials 
which we are using. From H v and equation (47) on page 64 we have 

2,-0-847,. J, (51), 

where J, is the length of path in the part under consideration. This calcula- 
tion must be made for each portion of the magnetic circuit, and the results 
added together, giving 

2X = X, + X, + X, ... = 0-8ff, . /, + Q'8H % . t, + 0'8jy, . k (52). 

X 
If the magnetisation curves are drawn with -y , i.e. ampere-turns per cm. 

for abscissae, instead of H, the calculation for the path in iron is simpler, 
while for the air-gap we still have the equation 



X, = 0r8B a .L-Q-8H..L 



We then 



have ^-(j) ^+(7)- <• + -. + 08H, t s 
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where the numbers 1, 2, etc. refer to various parts of the iron circuit and 
a to the air-gaps. 
As an example we take a machine with the following main dimensions: 

Diameter of armature D = 20 cms., 

„ „ shaft d t =* 3 „ 

Axial length of armature L = 20 „ 

Angle subtended by pole £ =120°, 

Length of each air-gap 0*4 cm., 

Cross-section of poles and yoke il w = 400 sq. cms., 

Length of path in poles and yoke... l m =110 cms. 

The armature is built up of laminations stamped out of wrought iron 
sheet and separated from each other by thin paper, the space lost in this 
way being 15 per cent, of the whole. 
We shall assume that the whole 
magnet is of cast iron. As indi- 
cated in Fig. 60, a part of the 
magnetic flux produced in the field 
magnets is lost by leakage. We 
shall assume that a sixth part of 
the flux produced is lost in this 
way, so that, if N be the flux in 
e armature and N^ that in the 
et, 

- M. B. 

We will now determine the 
ampere-turns required to produce 
a flux N in the armature of 2*5 . 10* 
lines. 

We must first find the length 



the a 
MgB 




^ U " 



Fig. 60. 



and cross-section of each part of the magnetic circuit. The cross-section 
oi the armature perpendicular to the lines of force is found by multiplying 
the difference D — d, by the axial length L, and also by 0*85 to allow for the 
paper insulation. Hence, 

A a = L (D - d.) . 085 = 290 sq. cms. 

The mean value of / a is evidently about 20 cms. 

To find the cross-section of the path in the air-gaps wc must reduce the 
cylindrical surface of the armature in the ratio £ : 360. We have then 

A g = D .7T . L . _£_ - 420 sq. cms. 
* obi) 

To find the length of the path in air we must multiply the length of the 
gap between armature and pole by 2, since the lines have to cross the gap 
both on entering and on leaving the armature. We have, therefore, 

J,«2. 0-4 = 0-8 
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For the field magnet we have given that 

A m = 400 sq. cms., 
l m = 110 cms. 
We know also that 

Bringing all the above results together, we have 



3.10*. 



JV=2'5.10* f 






JVm = 3.10«, 


4« = 290, ^, = 420. 






^ m = 400, 


/ fl - 20, ^-08, 






/ m =110. 


From these figures it follows that 








£ a »~-« 8,600, B g = 


N 
V 


= 5,960, 





MM. 



From the magnetisation curve for armature stampings in Fig. 58 on 
page 63 we see that the ampere-turns per cm. required to produce an 
induction B of 8,600 are 

(?) - _ _ 

This is the number of ampere-turns required to drive the induction B a 
through one centimetre of armature iron. The total number of ampere-turns 
necessary to drive the flux through the armature is therefore 

the ampere-turns per cm. for an induction 



Similarly we find that 
B n = 7,500 in cast iron are 



:?). 



= 40. 



From this it follows that to drive the flux at an induction B m = 7,500 
through a length In = 110 cms. of cast iron requires a number of ampere-turns 



-(f). 



L = 40. 110 = 4,400. 



Finally, the number of ampere-turns X g required to drive the flux across 
the air-gap is found from the equation 

X g = 0-85, , l g m 3,820. 

We have now IX = X a + X m + X g = 8,260. 

It is immaterial whether, for example, we use 8,260 turns carrying 
1 ampere, or 4,130 turns carrying 2 amperes, neglecting, for the present, 
all considerations of efficiency, etc. In many cases the magnetic circuit is 
more complicated than the above, including armature teeth and pole cores. 
The necessary ampere-turns for these parts are, however, calculated in exactly 
the same way as we have already indicated. 

By means of this magnetic Ohm 'a law it is possible, under certain con- 
ditions, to calculate the leakage from the dimensions of the machine. This 
calculation makes the analogy between magnetic and electric potential 




Ohms law and the 

difference very plain- As electric*! 

volts, so can magnetic potential 

If a resistance Lies in parallel with a 

maintained, a part of the total current Hon thrvagjb the iiniilim If 

parallel resistance is due to an earth, that is. to a Stnh m the cable, the 

current Rowing by this by-path is a loam. Snails! h. there is a 

potential difference or pressure between the pole-shoes of a 

drives the magnetic flux along two parallel paths, the astral Ibx going 

through the armature and the leakage flux throogh the air. Tfcb magnetic 

pressure is due to the ampere- turns J,r J.*J ; . which are necessary to 

drive the useful flux through the armature core, the teeth and the 

In the multipolar alternator shown in Fig. 61. assume that the 
A', + A', + JT,« 6,200. This same magnetic pressure acta across the 
space between two adjacent pole* 
shoes. Assume that the axial length 
of the armature is 30 cms., the radial 
depth of the pole-shoe 25 cms., and 
the distance U between the adjacent 
pole-shoes 6'5 cms. The cross-section 
of the leakage path between the pole- 
shoes i*. therefore, 30 . 2 5 = 75 sq. 
cms. Now, the lines of force pass 
from the north pole to the south *£* 

pole on each side of it, so that the total cross-section is doubled, m*Ving it 
150 sq. cms. Assuming that the lines of force spread out as shown in the 
figure, and that their maximum cross-section is doable that at the ends, we 
get for a mean value of the cross-section 




At = 



150 + 300 



= 225 sq. cms. 



Putting these values of l ti and A ti in equation (49) on page 64, and 
remembering that p. for air is 1, we get for the leakage from the pole-shoe 



*i- 



0-4tt . 6.200 



225 



= 0-27 . 10" lines. 



The fundamental formula H 



0-47T.S.1' 

I 



would have led to the same 



result. 

To this leakage from the pole-shoe we must add the leakage from the 
pole-core. We shall assume that the mean distance l^ between two adjacent 
pole-core faces is 10 cms., and the radial length of the pole-core 16 cms. 
With an axial length of 30 cms. the cross-section of this leakage flux taken 
on each side of the pole is 

CA k = 2 . 30 . 16 - 960 sq. cms. 
At the top of the pole the magnetic potential difference is due to 
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6,200 ampere-turns -while at the root it is 0. As a mean we can therefore 
take 3,100 ampere-turns, which gives a leakage flux of 

0-47rX _ 0-*7r. 3,100 _ 

* SL — hl — - 087 - w * 

2jJ 960 

The total leakage flux from the pole is therefore 

Ni - N tx + A r i, * 0-27 . 10«+ 037 , 10 6 = 064 . 10\ 
We have neglected the leakage between the flanks or end surfaces of the 
poles, which would make the total leakage slightly more than the above 
value. 

If we assume that the useful flux through the armature is 3 . 10" lines 
per pole, the flux at the root of the pole will be 
-Y m = JV + tf,= 3-64.10«, 
which gives a leakage coefficient of 

i^3-64.10« 
X N ~ 3.10* ilt 



30. The lifting power of an electromagnet. 

Although, as pointed out in the last section, no work is done in main- 
taining a magnetic field, work must be done to establish the field In 
Fig. 62 is shown an iron ring which we shall suppose to be uniformly wound 
over its whole periphery with S turns. Some of these turns are shown, 




H 



I 

I - 

J 



Fig. 62. 



Fig. 63. 



on the right in elevation, on the left in section. By the dotted lines of force 
we do not mean to suggest that a part of the flux produced leaks across 
the interior space, although, were the ring wound as shown in the figure 
this would be the case. The dotted lines show how the lines of force, due 
to the establishment of a current in the turns shown in section, spread out, 
commencing as small circles round the individual wires and then combining 
with the lines due to other wires to form lines encircling several wires. This 
spreading out goes on until each line of force lies entirely in the iron, it 
having cut all the S wires passing through the interior of the ring. As 
soon as the current ceases to grow and becomes steady, the lines of force 
become stationary. 




The 

In order to caitalste 
field, we wifl caumk i a 
of I absolute unite, in a field of 
(Fig.63). The direction of thefidtiis 
and perpendicular to 
that the conductor is mowed a dnismi. * 
to its own length and to the direction of the fieat 
being such that the force eseremcd W«i 
overcome. The work done m §amad br 
the distance in centimetres, thus 

Now l.s is the area swept oat by the motion of the wire, and m H 5s 
number of lines of force per so. can, J7. / - a is 

lines A" cat by the wire ; hence ^ 

/»JJ.J-l.s«J\/erg* 

Now, if the current I in the case represented in Fig. & m 
by an amount o!£ the induction or flux d e nsity imii — ■ by an amount; 4R. 
no matter whether the ring contains iron or sir. If she cross wrrvmni are* 
of the ring be A so. emu, the number of newiy creased lines wnT be 
A.d B = dN. These newly created lines cat, as we have seen, the & szrs* 
composing the ring winding,, which carries a current L The work done sn 
this change, according to equation <53X ■* 

From equation (42) on page 00, we hare 

../-*£ 

and substituting this in the above equation, we have 

dJ= ~ .H.dBerp J *K 

If the coil be wound on a ring of wood or other iKn-oaagsesae material, 
B = H 9 and the total amount of work done in raising the; ma&zj&& zxbuwA 
from to B will be 



/: 



-j— .B.dB- — r— — ergs -*-»> 



This amount of energy has to be given to the »*L as w* «**.. «e* » 
Section 36, in the form of electrical energy. The vobsme *sf **ae swo^ftic 
field ib A . /, so that each cubic centimetre of the magnetic fieid esmtsjm* 

a store of potential energy equal to g~ ergs. We may psewe tfce: etM* 

in a state of strain, somewhat like a twisted steel sfring. 

We will now make use of this result, in order to find sfc* ..fault, pvwer 
of an electromagnet Fig. 64 represents an mm to%, nwtormly w'rstA a* 
as to obviate magnetic leakage, and divided into two mrniUr fcaiv**, W# 
have to calculate the force required to separate the two Wve* *A ti+ rity 
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Let this force be / dynes, and imagine that the two halves have 
separated by an infinitely small distance dl. If this distance be si 
enough, we can neglect the change of flux 
produced by introducing this air-gap into 
the magnetic circuit, and the dux-density 
B is unaltered. The work done in causing 
this separation is equal to f .dl ergs, and, 
since the flux-density in the iron is un- 
altered, the energy stored in the magnetic 
field in the iron is unchanged, so that this 
supply of energy f . dl must be stored in 
the air-gap. Now, let the total cross-sec- 
tion of the two air-gaps be A sq. cms., 60 
that the volume of the magnetic field in air 

is equal to A . dl cubic centimetres. The flux -density B is the same in the 
air-gap as in the iron, and we have found above that the energy stored 

fit 
in each cubic centimetre of the field in air is equal to — ergs. Hence : 

B 1 
energy stored in air-gaps = ^~ . A .dl ergs, 

and this must be equal to the work/, dl done in producing the air-gaps, 

&.A 




Fig. 64 



and 



J u 



8*7T 

A 



dl, 



dynes 



.(56). 



v 



If F be the force in kilogrammes, 



= 4#.il. 10-«kgs. # 



(57). 



8tt. 981,000 

In a horse-shoe magnet both poles are effective, and the double cross- 
section must therefore be included in A. If, for example, the cross-section of 
each pole is 10 sq. cms. and the induction B = 18,000, we have 
F = 4 . 18,000 s .2.10. 10-« = 260 kilogrammes. 
"* The t lifting power of a [magnet is often largely affected by magneti 
leakage, which we have here neglected. 



31. Hysteresis. 

In determining the magnetisation curve, we start with the iron in 
unmagnetic state and gradually increase the magnetising current, 
increasing the value of H, and with it the value of the induction B. Plotti 

the values thus obtained with the magnetising forces H = ' 

■ 

abscissae and the inductions B as ordinates, we obtain the curve OA in 
Fig. 65. 

If, after reaching any arbitrary value of the induction, such as AG = B L 
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we decrease the magnetising current, we find that, for any given value of the 
magnetising force U t the induction is greater than it was with increasing 
magnetisation. Plotting these values of B and H for decreasing values of H 
we obtain the curve A B. It appears 
as if a certain amount of the mag- 
netic induction still remains io the 
iron after the magnetising force has 
been removed. This phenomenon 
15 therefore known as hysten 
i.e. a lagging behind. For a mag- 
netising force ff=0 the value of 
the induction B is OB. This is 
therefore the induction or flux 
density of the remanent magnet- 
ism. Hysteresis and remanent 

magnetism are therefore, in a 

j *v iL . Fiz. 65. 

sense, one and the same thing. ° 

We explain both phenomena by the tendency of the molecules, in virtue of a 

kind of molecular friction, to remain in any position they have once taken up. 

If, now, the direction of the current be reversed, a certain value of the 
magnetising force will be required before the remanent magnetism is 
destroyed. This force is represented in Fig. 65 by the length 0C t and is 
called the coercive force. It is evident that the iron molecules oppose the 
reversal of magnetism, and it is only when the magnetising force exceeds OC 
that an induction is obtained in the reverse direction. A further increase in 
■gnetiang current gives the curve CD and the succeeding decrease in 
the current, the curve DE. The ordinate OE is, as before, the remanent 
magnetism, etc. 

An experiment with the specimen of cast steel already mentioned 
(Fig. 56) gave the following results: 





Decreasing 
S 


Induction 
B 


Increuing Induction 
H B 


145-3 


18,250 


- 22 


- 6,240 


627 


16,800 


- 59 


-11,060 


242 


15,590 


- 119 


- 13,460 


32 


13,080 


- 342 


-15,710 





10,200 


- 616 


- 16,680 


125 


6,110 


-145-3 


- 18,250 


1*5 










We see from this table that the remanent magnetism has a value 

i*~ 10,200, while the coercive force is 1*5. Both of these figures are 

■dent on the value of i^ reached in the experiment, in the above 

case 18,250; for high values of the induction, however, the variation is very 



If the above values be plotted on squared paper we get a curve 

* 1 ' * can be drawn symmetri 



like 

rical 
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tftt*17<MXK 
of 




j4 . 1 v eqoal to the 
Faad integrate 
tvlit 



ahaciiM 
hand 

b closely related to the 

cycle through the inter- 

71 we know that the work 

I Ml U fa 



V of the inn nng in urns. If we divide by 
the limits and B we obtain the work done per 



J 

f 



1 * 

*- - 



.(58) 



Now jy . <f5 is represented bj one of the narrow strips in Fig. 66, and 
IE . dB by the whole shaded area in the same figure. The work doue in 





Fig. 66, Fig. 67. Fig. 68. Fig. 69. 

magnetising the iron is thus obtained by dividing the shaded area in Fig. 66 
by 4-tt. If, now, the lines of force decrease, dB is negative and the work 
done is also negative, that is, energy is restored. The amount of energy thus 
restored is represented by the shaded area in Fig. 67. If the magnetising 
current be now reversed, the magnetising force H becomes negative, and the 
product H . dB will again be positive, so that work must be done during 
this period corresponding to the shaded area in Fig. 68. With decreasing 
magnetisation a part of the energy is again restored as shown in Fig. 69. 

The actual energy dissipated in a complete period is the resultant of the 
positive and negative amounts of energy N If we go continually through the 
cycle represented by the loop ABCDEA in Fig. 65, the energy dissipated 
per cubic centimetre of iron in each cycle is, from equation (58), equal to 
the area of the loop divided by 4ir. For the specimen of cast steel above 
mentioned the area was 170,000, whence the loss per cubic centimetre per 
cycle is 

A 2H.dB = 170,000 
V = 4tt 12-5 



= 13,600 ergs per cubic centimetre. 
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Although this method of finding the hysteresis loss hy drawing and 
measuring the loop is of great importance in enabling ns to understand the 
question of hysteresis, it is rarely adopted in practice on account of the time 
required to determine experimentally with a ballistic galvanometer the points 
on the hysteresis loop. It is now a role to test the iron, as far as possible, 
under the conditions obtaining in actual practice. The magnetism is sub- 
jected to rapid reversals by means of an alternating current, and the energy 
consumed is measured on a wattmeter, the deflection of which is caused by 
the electrodynamic forces between a coil carrying the current and another 
coil connected across the mains and therefore carrying a current propor ti onal 
to the potential difference between the mains. 

It was found by Steinmetz that the hysteresis loss per cubic centimetre 
per cycle is approximately proportional to the 1*6* power of the ">*-n"»n"^ 
induction. 



^-i&.jBiLergs. - .(59> 



The coefficient 17* is practically constant for a given specimen of iron, at 
least up to B mMX = 7,000. For the types of iron generally used it varies from 
0O01 to 0*004, For the specimen of cast steel which we have considered, we 

found for B MX = 18,250 a value of ~= 13,600, whence 

This value is, however, of little interest in the present case, as hysteresis 
need only be considered when dealing with alternating currents, and massive 
iron or steel is never used where it would be subjected to a rapidly alternating 
magnetisation. 

Knowing 17&, Steinmetz's formula enables us to calculate the loss of power 
in watts due to hysteresis. If IF is the weight of iron in kilogrammes, 
assuming a specific gravity of 7'7, we have for the volume in cubic centimetres, 

^ W. 1,000 

7*7 

If the complete cycle is gone through -* times per second* the energy 

dissipated will be 

^t w. 1,000 , 

Vk-Bm** . — r^j — • ~ ergs per second. 

Now, in Section 41 we shall see that 

1 erg =■ 1 centin 
wherefore (see page 21), 

1 erg persec.» ^ 81 1Q ? met-kgs. per sec - j^ watt 

* The sign — * roughly fymbolicng a, nne-earre, is often need to denote the frequency in 
eyckt per 



1 erg - 1 centimetre-dyne - ^ . ggffigK *a«^Wogramme, 
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To obtain the loss in watts we have therefore to divide the loss in erg8 
per second by 10 7 , hence 



P*« 



m 



Bl 



IF. -.10' 



7-7 



watts (60). 



If, for example, Vh = 0*002, W = 
0*002 . 7,000 ,a 



A = 



1 00 kgs., ~ - 50 and B aM = 7,000, we hai 
. 100.50. 10" 4 



7*7 



= 1 84 watts. 



Lately, however, Steinmetz s coefficient 77* has been used much less t 
formerly. When, as is now usual in practice, the hysteresis loss is determin 
by the wattmeter method, using alternating current, a new difficulty crops up, 
for the reading on the wattmeter includes not only the loss due to hysteresis 
but another loss due to the so-called Foucault currents or eddy currents. In 
Germany the loss is now always specified as being so many watts per kilo- 
gramme at a frequency of 50 *■*» per second, the maximum induction being 
10,000. This loss-coefficient, as it is called, lies between 3 and 4 for the 
iron generally used for stampings. 



32. Dynamic effect of parallel currents. 






Two parallel wires are shown in Fig. 70, carrying currents in the same 
direction. Looking along the wires from A and B we shall see the fee 
of the arrows, which are represented by crosses in the cross-sections of the 
wires. The lines of force due to the individual wires combine, as we haw 
already seen in Section 27, to form longer lines encircling both wires. Wl 



,':»j\ 






!(•)* 



Fig. 70. 

have already likened the lines of force to stretched elastic bands, and 
calculated, for one special case, the force with which they oppose any attei 
to lengthen them. The lines will accordingly tend to contract in the 
shown in Fig. 70 and thereby draw the conductors together. The attract 
will be the greater because of the lines of force between the wires being 
opposite directions, the resultant field vanishing at a point between 
wires. We arrive therefore at the conclusion that : Parallel wires at 
each other when carrying currents in the same direction. 

If, however, the currents flow in opposite directions (Fig. 71), we 
see from A the point, and from B the feather of the arrows representing 
direction of current. Drawing the lines of force due to each wire separai 
we see that they are in the same direction between the wires and can tl 
fore be added, whereas, in the space outside, they counteract each ot 
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Ve have seen that lines of force in the same direction exert a lateral pressure, 
ending to mutually repel one another, and in the present case this will load 
o the wires being mutually repelled. Hence, parallel wires repel each 
ither when carrying current in opposite directions. 







\1) 



Fig. 71. 

In each case we observe that the tendency is to increase the total number 
ff lines produced. 

The application of this dynamic effect to the construction of wattmeters 
ras mentioned in the previous section. It is also employed in the con- 
struct ion of ammeters and voltmeters of the so-called dynamometer type. 



IT— > 



33. Induced Electromotive Force. 

Imagine a conductor of length I cms. perpendicular to the lines of force 
» be moved in a direction perpendicular both to the field of strength H, 
md to its own length. If the distance moved through in the time cU be da, 
;he velocity is 

v = ~r cms, per second. 

In Fig. 72 the lines of force pass normally through the paper from front 
to back, and are represented by points. The conductor I is moved along the 
metallic rails in the plane of the paper and it is 
Tound experimentally that an electromotive force 

tduced in it. This electromotive force only 
arista while / is in motion and vanishes directly 
I comes to rest. If the slide-rails are metallically 
ronnected, as shown in the figure, then the elec- 
tromotive force produces a current, the direction 
af which is indicated by the dotted arrow, when 
I is moved downwards. During the time dt a 
rertain amount of work is done by the electric *»" 

:urrent. which, from Section 10, is equal to the product of electromotive 
force, current, and time. We will now express the current in absolute units 
and the work also in absolute units, that is, in centimetre-dynes or ergs. We 
have therefore 

dJ=E.I.dtergs, 
where E is the electromotive force in some units not yet defined, but certainly 
This work dJ is, naturally, only obtained by the expenditure of an 
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equal amount of mechanical work. We know from page 53 that the current 
in /, and the magnetic field, exert a certain force/, which must be overcome 
when moving the conductor. It follows from Lenz's law that the induced 
current is always in such a direction that it opposes the motion inducing it. 
For the magnitude of this opposing force, we have from equation (32) on 
page 53, 

/= H.I .1 dynes. 

The mechanical work is the product of the force and the distance, 
so that 

dJ=H .1 .l.ds ergs. 

liquating the mechanical energy expended and the electrical energy- 
developed, we have 

E.I.dt^H.I.l.ds, 



whence 



E = H.l.^ = HA.v 
at 



(61). 



Hence, the electromotive force induced in a conductor by its movement 
in a magnetic field is proportional to the field strength, to the length of the 
conductor, and to the velocity with which it moves. From equation (61) we 
can obtain the definition of the absolute unit of electromotive force. If we 
put H — 1, 1 = 1 and v= 1, then we get E=l. Hence, the absolute unit of 
electromotive force 1b Induced when a conductor 1 cm. long moves with 
a velocity of 1 cm. per second perpendicular to Its length and to the 
field of unit strength. 

We are now in a position to calculate in a simple manner the electro- 
motive force of a machine. Suppose, for example, we require to find the 
maximum value of the K. M. F. of an alternator, that is, the E. M. F. at the 
moment when the armature wires are under the middle of the poles. Lefl 
the total number of armature wires be 400, each having an active induced 
length of 30 cms. and let the field strength at the middle of the pole be 
5,000. Then, at a peripheral speed of 20 metres per second, i.e. 2,000 cms. 
per second, the electromotive force will be 

E m 5,000 . 30 . 400 . 2,000 = 1 ,200 . 10 1 absolute units. 
The absolute unit is far too Bmall for practical purposes and a multiple of 
it is therefore used, viz. 10 8 absolute units, and is called a volt. This is the 
practical unit of pressure which was introduced in Section 2, but could not 
then be accurately denned. If E represents the electromotive force in volts, 
we have 

E=HJ.v.lQ-* (62). 

In the example calculated above the momentary electromotive force was 
therefore 1,200 volts. 

If, instead of being at right angles, the conductor is at an angle <f> to the 
lines of force, it follows from equation (31) on page 53 that 

E=H.l.v.sdn4>A0-* (63). 

If, further, the motion is not perpendicular to the field, but at some angle, 
then v must be put equal to the component at right angles to the field 
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The equations which we have thu9 established can be still further 
simplified. The product l.ds in equation (61) represents the area swept 
oat by the conductor, and the product H .l.dS the total number of lines dN 
cut by the moving conductor. We write dN because we are dealing with an 
infinitesimal distance ds, the number of lines cut being therefore also infinitely 
small. For a single conductor, we get from equation (61) 

*-§ *■* 

The electromotive force is thus obtained in absolute units by dividing the 
number of lines cut by the time taken to cut them, or, in other words, the 
electromotive force is equal to the rate at which the lines are cut. 

If, in the time t> the flux N cuts & turns, it is equivalent to NS lines 
cutting a single wire, and the average value of the induced E. M. F. in volts is 

■ 
The product of lines and turns linked by the lines is sometimes called the 
number of linkages. In the above example the linkages are N.S. The 
electromotive force is therefore equal to the rate at which linkages are made 
or broken. 

The absolute unit of electromotive force Is induced when one line of 
force is cut per second. One volt is induced by the cutting of 10* lines 
per second. 

Having determined the magnitude of the induced E. M. F. we must now 
consider its direction. This can be determined by means of a swimming rule, 
due to Faraday, which is as follows: 
To a person swimming along the 
lines of force, that is, from north 
to south pole, and looking in the 
direction along which the conduc- 
tor is moving, the induced electro- 
motive force ia from left to right. 
In Fig. 73 the lines of force are in the 
plane of the paper from right to (aft. 
They pass normally through a vertical 
plane in which the horizontal conduc- 
tor moves downwards. If we swim 
from right to left with the face down- 
wards our right hand will point in the 




Fig. 73. 



direction of the dotted arrow, which is therefore the direction of the induced 
electromotive force. That this direction for the induced current is necessarily 
correct follows from a comparison of the two swimming rules of Ampere and 
r araday respectively. If we swim with the current along the dotted arrow 
look towards the north pole whence the lines of force proceed, the north 
pole would, according to Ampere's rule, tend to move towards our left, that 
is, downwards. If the pole is fired the conductor tends to move upwards. 
Hence, the conductor tends to oppose the downward movement, as indeed it 
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must, to conform to Lenz's law or to the principle of the conservation of energy. 
The direction found for the induced E. M. F. is therefore the correct one. 

We can apply this rule directly to the armatures of dynamos. In Fig. 74 
is shown a hollow iron cylindrical or ring armature, with a closed winding of 
insulated copper wire, which is rotated in a clockwise direction between the 
poles N and S of an electromagnet. The lines of force leave the north pole 
and pass right and left through the armature to the south pole, leaving the 
air space inside the armature almost free from lines of force. It is therefore 
only the wires on the outside cylindrical surface that cut the lines of force. 
Applying Faraday *s swimming rule we find that in the wires under the north 
pole the induced electromotive force is from front to back, while in those 





Fig. 75. 

under the south pole it is from back to front. When current flows in the 
armature its direction will be as indicated by the arrows, viz. away from the 
south pole towards the north in the end connections facing us in the figure. 
We see that the current flows to the right both in the upper and lower half 
of the armature, meeting at a point halfway between the poles, where the 
currents from each half join and leave the armature together by means of the 
positive brush. After flowing through the external circuit the current enters 
the armature again by the negative brush, and divides between the upper 
and lower halves of the winding. For the sake of simplicity the brushes are 
shown rubbing on the external armature wires, from which the insulation 
would then have to be removed. 

If the armature remains stationary while the poles rotate, the swimming 
rule must be applied to the relative motion. If, for example, in Fig. 75, 
which represents the usual arrangement of alternators, i.e. dynamos which 
generate alternating current, the north pole moves to the right, the effect is 
the same as if the pole were fixed and the armature wires moved to the left. 
If we imagine ourselves to be swimming with the field, that is, from N to A 
and looking in the direction of the relative motion of the conductors, that is, 
towards the left, the direction of the induced E. M. F. will be indicated by our 
right hand, that is, downwards through the paper. The current in the wires 
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»t A will therefore be represents! by crosses, while in a 

find that the Durrani in the wires under the south pole is coming towards as 

and must be represented by dots. 

Another simple rule for finding the direction of the induced E. M_ r. is the 
right-hand rule. If the thumb and first two fingers of the right hand point 
mutually at right angles, like the three edges at a corner of a cube, and the 
first finger point along the lines of force, while the thumb points in the 
direction of motion, the second finger will give the direction of the induced 
electromotive force. 

We must be careful to notice, however, that, although we speak some- 
of the direction of the induced current, it is electromotive (one and not 
current which is induced. In Fig. 01, for example, electromotive feme was 
induced in / even when its ends were not metallically connected, and this 
electromotive force could be shown and measured on an electroscope. We 
must, for this reason, accustom ourselves to think of the electromotive force 
as the thing induced, its magnitude depending, as we have seen, on the field, 
on the length of conductor, and on its velocity, whereas the current is quite 
an arbitrary thing depending on the external resistance, that is, on the load 
taken by the customers of a station. The fact that the E. M. r. of a dynamo is 
not constant, but varies because of the effect of the current on the magnetic 
field, need not prevent us from seeing in the electromotive force the cause, 
and in the current, the eri 

In the foregoing, we have always looked upon the electromotive force as 
being caused by the cutting of lines of force. It is, however, often convenient 
to look upon the phenomenon from another point of view, according to which 
force is due to an increase or a decrease in the number of lines 
of force passing through a coil. In Fig. 72, for example, the number of lines 
passing through the coil, made up of the conductor / and the slide-rails, is 
decreased by the motion of /. A current is thereby induced which flows 
round the circuit in a clockwise direction. This current produces lines of 
force which pass down through the paper inside the circuit, and which are 
therefore in the same direction as those of the original field. Prom this It 
follows that, if the number of lines through a circuit be decreased, a 
current is induced which tends to keep up the number of lines, whereas, 
if the lines be increased, a current is induced which tends to weaken 
the field. Lens's law may thus be expressed in the following general 
form : The current Induced by a change in the magnetic field is such as 
to oppose the change. 

For this reason, equa must be re-written thus : 

*— ^ <«5). 

dX represents an increase in the number of lines. If this is positive, the 
electromotive force will be negative, that is, it will produce a current in such 
a direction aa to weaken the field If the field passes through more than one 
turn of the coil or circuit, X will represent the number of linkages and dX 
the change in the number of linkages. 

t t 6 
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34. The Laws of Mutual Induction. 

So far, we have considered the electromotive force induced when a con- 
ductor cuts the lines of force produced by a magnet. We will now consider 
the effect of one conductor cutting the lines of force produced by another 
conductor. The induction in such a case is called mutual induction. In the 
primary wire / in Fig. 76 a current flows from right to left, producing lines 
of force as shown in the figure, viz. coming out from the paper at A, B and C. 
If the secondary conductor // is moved towards J, it will cut the lines of 
force at A, B, C t etc. and an electromotive force will be induced in it r the 
direction of which is found by the swimming rule or by the right-hand rule 
to be from left to right as shown by the dotted arrow. 




me 



1 Kg. 76. 

Here again we can check our result by means of Lenz's law, which is only 
an application of the conservation of energy. If the ends of conductor // 
are externally joined by means of a conductor, a current will flow in the 
opposite direction to that in /. We have seen in Section 32 that the con- 
ductors will in this case repel one another, and therefore oppose the motion 
of 77 which is towards I. Th<- work done in the latter case in forcibly 
bringing the wires nearer appears as heat in the secondary wire. We come 
therefore to the conclusion that, on decreasing the distance between the 
wires, the induced secondary current is opposed to the primary, 
whereas on increasing the distance the secondary current is in the 
same direction as the primary current. 

It is, however, not necessary to move the wires mechanically nearer 
together, for an electromotive force is induced in the secondary whenever 
the primary current is increased or decreased, since its lines of force must 
thereby cut through the secondary conductor. 

We are thus led to the most important conception, already used in 
Section 30, according to which the lines of force do not suddenly appear 
or disappear throughout a space, but, leaving the conductor, gradually 
spread out from it, to be followed by others, in much the same way as the 
ripples spread out from the point where a stone has been thrown into a lake. 
As the current in / increases the lines of force will be represented successively 
by Figs. 77 and 78, in which we see that they cut the secondary conductor in 
a downward direction. The result is the same as if the field were stationary 
and the conductor II were moved upwards towards /. From this it follows 
that the induced secondary current is opposed to the growing primary 
current, while it is in the same direction as the decreasing primary 
current. 
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Fig. 77. 
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end of the spring, and thereby polls the 

The current being now broken, the cofl 1 

spring to go back and close the circuit 

primary coil is thus intermittent. Wound over this 

secondary coil, which, for the sake of 

coil in Fig. 79. The primary tinea of force grow and die 

succession, and thus cut through the secondary w indi n gs first in one 

and then in the other, thereby inducing in 

rapidly alternating direction. If the 

means of a conductor, an alternating current will flow in the 

circuit. This current increases from zero to a maximum, dies away 

to zero and then reverses and goes through tike same changes in the 

direction. The current changes therefore both in magnitude and in direction. 

By increasing the number of secondary turns and making the 

current break as rapidly as possible, the secondary electromotive force 

be made so large that the spark will jump across a considerable air-gap In 

this way induction coils are now made to give a spark through the air over a 

yartl long. 

Of even greater importance from a technical point of new is the applica- 
this principle of mutual induction to the construction of transformers 

ich transform tht- high pressure alternating current transmitted oyer the 

line down to alternating current of a low pressure suitable for ordinary u»e. 

that a very high pressure is essential for long-distance trans- 

n in order \o keep the losses small, or. if the losses are fixed, in order 

to keep th i wire within practicable limits. To use such high pressures 

a great number of lamps would have to be put in series, in which case we 

the independanee of the separate lamps. In addition to thin, the 

insulation for such high pressures would be extremely difficult, and pressures 

:,00 volts are very likely to gi^e a fatal shock to a per* Bg the 

0—2 
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Fig. ao. 



live wires. From the results of experiments- it is known that, the human 
body can, generally speaking, stand a current of about a hundredth of an 
a&pere for a short time without any Berious damage. If the resistance of 
the body, when contact is lightly made with the finger-tips, be estimated at 
50,000 ohms, we see that the dangerous pressure begins at about 500 volts, 
thus, 

0.1 .11 = ^. 50,000 - 500 volts. 

We see therefore that it is necessary to reduce the pressure to a value 
more suitable for the consumer, and this reduction of pressure is accomplished 
very simply by means of an alternating current 
transformer (Fig. HO). It consists of an iron core 
built up of insulated stampings, which carries a 
primary and a secondary winding. In our case the 
transformer is a step-down transformer, and the 
primary winding will therefore be connected to 
the high pressure supply. The primary winding 
must, lor this reason, consist of a great number 
of turns of fine wire. The lines of force produced 
by this winding will cut the secondary winding, 
which must consist of a few turns of thick wire, so 
that the electromotive force induced in it may be 
small. Now. the lines of force produced by the 
primary winding will, as they alternately grow and die away, cut the primary 
turns themselves, and induce in them an electromotive force proportional to 
the number of primary turns. We shall see later that this E.m.f. is almost 
exactly equal and opposite to that applied to its terminals. We see, there- 
fore, that the primary and secondary pressures are proportional to the number 
of turns in the corresponding windings. The principles of the transfonuer 
are very easy to follow until current is taken from the secondary side, whi*n 
the question becomes more complicated owing to the lines of force being now 
due to the combined action of both primary and secondary currents. We sit til 
postpone a full investigation of the transformer until Chapter XI. 



35. Self-induction. 

Towards the end of the previous section it was mentioned that the lines 
of force produced by a coil, in growing and dying away, cut, not only neigh- 
bouring wires, but also the turns of the coil itself. In Fig. 81 the dotted 
lines represent the growth of the lines of force due to a single turn of the 
coil. Each line of force emerges from the wire of the turn to which it is due, 
and gradually grows until it finally lies entirely in the iron ring, having cut, 
on its way, every turn in the coil. We will now calculate the magnitude of 
the electromotive force induced in the coil in this way. 

Let S be the number of turns in the coil, 

A , the cross-section of the iron, 
and l t the length of the magnetic path in the ring. 
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If, now, the current is expressed in aznper% liit rjjaAJueuz wit vwjom* 
10 times too big, and must therefore be mrirsfrjtrt -j TV"- 7'- ^*r. -jut 
electromotive force in volts the right-hand sari* xm& vt fvruutr z£'.~*^kjA 
by 10"* We get, then, 
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7 is the flux produced by a ct;xt*t.*. of owt a/Aptr*. and 

multiplying this by 8 gives the total number of iifikag** produced by on* 
ampere. It follows from this that the coefficient of self-induction in 
henries is the number of linkages produced by a current of 1 ampere, 
multiplied by 10-*. 

The henry is thus the unit of self-induction and that coil has unit coeffi- 
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cient of self-induction for which the above expression works out to 1. The 
henry is a practical unit and can be introduced directly into calculations 
involving amperes and volts. 

From equation (68) it is seen that the electromotive force of self-induction 
depends not only on the construction of the coil, but also on the rate at 
which the current is varying. 

The expression j— 1 — represents the lines produced by one ampere- 
turn. This can be estimated in many cases, e.g. dynamo armatures, with 



sufficient accuracy, 
will be 



The flux produced by a current i, flowing in S turns. 



JV- 



0'4tt 



.S. 



If, now, the current in a coil is changed from +i to — % in a time T, due 
to the commutator segments to which it is connected passing under a brush, 
the number of linkages cut in the time T will be 2iV. S. The average value 
of the electromotive force of self-induction will therefore be 
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To find L we have simply to multiply the flux per ampere-turn, which, as 
we have already said, can often be estimated from past experience, by the 
square of the number of turns and by 10 -fl . 

The effect of self-induction is seen in the gradual growth of current in 
a coil to which a certain fixed p.d. is applied. It also causes the current to 
die away slowly when the circuit is broken. It acts therefore as a sort of 
inertia, opposing any change in the current Its effect is very considerable 
when the circuit of an electromagnet is suddenly broken, for the large 
number of lines in the magnet suddenly collapses, cutting all the turns of the 
magnet-winding at a high speed. Hence, in the equation 



E = 



N.S 



. l(r^ volts, 



which we established on page 79, both N and S are large, while t is very 
small. The electromotive force may be so great in such a case that the 
insulation of the coil is punctured. In any case, the spark produced on 
breaking such a circuit is very vicious owing to the electromotive force of 
self-induction trying to keep the current flowing, even across the air-gap 
of the switch. 

For these reasons the field current of dynamos and motors is often greatly 
reduced by inserting resistance before breaking the circuit. In addition to 
this a resistance R (Fig. 82) is often put in parallel with the field winding 
B^, When the circuit is broken, the current in the electromagnet, and the 
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field, do not die away instantly, but gradually. As the field dies away it 
induces an E.M.F. of self-induction in the magnet winding, in the same 
direction as the decreasing current. This e.m.f. drives the current round the 
circuit made up of R and R mt and the current gradually falls to z> 





Fig. 82. Fig. 83. 

It is sometimes necessary to make a coil which shall have no self- 
induction. In one arrangement of the Wheatstone bridge the current is 
supplied from the secondary of an induction coil, while the galvanometer 
is replaced by a telephone receiver. The resistance to be measured mu9t 
contain no self-induction, since the readings would then be dependent on 
the self-induction as well as on the resistance. This method can therefore 
only be applied to resistances having negligibly small coefficients of self- 
induction, e.g. glow lamps and straight wires. The other resistances making 
up the bridge must naturally also be free from self-induction. This is 
arranged by doubling the wire on itself, and then winding the two parallel 
halves side by side as shown in Fig. 83. The magnetic effect of one wire 
is then neutralised by that of the neighbouring wire. 

It was mentioned in Section 30 that, although no energy was expended 
in maintaining a magnetic field, yet a certain amount of work was done in 
building up the field, which remained stored in it until it collapsed, when 
the energy was restored. We are now in a better position to understand 
this point. We saw that the current in the ring-shaped coil was such as 
to oppose the movement of the gradually widening lines of force. \\V 
calculated the work done in overcoming this opposition, by multiplying the 
number of linkiiges by the current, and we asked ourselves the question 
as to how this energy was given to the coil. This question we can now 
answer. As the current increases, the electromotive force of self-induction 
is opposed to it, and must be overcome by the applied terminal pressure. 
If t is the current at any moment and R is the resistance of the coil, then, at 
that moment, 

e = E, + i . R ; 

multiplying both sides by » . dt, we have 

e . i . A — E, . *\ dt+ # . R . dt. 

Of these three terms, e.i.dt is the total energy supplied to the coil in 
the time dt t while i* . R . dt is the energy transformed into heat in over- 
coming ohmic resistance. The remainder E a , i . dt is used in forcing the 
lines of force through the inner wires of the ring winding. This energy 
is given back in the same form, viz. electrical energy, when the current 
decreases and the lines of force shrink up like a stretched elastic band 
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"While the field k maintained, this energy ia stored up in it, like the potettful 
energy of a stretched spring. On breaking the circuit, the e.m.f. of self- 
induction keeps the current flowing just long enough to give back this store 
of energy. As a rule it is all transformed into heat, a large part of which 
is often evident in the spark. If the coil contains iron, only a part of the 
expended energy is given back, the remainder being converted into heat 
by the hysteresis of the iron. 

36. Eddy Currents. 

The name of eddy or Foucault currents is given to those currents which 
do not flow along a particular prescribed path, but, following the line of 
least resistance, flow where they will in the material. Such currents are 
induced, for example, when a massive conductor is cut by a magnetic field, 
but their exact path and intensity cannot generally be accurately determined. 
We know, however, that they flow, in a general way, at right angles both 
to the magnetic field and to the direction of motion. If, for example, a turn 
of rectangular copper strip be wound on a massive iron cylinder, as shown 
in Fig. 84, and the cylinder be rotated so that the upper part in the figure 
comes out from the piper, the direction of the induced E.M.F. will be as 
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Fig. 84. Fig. 85. 

shown by the arrow. An equal E.M.F. will, however, be induced in the iron 
below the copper strip. In consequence of the large cross-section and there- 
fore the small resistance of the iron, the current produced by this latter 
E.m.f. will be very considerable. The heat, thus generated, will cause a 
prohibitive temperature rise in the imn, besides representing a great waste 
of power. The iron in Fig. 84 may be looked upon as a short-circuited 
dynamo and work must be done in turning it, because the induced currents 
oppose the motion to which they are due. 

The energy consumed by eddy currents can be demonstrated in a very 
simple manner by means of a pendulum with a bob of sheet copper, so 
arranged that the latter can swing freely through the narrow gap between 
the poles of an electromagnet. On closing the exciting circuit of the magnet, 
the pendulum is brought rapidly to rest, as if the bob were immersed in 
a viscous fluid. The energy of the pendulum is used up in overcoming 
the opposing forces due to the induced eddy currents in the copper sheet, 




and the energy is uum ^ct ted 
is evident that eddy canon* 
energy, and to avoid this loss the 
of sheet iron stampings or discs, i 
plAtes are insulated from 
sometimes by nothing 
evidently be laminated in a 
so as to break up the path 

When the armature 
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and cross to the pole-face in tofts 
in the pole-shoe is greater ofipuait e a 
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necessitating its ^Tninrtiiiti 

Eddy currents can also occur in the copper bars or 
winding itself; especially if these be renr 
exaggerated way, in Fig. 85. which may he 

Fig. 84. In the position shown, one edge of the bar is moving in a 
field while the other edge is outside the pole and therefore in a weak field. 
The electromotive force induced in the part under the pole will drive current 
principally through the end connections, and thus through the i iUiimI 
circuit, bat, at the same time, it will drive current back along the other 
edge as shown by the dotted lines in the small side-view of the conductor. 
These eddy currents are diminished by rounding off the edges of the poles 
or by making the air-gap larger towards the edges than at the centre, thus 
causing a more gradual change in the field strength. They are, however, 
almost entirely avoided by using toothed armature*, in which the lines pass 
almost entirely through the teeth, as shown in Fig. 151. When a tooth 
leaves the pole, lis tuft of lines is dragged a little way with it. and finally 
snaps back to the following tooth at an enormous speed. Every part of the 
conductor is cut at the same moment in a similar manner, and eddy currents 
are thus prevented. 

Although, in all the cases above mentioned, eddy currents were positively 
harmful, there are cases in which they are turned to account with great 
advantage. In one form of tramcar brake, an iron disc, keyed to the axle, 
revolves between the poles of an electromagnet. When the latter is excited 
the eddy currents induced in the disc oppose its motion, and the kinetic 

-gy of the moving car is converted into heat in the disc 

Eddy currents are also used for damping galvanometers, the needles of 
which move in a hollow block of copper. The instrument is thus made 
•die, that is, it takes up its new position without swinging about. If 
the instrument is of the moving coil type, as so many mirror galvanometers 
are, the coil is rapidly brought to rest by short-circuiting it. The currents 
induced in it, as it swings between the poles of the permanent magnet, 
oppose the motion producing them; these currents are not eddy currents, 
however, as they flow in the windings of the coil. 
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A class of instrument which we may well consider before leaving the 
qu< >tion of eddy currents is the " shaded-pole" type of alternating current 
measuring instrument, as made by the Allgemeine Elektricitats Gesellschafb 
of Berlin. In Figs. 86 and 87, a metal disc rotates about a centre A between 
the poles M of an electromagnet. Two metal plates T are fixed to the poles 
bo as to cover, or shade, a portion of the pole-face. When an alternating 
current flows through the coil of the magnet, the lines of force pass, first 
in one direction and then in the other, through the disc and plates T. The 
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currents induced will flow round the metal plates and also round the lower 
half of the disc in the same direction. The current flowing along the left- 
hand vertical edge of the plate T in Fig. 86 will therefore bo in the same 
direction as that in the left-hand lower side of the disc, and will exert an 
attractive force on it. The disc will thus rotate in the direction of the arrow. 
The right-hand sides of the plates T in Fig. 86 not only cover the disc, 
as shown, but are also bent out away from it, thus screening the right-hand 
side of the disc from forces similar to those on the left. 



CHAPTER V. 



The unit* of length, ntis, and time in the absolute sjitem. — 38. Dimexuiom and unit* of 
velocity, acceleration, and force. — 39. Dimensions and unite of pole- strength, field -strength, 
and magnetic flax. — 40. Dimensions and units of pressure, current strength, quantity of 
electricity, and resistance. — 41. Dimensions and units of energy, heat, and power. — it. Di- 
mensions and unite of the coefficient of self-induction, and of capacity. 

37. The units of length, mass, and time in the absolute 

system. 

The unit of length in the absolute system is the centimetre. This is 
defined as the hundredth part of the standard metre preserved in Paris. The 
standard metre is approximately a ten-millionth part of the length of a 
quadrant of the earth, taken through Paris. 

The absolute unit of mass is the gramme. This is denned as the mass of 
a cubic centimetre of water at 4 5 C. f or better, as the mass which weighs as 
much as 1 cubic centimetre of water. Hence, the weight of a body in 
grammes gives its mass directly in absolute units. The student must be 
careful to distinguish between mass and weight. The mass of a cubic centi- 
metre of water represents a certain quantity which is the same at any point 
on the earth's surface, or in space. Its weight, on the other hand, will vary 
from point to point, and will be appreciably different at the poles to what it 
is on the equator. The weight of a given mass is the force with which it is 
attracted by the earth. Since this force of gravity is found experimentally to 
be strictly proportional to the mass, for any given point on the earth's surface, 
the mass of a body is generally determined from its weight and expressed in 
the same units. We shall represent masses in grammes by the letter M. 

The second is chosen as the absolute unit of time. It is defined as the 
86,400th part of the mean solar day. A time expressed in seconds is repre- 
sented by the letter t. 

Most of the other quantities with which we shall be concerned, such as 
relttBkjj energy, etc. can be expressed as functions, or dimensions, of length, 
mass, and time. As the expression " dimension," used in this way, is apt to 
prove a difficulty to beginners, we will make its meaning plainer by means of 
a few simple examples. Area or surface is the second dimension of length, 
while volume is the third dimension of length. Area and volume are thus 
dimensions or functions of length, that is, they are quantities which can be 
calculated from measurements of length. Velocity is similarly a function or 
dimension of length and time, since its magnitude can be determined by 
dividing a length by a time. In this way, the majority of our physical con- 
ceptions are capable of expression in terms of length {L), mass ( M ), and 
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time (T\ The dimensions of area, for example, are L*, of volume L* t and of 
velocity LT~K 

It follows that the units for these various quantities in the absolute 
system of units can no longer be chosen at random, but are necessarily 
determined from the three fundamental units, viz. the centimetre, the gramme 
and the second. Thus, the unit of area is necessarily the square centimetre, 
that of volume the cubic centimetre, while the unit of velocity must be one 
centimetre per second. Units derived in this way from these three funda- 
mental units are known as c.G.s. units from the initial letters of the three 
units chosen. We proceed now to determine the dimensions of the various 
quantities, together with their absolute units, and to compare the latter with 
the practical units. 



38. Dimensions and units of velocity, acceleration, 

and force. 

(a) Velocity. 

Velocity is defined as the ratio of the distance travelled to the time taken, 
or as the distance moved through in unit time. We have therefore, 

Dimensions of velocity : *■£. T~\ 

If v be the velocity in absolute units, we have 

I cms. ,__. 

» = 7 - - (69). 

t sec. 

The absolute unit of velocity is one centimetre per second, or 1 cm./sec. The 

word " per " signifies as much as " divided by," so that the term " centimetre 

per second " indicates at once the dimensions of velocity and the method of 

calculating the velocity from the length and the time. 

Example; The armature of an alternator has ;l diameter of 1*6 metres and 

runs at 300 revolutions per minute. What is its peripheral speed in absolute 

units? 

We have 

circumference of armature = 1*6 . tt = 5 metres, 

distance per minute = 5 . 300 = 1,500 metres, 

or, expressing length in centimetres and time in seconds, 

I m 1,500 . 100 = 150,000 cms, 

t — 60 seconds. 

The peripheral speed is therefore 

-\ 



150,000 . Ertn cms. _ eM 

— ^ — = 2,500 = 2,500 c.G.s. units. 

60 sec. 



(6) Acceleration. 

Acceleration is the increase of velocity in unit time, or the ratio of 
increase of velocity to time: 

. . x . Increase of velocity 

Acceleration = -. *• . 

time 



The dimensions of ai 
velocity, viz. XT" 1 . We get 

Dimensions of 

If v x be the initial Teloarr and «» liit ioaw -cbwkot- vi m inr «aBr 
acceleration, if uniform, in 




^— -* a«L5- must •TP. 



A body has unit accektataon when m a y s e c in m— ■ in on? anant iw 
the absolute unit, Le. one cemJaaetre f*r aee. 

Example : A body starts from rest and aaaaoK ar_ 3 aacaam a ap&fC uf 
29*43 metres per second. What is ns aeceSeg a a nx. ir wf'TH- imnt 

We have «i»0, %==2M3.1« — . x*4. 



Wherefore a=* * = — =- ■« 9sl ^^ = Sfcl cajl. mat 



We see, at once, that this is an exaaaaae <d a Tumxj ifimiz fe«7 taaer im* 
action of gravity. The result is obtained in titmatat xanst inr jmsaur sasdfi 
individual quantity in the calcolaoon in auaofase razst. Ii » m&aai. mm- 
over, that acceleration, whether doe to giaiLv or sk«_ cat 1st 'Tjrraa nj 
neither in cms. nor in cms. per aeeond, bnt «sJy in enus, yer set fser *w. Ax 
acceleration can no more be expressed in anise «f -retomr t£bnl can as area is 
centimetres. Similarly a horse-power is not equal V* 7$ ii*£2^jd>4?annxies 
or 550 foot-pounds, but to 550 foot-pounds per aeecsnd. Caz*&Jssn**K is ti»*r 
expression of units leads to great confusion, OoJy loYjn* cpantiia** can be 
compared which have the same dimensions and an «w is faiccjaxMk baa 
often been discovered through a want o£ agreement between tit dinsenaiflns 
of the two sides of an equation. It is therefore rerr isoportam V& master the 
principles of dimensions, and to gain that confidence in their afa^ieaxaon, 
which is Uie result of frequent use. 

(c) Fobce- 
Force is denned in mechanics as the product of mass and acceleration : 

Force = Mass . Acceleration. 

We have therefore 

Dimensions of force: M.L.T~* m L.M.T^**. 

* The mechanical idea of force differs from the anronosnicaL In it* simplest form the law 
of gravitation is expressed by the equation 

si. « 

where / is the force, at the mass, and r the distance. The dimensions of force in astronomical 
units are therefore if* . L~*. Dimensions of force in the two different systems cannot be equated, 
resembling in this respect the dimensions of quantity of electricity in absolute and in electro- 
static units. The difference in the dimensions of force proves that the dimensions of a quantity 
are not based a priori on the nature of the quantity or, at any rate, only represent one point of 
view. 
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If/ be the force, and M the mass in absolute unite, then 

f=M.a (71). 

Hence, the absolute unit of force causes the absolute unit of mass, that is 
a cubic centimetre of water, to move with an acceleration of 1 cm./sec.* This 
force is called a dyne. 

Example : With what force does the earth attract a 1 kilogramme 
weight ? 

We have mass = 1 kilogramme = 1 ,000 grammes, 

acceleration = 9'81 inet./sec a = 981 cins./Becond'. 

Wherefore M m 1,000, a = 981, 

and /= 1,000 . 981 m 981,000 c.G.s. units or dynes. 

Thus, the kilogramme weight, which is the practical metric unit of force, 
is equal to 981,000 dynes. If we represent a weight or force of 1 kilogramme 
by kg.* we get 

1 kg.* =981,000 dynes. 

1 dyne -^gy^^kg.*- 1-02 milligrammes* (72), 

Similarly 1 pound* = 453*6 grammes* = 445,000 dynes. 



39- Dimensions and units of pole-strength, field-strength, 

and magnetic flux. 

(a) POLE-STRENOTH. 

The strength of a pole, or the quantity of " free magnetism" on a pole, 
is measured by the force exerted by the pole under certain conditions. 
According to Coulomb's law the force exerted by one pole on another is 
given by the equation 

1 r* ' 

where m : and tti^ are the strengths of the two poles and r is the distance 
between them. If we are not concerned with numerical values, we can omit 
the indices and write 

or m = r slf. 

Hence, to find the dimensions of pole-strength we must take the square 
root of the dimensions of force and multiply the result by the dimensions of 
the distance r, i.e. by a length. We have therefore 

Dimensions of pole-strength : L . *JL.M ,f~* **I$.mK T~K 
From Coulomb's law it follows that that pole has unit strength which exerts 
a force of 1 dyne on a similar pole placed 1 cm. away from it. It has been 
proposed to call this unit a Weber, but the proposal has not been generally 
adopted. 
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(6) Field-strength. 

The force exerted on a pole by a magnetic field is, according to equation 
(26) on page 44, proportional to the strength of the pole and to the strength 
of the field, or 

f=m.H. 

Hence H=^_ 

m 

The student should accustom himself to reading equations, such as this, in 
words. The field-strength H is the force per unit pole, or the force exerted 
on a pole of strength 1. Its dimensions are therefore obtained by dividing 
the dimensions of force by those of pole-strength. We have therefore 

Dimensions of field-strength : —r — r = L~~* .Af* . T~\ 

That field has unit strength which exerts a force of 1 dyne on a pole of 
strength 1. 

Example : The force on a north pole of 100 absolute units in a magnetic 
field is found to be 20 dynes. What is the strength of the field ? 






/ 20 
We have H = *- - r^ = 0*2 c.G.s. units, 

m 100 



(c) Magnetic flux. 

We have seen in Section 21 that the number of lines of force per square 
centimetre is equal to the strength of the field. The total number of lines, 
or the magnetic flux, is therefore obtained by multiplying field-strength by 
area: 

The dimensions of magnetic flux can thus be found by multiplying the 
dimensions of field-strength by those of area. We have therefore 

Dimensions of magnetic flux: D . Z~* . M^ . T- l = L%.M^. T~\ 

It is rather striking that the dimensions of magnetic flux should be the same 

as thuse of pole-strength. This is, however, in accordance with equation (28) 

on page 46, that is, with the fact that the total magnetic flux from a pole is 

by multiplying the strength of the pole by 47r: 

If the values of pole-strength and magnetic flux only differ by a constant 
factor 4tt, their dimensions must be the same. A line of force can be defined 
as the 47rth part of the flux emanating from a unit pole. 

40. Dimensions and units of electromotive force, current, 
quantity of electricity, and resistance. 

(a) Electromotive force. 

Electromotive force can be defined as the number of lines, or the magnetic 
flux, cut per second. We have than 

Dimensions of electromotive force : L* .M' 1 . T~\ 
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wherefore 



Tin- absolute unit of electromotive force is induced when one line of force is 
cut per second. The volt is 10 8 absolute units. 

1 volt = 10 8 lines cut per second = 10* c.G.s. units. 
If E be the electromotive force in volts induced in a coil of S turns by the 
introduction of dN lines in the time dt } we have 

or, from equation (62) on page 78, 

E = H.l.v. 10~*. 

(6) Current. 

The force / experienced by a conductor of length /, which carries a 
current / in a field H, is given by the equation 

The dimensions of current can therefore be found from those of force, 
field-strength and length, thus 

Dimensions of current : . ' / = L* . if* , T~ l * 

That current has unit strength, which experiences a force of 1 dyne 
per cm. of length in a field of unit strength. The tenth part of this unit 
has been chosen as the practical unit and called an ampere, wherefore 

1 ampere = -fa c.G.s. unit. 

The number of amperes is therefore always 10 times the number of 
absolute units in the same current. 

The legal definition of the ampere is based on the fact that it deposits 
1'118 mgs. of silver per second from a solution of silver nitrate. 

(c) Quantity of Electricitv. 

Since the current is defined as the quantity of electricity that flows 
through any cross-section of the conductor in one second, quantity of electri- 
city must be the product of current and time. Hence, we have 

Dimensions of quantity of electricity : Z* . Af* . T~ l ,T= L* . if i. 
An absolute unit of electricity flows in one second through any cross- 
section of a conductor carrying unit current. The tenth part of this quantity 
is the practical unit, corresponding to the ampere, and is called a coulomb. 
1 coulomb = ^ C.G.S. unit of quantity. 
If Q e represents the quantity of electricity in coulombs, then 

Other units of quantity of electricity are as follows: 

1 microcoulomb m T/ r. coulomb = 10~* coulomb, 
1 ampere-hour = 3600 coulombs. 
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The dimensions of quantity of electricity in the electrostatic system are 
not the same as in the above electromagnetic system. According to Cou- 
lomb's law for electricity, the force between two charges, or quantities of 
electricity, is given by the formula 

._ in,, m, 

where m, and wj, are the quantities expressed in electrostatic units. In this 
Bystem, the unit is that quantity which exerts a force of 1 dyne on a similar 
quantity at a distance of 1 cm. This unit is very small, a coulomb being 
3 . 10* times as large, while an absolute electromagnetic unit of quantity 
is equal to 3 . 10 10 electrostatic units. The dimensions of quantity of elec- 
tricity in the electrostatic system are the same as those of pole-strength, 
since both are derived from the formula, m m rv/. 

The units of quantity of electricity in the electrostatic and electromagnetic 
systems do not differ merely by the factor 3 . 10", but also in their dimensions 
by the factor L . T~ l , i.e. by the dimensions of velocity. 

The importance of this is shown by an experiment due to Rowland. If a 
ring with a static charge of 1 electrostatic unit per centimetre of periphery 

* * ! 1 1 S K [ 1 1 S 

is rotated with a velocity of 3 . 10 10 '■ = 300,000 \ the magnetic effect 

* sec. sec. ° 

is exactly the same as if the ring were at rest, but carried a current of 

1 absolute electromagnetic unit. It is worthy of note that 300,000 kms. per 

second is the velocity of light and of the electromagnetic waves used in 

wireless telegraphy. 

(d) Resistance. 
Resistance is denned as the ratio of electromotive force to current. 

E 



R = 



From this we have 



Dimensions of resistance : 



zS.A/i.r-* 



= L.T~K 



Resistance has therefore the same dimensions as velocity, and, strange 
though it may seem, the absolute unit of resistance is equal to 1 centimetre 
per second. This is the resistance through which the very small absolute 
unit of electromotive force sends the relatively large absolute unit of current. 
TIk- practical unit of resistance, the ohm, is 10* times as large as this 
absolute unit. This is the resistance through which 1 volt sends a current 
of 1 amp- 

1 ohm = 10* c.G.s. units of resistance. 

Legally, the ohm is the resistance of a thread of mercury 1 sq. mm. in 
cross-section and 1063 cms. long. 

The legal volt is that pressure which produces a current of 1 ampere 

in a resistance of 1 ohm, or inversely, a volt is the potential difference-between 

ads nt 1 ohm resistance when a current of 1 ampere is passed through it. 

T. K. 7 
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41. Dimensions and units of energy, heat and power. 

(a) Energy and Work. 
Mechanical work is defined as the product of force and distance. Hence, 

Dimensions of work : L* . M . T~*. 
The absolute unit of work is done when a force of 1 dyne is overcome 
through a distance of 1 cm. This unit of work or energy is called a centi- 
metre-dyne or an erg. If J represents the work done, in ergs, in overcoming 
a force of/ dynes through a distance of s centimetres, we have 

J-j.i (73). 

Example : How many ergs of work are done in lifting a kilogramme a 
height of 1 metre ? 

We have 1 kg.* = 981,000 dynes, 

1 metre ==100 cms. 
/= 981,000, * = 100. 

/=/. & m 981,000 . 100 = 9*81 . 10 r ergs. 
Hence, the practical unit of work in the metric Hystem, viz. a metre-kilo- 
gramme, is equal to 9*81 . 10 7 ergs. Similarly the British unit, a foot-pound, 
is equal to 1*36 . 10 r ergs. 

Since we saw in Section 10 that the product E.i.t represents the 
electrical work, its dimensions must be the same as those found above for 
mechanical work. By multiplying together the dimensions of electromotive 
force, current and time, we find that this is so. The absolute unit of electrical 
energy is also, of course, the erg. 

Now, a volt is 10" C.G.S. units, and an ampere is 10 -1 C.G.S. units, from 
which it follows that the joule, which is the product of 1 volt . 1 ampere . 1 
second must be equal to 10 s . 10~ : ■ 10 7 absolute units of energy, i.e. 10 7 ergs. 

1 joule ■ 10' ergs. 



We saw above that 



and 

Therefore 
and 



1 metre-kg. =- 981 . 10 7 ergs, 
1 foot-pound = 136 . 10 7 ergs. 
1 metre-kilog. = 9'81 joules, 
1 foot-pound = 1*36 joules. 



(b) Heat. 

Since heat is a form of energy its dimensions are necessarily the same 
as those of energy. Seeing, however, that the scale of the thermometer has 
been chosen quite arbitrarily, it is but natural that a numerical coefr 
has to be introduced into the expression of Joule's law, whereas, by a suitable 
choice of units, such coefficients have been eliminated from the laws of Ohm, 
Coulomb, and Laplace. In choosing as the unit of heat the quantity of 
heat necessary to raise the temperature of 1 gramme of water through l c G, 
we are taking a step quite outside the absolute system of units. This unit 
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of heat is called the gramme-calorie. Its relation to the unit of mechanical 
work is what is known as the mechanical equivalent of heat, and was first 

determined by Joule. 

1 gramme-calorie = 0*427 metre-kilog. 

Similarly, 1 British thermal unit (F°) = 778 foot-pounds. 

Since 1 metre-kilog. = 9*81 joules, we have 

1 gramme-calorie = 0*427 . 9'81 m — ^j joules, 

or 1 joule = 0*24 gramme-calories. 

This is only another way of expressing Joule's law, according to which 
the quantity of heat in gramme-calories is given by the equation : 

Q k ~(n<iE.i.t. 

(c) Power. ' 

Power is the rate of doing work, i.e. the work done in a given time. 

,, work 

Power = —. — . 
time 

We have therefore 

Dimensions of power : L*.M. T~*. 

The absolute unit of power is 1 erg 'per second. This is an exceedingly 
small power, and a practical unit 10 7 times as large is used; it is called 
a watt. 

1 watt = 10 7 ergs per second ■* 1 joule per second. 

Since the electrical work in joules is equal to the product E .i.t, the 
electrical power in joules per second, or in watts, must be equal to E . i. If 
P represents the power in watts, we have 

P = E.i. 
Example : How many watts are equivalent to one horse-power ? 
We know that 

1 horse-power = 550 foot-pounds per sec, 

and 1 foot-pound per second = 1*36 joules per second ; 

therefore 1 horse-power = 550 . 1*36 = 746 watts. 

42. Dimensions and units of the coefficient of self-induction 

and of capacity. 

(a) The Coefficient of Self-Induction. 

In Section 35 we saw that the coefficient of self-induction in absolute 
units was equal to 

47T.ffl./t.ii 

I 
As 4tt, S, and fi are mere numbers, we have 

Dimensions of coefficient of self-induction : ~j m L. 

7—2 

412335 
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Hence, the dimension is simply a length, and the unit is a centimetre. If, 
however, in calculating the self-induction, the pressure be expressed in volts 
and the' current in amperes, we get from equation (67), on page 85, 



E=- 



4w.8*.p.A 



where 



L = 



I 

4tt 



io- 



di _ ,. di 



,io-» 



(74). 



This gives the coefficient of self-induction in practical units or henries. 
Since the number of henries is 10* times as small as the number expressing 
the same self-induction in absolute units, the henry must be 10* times as 
large as the absolute unit. 

1 henry = 10° C.O.S. units = 10* cms. 

Now 10* cms. or 10,000 kilometres is the length of a quadrant of the 
earth. Fur this reason the practical unit of sell-induction was formerly 
called a quadrant. According to equation (74) that coil has a self-induction 



of 1 henry for which the value of 



. 10"* is equal to 1, or in which 



an electromotive force of 1 volt is induced when the current increases steadily 
at the rate of 1 ampere per second. 

(6) Capacity. 

A condenser consists of two metal plates very near together, but yet 
separated by a thin sheet of insulating material known as the dielectric. 
When the two plates are connected up to the terminals of any source of 
electricity, the condenser becomes charged by positive electricity flowing into 
one plate and negative into the other. This flow of electricity continues 
until the back pressure of the condenser exactly balances the terminal 
pressure of the supply. The quantity of electricity passing into, say, the 
positive plate of the condenser is greater, the greater the pressure applied, 
and also the greater the capacity of the condenser. This capacity is pro- 
portional to the area of the plates and inversely proportional to the distance 
between them. It is also dependent on the nature of the dielectric. 

We have therefore 

Quantity of electricity ±= pressure . capacity. 

The dimensions of capacity are therefore obtained by dividing the 
dimensions of quantity of electricity by those of electrical pressure or E.M.F. 

Dimensions of capacity 



lI.mKt-* 



m L-i . T\ 



A condenser has unit capacity when a pressure of 1 absolute unit charges 
it with an absolute unit of quantity, or when unit quantity of electricity 
charges it to a pressure of one absolute unit. We have seen that the 
absolute unit of pressure is exceedingly small, viz. a hundred-millionth part 
of a volt, while- the absolute unit of quantity of electricity is very large, viz. 
10 coulombs. A condenser with a capacity of one absolute unit would there- 
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fore have enormous dimensions, in order that such a small pressure might 
produce such a large charge. For this reason the absolute unit of capacity 
is not used in practice, but is replaced by a practical unit called *a farad. 
This is the capacity of a condenser which is charged with 1 coulomb by 
a pressure of 1 volt, or, in which a charge of 1 coulomb causes a back-pressure 
of 1 volt. If the capacity in farads be represented by K, and the quantity 
of electricity in coulombs by Q t , then 

Q =*K .E coulombs, 

or K**% farads (75). 

The relation between the farad and the absolute unit of capacity can be 
found as follows: 

i ^ j 1 coulomb 10" 1 C.G.& unit _-_ ^ ^ „ ., 

1 farad = -^= t— = ^73 r— = Hr - GG.s. unit. 

1 volt 10 8 cg.s. units 

The farad is thus the thousand-millionth part of the absolute unit. 
Even the farad is too large a unit for ordinary practice, and a microfarad, 
ie. a millionth of a farad, is used. 

1 microfarad » ^ farad = 10"* farad ■ 10 -1 * cg.s. unit 
10 8 




43. Bipolar ring. winding. — 44. Bipolar drum • winding. — 45. Multiple-circuit ring-winding. — 
46, Multiple-circuit drum-winding. — 47. Two-circuit ring-winding. — 48. Two-circuit drum- 
winding.— 49. Series-parallel ring-winding. — 60. Series -parallel drum-winding. 

43. Bipolar ring-winding*. 

The principles of electromagnetic induction, and especially the induction 
of electromotive force by the movement of a conductor in a magnetic field, 
were first established by Faraday and published in 1831 and 1832 in his 
celebrated Experimental Researches. The first machines which were made 
consisted of a coil of insulated copper wire wound in two diametrically 
opposite slots in an iron cylinder. The ends of the wire were connected to 
two insulated slip-rings carried on the armature spindle. For the sake of 





clearness, these rings are shown one over the other in Fig. 88, instead of side 
by side. Two fixed brushes are held by springs against the slip-rings and 
maintain the connection between the coil and the external circuit 

On rotating the iron cylinder or armature between the poles of a magnet, 
the wires in the slots cut through the lines of force and induce electromotive 
force. In Fig. 88 the bunch of wires constituting a coil-side is shown under 
the middle of the pole. With a clockwise direction of rotation, an applica- 

* For a fuller discussion of armature windings see E. Arnold's " Armature Windings." 
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tion of either the swimming or the right-hand rule shows the induced electro- 
motive force in the wires under the north pole to be directed away from the 
observer. Since the electromotive force in the wires under the south pole is, 
at the same moment, directed towards the observer, the electromotive forces 
in the two sides of the coil can be added together. In a similar manner, the 
electromotive forces induced in each individual turn of the coil are added 
together. If the brushes are joined by means of an external resistance, 
a current flows in the direction indicated in the figure. This current leaves 
the machine and enters the external circuit by the outer slip-ring and brush, 
which is therefore marked positive. After flowing through the external 
circuit, the current re-enters the machine through the inner brush and slip- 
ring, which can therefore be called the negative terminal. 

The lines of force leaving the north pole cross the gap normally or radially 
into the iron of the armature and the strength of the field U is practically 
constant over the whole gap. So long as the side of the coil moves under 
the pole, the electromotive force induced in it can be found from equation (62) 
on page 78 : 

E=H.l.v. 10-* volts. 

/ here represents the total length of wire under both poles, in centimetres, 
while v is the peripheral speed in cms. per second. The wire not actually 
poles, such as the end connections of the coil, is inactive and must 
not be included in I. 

As soon as the coil-side / leaves the pole-tip B, the electromotive force 
drops rapidly to zero and remains there as long as the coil-side moves between 
the pole-tips B and C. Directly it passes, however, under the south pole at 
C (Fig. 89) an electromotive force is induced in it towards the observer, and 
the direction of the current is reversed. Since the polarity of the brushes, 



LP 



n 



Fig. 90. 

and the direction of the current in the external circuit are also reversed at 
the same time, the machine gives an alternating current. The changes in 
current can best be represented by plotting the circumference A BCD as 
and the electromotive forces induced, when the coil-side is at these 
various points, as ordinates (Fig. 90). The current at any moment can be 
found by dividing the electromotive force at that moment by the total 
resistance of the circuit. It is evident that the machine gives current which 
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not only reverses its direction, but which is also intermittent, that is, it 
ceases altogether for certain intervals. 

The transition from the above machine to the modern dynamo is shown 
in Fig. 91, where the ends of the coil are connected to the two insulated 





Fig. 91 



Fig. 92. 



halves of a single slip-ring. In Fig. 91 the direction of the current in the 
wires is such that the right-hand brush is positive, the current leaving the 
machine by this brush. It remains positive, however, when the coil-side / 
has passed from the north to the south pole, and the current in the coil has 
been reversed (Fig. 92). To obtain this result the brushes must be placed in 
the neutral zone, that is, they must touch the commutator at the extremities 
of a diameter perpendicular to the magnetic field. We have assumed that 
the insulation, which divides the slip-ring into two parts, is in the plane 
of the coil. On passing through the neutral zone, the direction of the current 



A B C DA M 

Fig. 93. 

in the coil is reversed, as before, but its connections with the brushes and, 
therefore, with the terminals of the external circuit are reversed at the same 
time. The current in the external circuit flows now in one direction only, and 
instead of an alternating current we have an intermittent direct current 
(Fig. 93). 

In order that the external current may remain constant in magnitude as 
well as direction, the slip-ring must be divided into a greater number of 
parts, becoming thus transformed into the ordinary commutator with many 
segments. This arrangement was invented by Pacinotti in 1860, but was 
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Fig. 94. 



little used until taken up by Gramme. The Gramme ring armature consists 

of a hollow iron cylinder, through which a continuous spiral of insulated 

copper wire is wound. We must not imagine 

that the axial length of the armature is small, 

for it is quite considerable, and the armature 

is far more a hollow cylinder than a ring. In 

Fig. 94 the winding consists of 8 coils each of 

2 turns. In an actual machine, however, the 

number of coils is much greater, the whole 

ring being closely covered with winding. 

Every spiral must be wound in the same 

direction. 

The collector or commutator is mounted 
on the armature spindle. This is divided by 
planes passing through the axis into as many 
insulated copper segments as there are coils 
on the armature. As in Figs. 91 and 92, the 
insulation between the segments is shown 
opposite the coils. 

The coils are now joined and a tap taken from each connecting wire down 
to a commutator segment (Fig. 95). The figure, thus obtained, is very 
simple and brings out clearly the continuous endless spiral. In actual 
practice, however, the number of soldered T-joints in the armature winding 



Fig. 95. Fig. 96. 

would be disadvantageous, and it is preferable to bring the end of each coil 
down to the commutator segment and to connect it there to the beginning 
of the next coil The commutator segment itself constitutes, then, the con- 
nection between two adjacent coils. 

If the ring ia rotated between the poles of a powerful electromagnet, the 
wires on the periphery of the armature cut through the lines of force. 
Electromotive forces are induced in them, the direction of which can be 
found by either of the rules already given. Since the lines of force pass 
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from the north to the south pole through the iron of the armature, and 
leave the internal air space almost free from magnetic field, only those wires 
cut through the lines of force which are situated on the external periphery 
of the ring. For a clockwise rotation the induced electromotive force at A 
in Fig. 95 is found to be away from the observer. Instead of indicating the 
direction of e.m.f. or current by means of dots and crosses we can put corre- 
sponding arrows on the end connections. We see, therefore, that, for clock- 
wise rotation, the current in the end connections facing the observer 
flows away from the south pole towards the north pole. 

This current can only flow, however, if suitable arrangements are made 
whereby it can leave the armature and flow through the external circuit. 
We see from the arrows in Fig. 95 that in both the upper and lower halves 
of the armature the electromotive forces act towards the point B. It is as if 
two equal forces opposed each other at B and mutually neutralised each 
other. If, however, brushes be placed on the commutator at B and C, and 
connected through an external resistance, current will leave the machine 
at B, flow through the external circuit, and enter the machine again at C, 
where it will divide between the two parallel halves of the armature winding 
and flow back to B. B is therefore the positive and C the negative brush. 
The brushes lie, as before, on a diameter at right angles to the magnetic 
field, that is, they are in the neutral zone. As before, we assume here that 
the insulation between two commutator segments is opposite the correspond- 
ing armature coil. 

As in the previous example, the electromotive force of the machine can 
be found from the equation 

E = H J. v. 10-* volte. 

Since the electromotive forces in the two halves of the armature cannot 
be added, but are in parallel, I must represent the length of active conductor 
under one pole. If the number of conductors on the periphery is very large, 
the number under one pole will be constant and the electromotive force will 
be practically constant. The advantages possessed by the Gramme machine 
with its commutator of many segments, compared with the earlier machines, 
is self-evident. 

The electromotive force is not decreased when, in consequence of the 
rotation, the brush makes contact simultaneously with two adjacent seg- 
ments (Fig. 96). At such a time the two coils lying in the neutral me 
are cut out of the circuit since each one is short-circuited by a brush. The 
current flows, for example, directly from the points D and E in Fig. 96 to 
the positive brush. The electromotive force is not decreased since the short- 
circuited coils are cutting absolutely no lines of force, assuming that the 
brushes are in their theoretically correct position. If the number of coils 
or commutator segments is very large, the change of armature resistance 
produced by short-circuiting a coil at the brush is quite negligible. 

If D — diameter of armature in centimetres, 

L = axial length „ „ „ 

ft = angle subtended by pole, 
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then we have 



X = total flux leaving one north pole, 
z * total number of wires on external periphery, 
n = revolutions per minute, 

n 



D. 



60 



&*~JL. xv«-«.«-^"« 



The number of conductors under one pole is 



::i;o 



The length I of active wire under one pole is therefore 

l = *-& L 

360 

Substituting these values for v and I in the equation for E, we get the 
electromotive force of the machine 



'■ £ W-0-'-»-»»-"*' 






In this equation — ^j — is the length of the polar arc, and ' ' — . L 

is therefore the area of a pole, which, when multiplied by the flux-density H, 
must give the flux 2V leaving one north pole. Introducing the term N in 
the above equation, we have 



£ = &•-£•*. 10- volts 



.(76). 



If, for example, # = 3.1 0*. n = 1,100 and * = 200, then 

£=3.10..» 20O .10-.= 110vo! t , • 

T< ■ find the armature resistance we must remember that the two halves 

of the winding are in parallel. If 

I » total length of wire on armature in metres, 

and A =» cross-section of wire in square millimetres, 

112 
then the resistance of each half of the winding is p. •—-, The resistance of 

the two halves in parallel will be a half of this, viz. 

** 2A ~4A "• (77) ' 

The specific resistance p of warm copper can be taken approximately 
as 0-02. 

44. Bipolar drum-winding. 

The ring armature, already described, possesses the advantage of a simple 
winding, in which a single coil can be repaired without unwinding the whole 
armature. Since, moreover, the pressure between two adjacent wires is only 
a small fraction of the terminal pressure of the machine, the insulation can 
be easily and efficiently provided for. On the other hand, the ring armature 
has the disadvantage of requiring a large amount of inactive winding. The 
armature resistance and the weight of wire required are therefore both rela- 
tively large. 
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We have now to examine the dnirn armature of Hefner-Alteneck, which 
is an improvement on the ring armature so far as the proportion of active 
armature wire is concerned. Here, however, two wires having a large 
difference of potential may be very close together. In the drum winding, 
after a wire has passed along the external cylindrical surface under a north 
pole, it passes right across the end surface to a point diametrically opposite, 
where it then passes along the armature under the south pole. The two 
diametrically opposite wires constitute the sides of an armature coil. The 
end of the first coil is connected to the beginning of the next coil, care being 
taken that the winding is distributed uniformly over the whole periphery. 

To ensure this we divide the armature periphery into a suitable number 
of parts (in Fig. 97 we have taken 8), and number the points successively 
1, 2, 3, etc These are the starting points of the armature coils. To wind 
the first coil we start at 1, pass down the armature, that is, away from the 





Fig. 97. 

observer, and should then pass across the back to a point diametrically 
opposite. This point is, however, already taken up by the beginning of 
coil 5, and we therefore take the back end-connection of coil 1, as shown 
by the dotted line, to a point 1' lying near point 5. The wire is then 
brought up to the front along the surface of the armature at 1'. The wires 
1 — 1' together with their end -connections constitute one turn of the first 
coil. From 1' we pass across the front, back to 1, and wind another turn 
1 — I* repeating this until the first coil is completely wound. For the sake 
of simplicity the coils in Fig. 97 consist of a single turn. There is, however, 
no reason why each turn in the figure should not represent a coil of many 
turns. 

After completely winding the first coil, we pass across the front to the 
beginning of the second coil at the point 2. After passing down the arma- 
ture at point 2 we should cross the back end to point 6, but as this is 
already occupied we go to the neighbouring point 2', as shown by the dotted 
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line. The coil 2 — 2* is then wound in exactly the suae wav as coil 1 — 1', 
and when it is finished we pass to coil 3, sad so on round die whole 
armature. 

The winding can be represented in tabular form in the following mm™*- : 
8* 4' 

2— 2* 6—6" 

z-& i—r 

4-4' 8-*- 

The horizontal lines represent connections at the back of the armature, 
such as 1 — 1', while the slanting lines represent connections at the front or 
commutator end, such as 1' — 2. 

When completely wound in this way there will be sixteen wires or coil- 
sides on the periphery, dividing it into sixteen equal parts, of which each 
coil spans 7. In winding coil 1, for example, we started at the point 1 and 
stepped forward over 7 divisions to the point 1'. The forward step, which 
we shall call y u is therefore equal to 7, or 

y. = 7. 

From 1' we step back over 5 divisions to the point 2, whence the back- 
ward step y t is equal to 5, or 

If the sixteen wires had been consecutively numbered from 1 to 16 as in 
Fig. 99, the steps y x and y t would still have been 7 and 5, and starting from 
1, the first coil would have gone to 1+7 = 8 and have stepped back to 
8-5 = 3. The winding table for Fig. 99 would be as follows: 

6 14 

/ / 

1—8 9—16 

/ / 

a— io ii—2 

5—12 13—4 

7—14 15—6 

If the coils have many turns the end-connections of the coil last wound 
will lie over the end-connections of the coils already wound, and the re- 
sistances of the various coils will be unequal This can be avoided by 
winding a half of the first coil, a half of the second and a half of the third, 
then all the fourth coil, and finally the remaining halves of the third, second 
and first coils. In modern armatures, however, the coils are usually all alike, 
being wound on formers in such a way that they can be slipped one over the 
other. 

After completing the last coil, its end must be connected to the beginning 
of the first coil, thus completely closing the winding, as shown in Fig. 98 and 
the following figures. We have then to connect the wires joining successive 
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coils to the commutator segments. It is simplest to draw the insulation 
between the segments opposite to the corners of the regular octagon formed 
by the front end -connections. Each front end-connection is then joined to 
the nearest segment. 

It is interesting to notice that the drum-winding is identically the same 
in principle as the ring-winding. The end of each coil is connected to the 
beginning of the next or adjacent coil. In the drum-winding, however, space 
is left between the beginnings of successive coils for the ends of other coils. 
The agreement becomes plainer when we notice that, except for the negli- 
gibly small lack of symmetry, the coil-sides 1', 2', etc. in Fig. 98 are exactly 
equivalent to the coil-sides l t 2, 3, etc. They have the same position relatively 
to the poles and have the same electromotive force induced in them at any 
moment. In considering the drum-winding we could therefore neglect fctn 
coil-sides 1' 2', 3\ etc., and in their place imagine the number of wires in the 
coil-sides 1, 2, 3, etc. to be doubled. In this way we obtain a number of 
coil-sides around the periphery of the armature, connected successively in 
series, as in the ring armature. 

In order to trace out the path of the current in the drum-winding we 
will consider in the first place the position of the armature shown in Fig. 99. 
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Fig. 99. 



Fig. 100. 



We saw in the previous section that for clockwise rotation of the armature 
the current in the front end-connections flows from the south pole towards 
the north. If arrows are drawn in accordance with this rule, as in the figure, 
it is evident that the electromotive forces in the turns of any coil, and also 
in the various coils, act, in general, in the same direction and can be added. 
In the end-connection 5 — 10, however, the two forces oppose each other, and 
a brush must therefore be placed on the corresponding segment. When the 
external circuit is closed, current will leave the machine by this brush, which 
must therefore be marked +. Similarly, the negative brush must be placed 
on the segment connected to the end-connection 2 — 13. 
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The current enters the machine at the negative brush, divides and flows 
through two parallel paths to the positive brush. For the moment repre- 
sented in Fig. 99 the path of the current through the armature can be shown 
in the following manner : 

2 11 16 9 14 7 12 5 
13 4 15 6 18 3 10 

We will now consider the case when each brush touches two segments 
simultaneously (Fig. 100). At this moment the coils 2 — 11 and 3 — 10 are 
short-circuited by the negative and positive brushes respectively, and are 
thereby cut out of the circuit. No arrows are drawn, therefore, to indicate 
the current in the end-connections of the wires 2, 11, 3 and 10. The path of 
the current through the armature is as follows: 

I 16 9 14 7 12 5 

"| 13 4 15 6 18 

As before, we see that the Bhort-circuited coils lie in the neutral zone, if 
the brushes are in their correct position. 




Fig. 101. 

The path of the current is clearly shown by developing or unwinding the 
[nrriphery of the armature, and spreading it out flat, as is done in Fig. 101 
for the moment represented in Fig. 99 when each brush touches one segment 
only. We must imagine the winding to move in the direction of the upper 
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arrow in front of the stationary poles N and S, while the commutator slides 
along the fixed brushes. A sixteenth of a second later each brush will touch 
two segments and short-circuit two coils lying in the neutral zona 

The electromotive force of a drum armature is naturally the same as that 
of a ring armature with the same number of external wires. We see the 
advantage of introducing the number of external wires, instead of the 
number of turns or coils, into the formula for the electromotive force. We 
have then for the bipolar drum armature 

E = N .£:.z.\0-* volts. 

The formula for the armature resistance is also exactly the same as for 
the ring armature. 



45. Multiple-circuit ring-winding. 

We have previously mentioned that the electromotive force is a funda- 
mental characteristic of the ordinary machine, depending on its construction 
and the speed of rotation. The current, on the other hand, is dependent on 
the external resistance, which is entirely in the hands of the consumers. A 
limit is set to the current, however, by the amount of heat allowable in the 
armature without endangering the insulation. Machines for large currents 
must therefore have a low armature resistance and a sufficiently large cooling 
surface. This leads to conductors of large cross-section, and copper strips or 
bars are used instead of round wire. 

The losses due to eddy currents in massive copper bars would be very 
considerable. Moreover, in machines of large size the bipolar magnets would 
be very clumsy and unfavourable to ventilation. Finally, if the current in 
each armature coil is too large, the short-circuiting of the coils at the brushes 
leads to sparking. Large machines are therefore made multipolar and the 
armature winding has as many parallel paths as there are poles. The 
simplest form of such a winding is the continuous spiral ring-winding. It is 
exactly the same as for the bipolar machine. The magnet system is arranged 
so that the poles are alternately north and south. If the armature is turned 
in the clockwise direction, we know that the current in the front end-connec- 
tions flows towards the north poles and away from the south poles. We see 
that the current flows from both sides towards the points A and B, and from 
here, by means of the commutator, to the positive brushes. Both positive 
brushes are connected together and to the positive terminal of the external 
circuit. In the same way the two negative brushes are connected together 
and to the negative terminal of the external circuit. 

The armature winding is thus divided into four parallel paths, so that if 

I — total length of wire on armature in metres, 
p = number of pairs of poles, and 
A m cross-section of wire in sq. mm., 
the resistance of one path between two brushes of opposite sign will be 



Ip.A 
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Since there are 2p such paths in parallel the resistance of the 



whole armature will be 2n times as small, that is, 



Ra = 



P . I 



.(78). 



4p.A 

This multiple-circuit or parallel winding has, thus, the advantage of 
giving a very small armature resistance. Since the external current divides 
in 2p parts, the current in each coil is relatively small, viz. t a /2n. Let us 
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Fig. 102. 



consider, as an example, a 4-pole machine for 110 volts and 100 amperes 
armature current If the total length of wire on the armature is 200 metres 
and its cross-section 10 sq. mm. we have, since p~2, 

p. I Q -Q2. 200 
10 



'-^r - 0-025 ohm. 



° V . A 4.4 
The heating or so-called copper loss is therefore 

iJR* = 100 s . 0025 = 250 watts. 

This is about 25 per cent, of the output of the dynamo. The pressure 
drop in the armature is 

i JJ. = 100 . 0025 - 25 volts, 
and the current density in the armature winding 
it 100 ,_ 

2JT.A = 4710 amp9, *** Bq * mm ' 

To calculate the electromotive force of armatures with parallel winding 
we observe that the number of lines of force cut by a conductor in oqm 
revolution is p times as great as in a bipolar machine having the same 
number of lines per pole. On the other hand, the number of wires connected 
in series is p times as small as in a bipolar machine with the same total 
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number of wires. The electromotive force of a multipolar dynamo with 
parallel winding and S lines leaving each north pole is therefore 

J- JT. " s. 10"« volts 

as in the bipolar machine. 

With regard to the number of brushes we see that there is a brush in 
each neutral zone, which gives a total of 2p brushes. This number can be 
reduced to 2 by interconnecting all segments separated by an angle oi 

OCA 

- degrees. These connections can easily be placed on the end of the 

commutator towards the armature. They are shown in Fig. 103 for the 
commutator of a six-pole parallel wound machine (p = 3). In this case every 
three segments separated by ^ • 120° are connected together, the connec- 
tion thus made replacing that which would otherwise be made between the 





Fig. 103. 

three brushes of like sign. If the connecting strips are cut from sheet copper 
and bent, so that the parts shown by heavy lines lie in a different plane to 
those shown by light lines, contact between the various strips is easily 
avoided. 

In this way we have not only connected the three segments on which the 
brushes would lie at any moment, but also all the other segments in groups 
of three. Since, however, all interconnected points have always the same 
potential, their connection will have no effect on the distribution of current 
in the armature, and no current will flow through any connection except 
those of the segments under the brushes at the given moment. This is, 
perhaps, more evident from Fig. 104, in which the equipotential connections 
are made on the wires leading from the armature to the commutator seg- 
ments. These connections were first introduced by Mordey. 

A reduction in the number of brushes is, of course, only permissible when 
the current density under the brushes is small. Equipotential connections 
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are used to a large extent in modern dynamos, not for the purpose of reducing 
the number of brushes, but for equalising the distribution of current in the 
armature, and between the various brushes, so as to prevent sparking at the 
commutator due to any one brush being heavily overloaded. It is for this 
reason that they are generally known as equalising connections. 



48. Multiple-circuit drum-winding. < Lap-winding, i 

In a multipolar lap-winding, the wire, after passing under a north pole, 
retains Bnder the adjacent south pole, passes across the end to the point 
from which it started and repeats the process until the first coil is completely 
wound. The wire then passes to a point very near the starting point of the 
first coil, and the second coil is wound in exactly the same way, its position 
being but slightly displaced from that of the first coii If the return wires 
under the south pole be neglected the similarity, in principle, of the lap- and 
ring-winding can be seen, and it is evident that, like the ring-winding, the 
lap-winding must lead to multiple-circuit or parallel connection. We shall 
first consider: 

(a) Lap-wixdixo with long coils. 

In this winding each coil spans, at least, the pole pitch. Assume, for 
example, that there are 4- poles and 8 armature coils. As shown in Fig, 105 
the periphery is divided into 8 parts and the points at which the 8 coil-sides 
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Fig. 105. 



Fig. 106. 



will commence are numbered 1, 2, 3, etc. A wire is passed from front to 
back at 1, bent round, and brought up from back bo front at a corresponding 
point under the south pole. As this point 3 is already taken for the 
ning of the third coil, the return side of the first coil must come up at a 
point mar it. snch as 1'. When the coil 1 — 1' is completely wound we pass 
acros'- :it from the end 1' to the beginning of the second coil at 2. 

Proceeding in this way the successive coils are all in series and finally the 
end of the eighth coil is joined up to the beginning of the first. The wires 

8-2 
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joining successive coils, such as 1' — 2, are connected to the commutator 
segments. Since there are 8 coils, there are 8 segments. 

The step from 1 to 1' is equal to 5, while that from 1' back to 2 is equal 
to 3. If, as before, y x represents the forward step and y 9 the backward step, 
then 

| y,= 5 and y % = 3. 

In general, if there are 2p poles, the forward step should theoretically be 
equal to the 2pth part of the periphery, but practically 1 division greater or 
less than this. Hence, if there are S divisions or coil-sides on the periphery, 
for a lap- winding with long coils we have 



ft 



8 
2p 



+ 1, 



8 i 



S must evidently be divisible by 2p in order that y, and y fl may be whole 
numbers, and, in addition to this, y, and y 3 must be odd numbers. The 
necessity for this last condition is evident if we number the coil-sides succes- 
sively from 1 to 16 as shown in Fig. 106 and write down the corresponding 
winding table, thus : 



/* 

1-6 

/ 
3-8 

/ 
5—10 

/ 

7-12 



/ l2 
9—14 

/ 
11—16 

/ 
13—2 

/ 
15—4 



Had the step been even, commencing at 1, we should have arrived at 
uneven numbers only, and the winding would have closed without using the 
evenly numbered coil-sides. 

Ab before, it is easily seen that for clockwise rotation the currents in the 
front end-connections flow towards the north poles and away from the south 
poles. The path of the current in Fig. 106 can be represented as follows : 

7 12 9 14 

10 5 8 3 

2 13 16 11 

15 4 1 6 

Figures 105 and 106 represent smooth armatures or toothed armatures 
with a single coil-side per slot. Smooth armatures are now little used, since 
the number of wires which can be placed on the periphery is very limited. 
In addition to this, it is much cheaper to wind the coils on formers and lay 
them in the slots than to wind the smooth-cored armatures. Another 
advantage is the reduction of loss due to eddy currents as pointed out in 
Section 36. Modern machines have therefore, almost exclusively, toothed 
armatures and several coil-sides in each slot. There is no reason, however, 
why Fig. 106 and the winding-step which we have given for it should not 
represent such an armature. We have merely to imagine the coil-sidr - 
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placed below coil-side 1 instead of beside it, and in finding the step to count 
both npper and lower coil-sides in each slot. 

It is simpler, however, to count the step by the number of slots and not 
bj the number of coil-sides. We assume, as is practically always the case, 
that, of the two sides 1 and 1' of a coil, one occupies the top of a slot and 
the other the bottom of another slot (Fig. 107). With the winding arranged 
in two layers, the step with respect to coil-sides is therefore necessarily odd. 




We see then that for toothed armatures we need not calculate the step at all 
but need only make the coils equal to the pole pitch in width. After 
finishin g coil 1 — 1' we go back to slot 2, to the coil occupying the same 
position in this slot as the previous coil occupied in slot 1. This is shown in 
Fig. 107 for a 4-pole machine with 12 slots. Comparison with Fig. 105 will 
show that both are the same in principle and in the method of numbering. 
For the sake of clearness the back end-connections are drawn outside the 
armature. 
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(6) Short-chord lap-winding. ^ 

The width of the armature coils need not be ao great as the pole pitch. 
By making them considerably narrower we obtain the short-chord winding of 
Swinburne. For a smooth armature the winding-step with respect to the 
consecutively numbered coil-sides can be found at once from the following 
formulae: 



8-b 



+ 1, 



a 



8-b 



-1. 



where b is any even number giving odd whole numbers for y, and y 9 , 
larger we choose b the narrower are the coils. If, for example, a = 22, 
:md b = 6 we get the winding shown in Fig. 108, for which we have 

yi = 5, y 2 = 3. 



The 




The position of the brushes can be determined by putting arrows on the 
front end-connections to indicate the direction of the current. We eee that 
current flows from the wires 11 and 14 towards the right-hand commutator 
segment and we therefore place the positive brush on this segment and 



Multiple-circuit drum-winding 



119 



arrange the other brushes every -5— degrees. 



The left-hand brush short- 
The path of the 



circuits the coil 21 — 4, which lies in the neutral zone. 
current through the armature is as follows: 

5 10 7 12 9 
8 3 6 1 
20 15 18 13 16 
17 22 19 2 

In this case, only one coil is short-circuited at the same time. This is 
always so if the number of segments is not divisible by the pairs of poles. 
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Fig. 109. 
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Generally speaking, this would be an advantage from the point of view of 
sparkless commutation, but a disadvantage if the number of coils in the 
different armature branches is thereby made to differ considerably. The 
number of segments should preferably be divisible by the number of pairs of 
poles ; if still indivisible by the number of poles, all the positive brushes will 
short-circuit coils at the same time, and all the negative brushes at another 
time. 

The advantage of the short-chord winding lies in the fact that adjacent 
wires in the neutral zone carry currents in opposite directions and thus have 
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no demagnetising effect (see Section 54). This is seen very clearly in the 
slot-winding shown in Fig. 109, which also shows the simplicity of this type 
of winding. No calculation of the winding-step is required and it is only 
necessary to stipulate that, of the two sides of a coil, one shall occupy the 
upper and the other the lower position in a slot. For a total number of slots 
Z = 20 ami 4 polos we have a slot-step of 5 forwards and 4 backwards. If, 
however, we choose a short-chord winding with slot-steps of Y t — 3 and 
Y t = 2, we obtain the winding shown in Fig. 109. The wires in the neutral 
zone are seen to carry currents in opposite direction. The shortening of the 
coils is here, however, carried too far and would cause a decrease in the 
electromotive force. 



47. Two-circuit ring-winding. 

In multipolar machines with two-circuit or series winding the current 
passes through the armature by two parallel paths as in bipolar machines. 
If N represents, as before, the magnetic flux leaving one north pole, the 
induced electromotive force for the same number of wires z and the same 
speed n will be;> times as great as that of a two-pole machine. We have 
thus for two-circuit winding, 

It is convenient to have, if possible, the same formula for the electromotive 
force for both series and parallel windings. If now we let a represent the 
number of pairs of parallel paths through the armature, we have in both 



a 60 



.(79). 



The resistance of a series-wound multipolar armature is, of course, the 
8am e as if it were bipolar, viz. 



R* 



44 



where I is the total length of wire in metres, and A is its cross-section in 
sq. mms. It is easy to see from the formulae for electromotive force and 
resistance that the series winding is specially suitable for machines with a 
high pressure and small current. 

The principle of the series ring-winding is as follows: A coil under a 
north pole is connected in series with the coil similarly situated under the 
next north pole and this again with the similar coil under the next north pole, 
and so on. After makings steps, we have been once round the armature and 
must come to a coil next to that from which we started. Thus, if there are 
s coils on the armature and each step is equal to y, we have, 

py = 8 ± 1, 
• ±1 

y=— • 

In order that the winding may close on itself after the whole armature 
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>und, y and 3 must have no common factor. Thi> number of coils s must 
ys be odd. 

!n the bipolar winding each coil was connected to its neighbour. This is 
true for the multipolar winding, except that the corresponding coils 
»r the other similar poles are connected between them. The ponnidnr 
i of the multipolar winding can thus be referred to that of the 1- 
ling. In every complete circuit round the armature the winding a 
ard or backward by one coil. Hence, thetv are /> coils connected between 
ijacent commutator segments. If, for example, p » 2 and a ■ 13. then 
be 7 or 6. In Fig. 110, we have chosen y = 6. Commencing at any 




jnent. the beginning of a coil passes across the front of the armature, 
ie the end of the coil is brought up to the front through the interior 
tie ring and connected, at the commutator segment, to the beginning of 
corresponding coil under the next similar pole. The winding can be 
tlated as follows : 

1—7 11—4 

/ / 

13—6 10—3 

12-5 9-2 
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We now draw the arrows on the front end-connections in the usual 
manner, omitting those on coils 1 and 4 in which no electromotive force is 
induced. There can be no doubt as to the direction of the current in the 
other coils, even coil 7 being safely considered as under a south pole. 

The direction of the current in coil 11 shows that the negative brush 
must be placed on segment I, while from coil 8 we see that the poMliv. 
brush must be on segment II. The brushes are thus not diametrically 

opposite, but subtend an angle of 90° or '-£— degrees. The direction of the 

-P 
current in coils 1 and 4 can now be seen, and the path of the current through 
the armature may be represented as follows: 

11 5 12 6 13 7 1 
4 10 3 9 2 8 
The small want of symmetry in the two halves of the armature is of do 
practical importance. 

It is easily seen that the brushes might have been placed on segments 
diametrically i>pjK>site to those on which we have placed them. The current 
in the coils 1 and 4, which lie in the neutral zone, would thereby have been 
reversed. In general, there are p possible positions for each brush, separated 

by an angle of — degrees. We can, however, go a step further and place 

brushes on the commutator at each of these points and thus have^> positive 
and p negative brushes. The coils lying in the neutral zone will then be 
short-circuited through pairs of similar brushes. With series windings, how- 
ever, multipolar machines can be, and often are, run with two brushes only. 

A moment later than that represented in Fig. 110, the positive brush 
will make contact with two segments and thereby short-circuit the coils 1 
and 7 connected in series. Since, from the nature of the series ring-winding, 
we start at any segment and pass through p coils to get round the armature 
to the adjacent segment, it follows that p coils in series must be short- 
circuited whenever a brush touches two segments simultaneously. 

If we wish the brush to short-circuit one coil at a time, instead of p coils 
in aeries, we must make the number of segments p times as large as the 
number of coils. The number of coils can then be kept relatively small 
The beginning and the end of every coil are connected to separat- 
adjacent, segments. The connection of the coils in series is effected by the 
interconnection of the commutator segments, every set of p equally-spaced 
segments being connected together. The result is the same as if the coils 
had been connected together in accordance with the formula 

s + 1 

In Fig. Ill, for example, 8 — 1 and p = 3. The commutator has, there- 
fore, 21 segments, which are connected together in sets of three, separated 
from each other by 120 degrees. Only a few of these connections are shown 
in the figure, the remainder being indicated by letters. 

At the moment shown in the figure the coil 6 is exactly in the neutral 
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The negKirg brash brs 



lone and is short-circuited by the povfehe 

60° away from it The path of the current is, then, a« follows; 

! 7 2 4 : 
5 3 1 + 

This shows very clearly that p posrtrre and p negasire brashes can be 
used, since the p segments are interconnected and eqfdrakns w> one large 

segment. 




Fig: 111. 

It is important to notice the positions, with regard to the poles, of the 
coils constituting one of the two paths through the armature. Coil 4, for 
example, lies partly under the beginning of a south pole, coil 2 lies wholly 
under a south pole, while coil 7 lies partly under the end of a south pole. 
The three coils are therefore equivalent to a single coil with three times 
as many turns, spread out over a whole pole-pitch. 

48. Two-circuit dram-winding. 

In the series or two-circuit drum-winding, a coil consists of a coil-side 
under a north pole and a coil-side in a somewhat similar position under the 
adjacent south pole. The end of the coil is not brought back to a point 
near the beginning, but is connected to the beginning of a coil occupying 
a corresponding position under the next pair of poles. After proceeding 
round the armature in this way and commencing to continue round a second 
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time, the coil-sides are found to lie next but one to the corresponding coil- 
sides of the first round. If each coil-side consists of a single wire or bar, 
the complete coils disappear and the winding becomes a simple wave-winding 
(Fig. 112). 




& 
Fig. 112. 

From these considerations the formula for a series drum-winding 
should be 

5±2 

Both winding-steps are continuously in one direction and there is no 
backward-step. Both y i and y % must be odd since, otherwise, beginning with 
coil-side 1 we should either come to odd coil-sides only, or find the winding 
impossible. As in all drum-windings * must be an even number. If fafafl 
winding-steps y x and y 2 be made equal, we have 

8± 9 



y = 



2p 



or 2py = s±2, 



where * is even and y is odd. 

The choice of unequal values for y x and y f may be due to two causes. 
If the number of wires or coil-sides is fixed, it may be necessary to make y, 
and y, unequal in order to make them odd. If, for example, 8 m 214 and 
p = 6, we have 



yi + yi 



214 + 2 
6 



= 36. 
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Now we cannot take yi — y% — \^ as the winding would then close on 
itself before the armature was completely wound. We should therefore make 
y x « 19 and y f = 17. By making y, and y, widely different we obtain a similar 
result to that obtained by Swinburne's short-chord winding, viz. a reduced 
armature reaction. 

A series drum- winding is shown in Fig. 112 in which s = 14 and/> = 2. 
We have 

y.+y,= — =^£- 2 = 8 or 6. 



P 2 

We choose y, + y, = 6 and make y t = y% 
The winding scheme is then simply 1 — 



= 3. 

4—7—10—13—2, etc. Starting 



from the front at 1 we pass down the armature under the north pole, across 
the back-end to 4, up to the front and then across the front to 7, making 
connection with the commutator on the way. The back end-connections are 
drawn dotted in the figure. 

We put in the arrows to indicate the direction of current in the front 
end-connections, omitting, for the present, those for wires 13 and 6, which 
lie in the neutral zone. Because of the direction of the current in wire 9, we 
place the negative brush on segment I t and the positive brush, because of 
the current in wire 10. we place on segment II. This settles the current in 
wires 13 and 6, and the current path through the armature is as follows : 

9 12 1 4 7 10 
6 3 14 11 8 5 2 13 

The odd number of coils causes, at times, a slight dissymmetry between 
the two armature paths. 

Here again 4 brushes could be used, or, in general, 2p brushes separated 

' 'i * i 
by -=— degrees. In Fig. 112, for example, two more brushes are shown 

l, lying diametrically opposite to those on segments I and II. Since 
the brushes of like sign will be connected together, the coils 3 — 6 and 2 — 13, 
lying more or less in the neutral zone, will be short-circuited at the moment 
represented in the figure. The path of the current through the armature 
will then be as follows: 

9 12 1 4 7 10 

14 11 8 5 

As in the series ring-winding p coils are connected in series between two 
neighbouring segments. This can be obviated, with a view to improving the 
commutation, by making the number of segments p times the number of 

Of(\ 

coils. Those segments which are separated by degrees are then inter- 



connected In Fig. 113, for example, a « 16 and p 

16 + 2 _ 



3, whence 



The winding proceeds as follows: 1 — i- — 7 — 10, etc. Of the connections 
within the commutator, only those are shown which are of importance at the 
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moment. The others are clearly indicated by means of the letters on the 
segments. 

The arrows are now drawn on the front end-connections. Assuming that 
the coils 1 — 4 and 9 — 12, lying in the neutral zone, are short-circuited at 
the moment chosen, we get the position for the brushes shown in the figure. 
The path of the current is then as follows : 

6 3 16 13 10 7 
15 2 5 8 11 14 

Naturally, as the segments are connected in groups of p, the number 
of brushes can be increased to 2p. 



uu 




As before, the slot winding with two coil-sides per slot is extremely 
simple. After going once round the armature, that is, after 2p steps, we 
arrive at the slot next to that from which we started. The result is the 
same as when, in a smooth-cored armature, we arrive at the coil-side next 
but one to that from which we started. If F, and Y t represent the winding- 
steps with regard to the slots, and the number of slots be S, then the above 
consideration leads to the formula 

j>.(7,+ F,) = S±l, 



i..r 



T l + T t = 
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If, for example 5 = 15 and p - % we have 

F,+ F, = ^|i = 8 or 7. 

We choose F, «= F»= 4 and obtain the winding shown in Fig. 114. 

IT 




I 



49. Series-parallel ring-winding. 

Up to the present we have divided armature windings into parallel or 
multiple-circuit windings and series or two-circuit windings. Of these, the 
former are suitable for machines for large currents, and the latter for machines 
for high pressures. As a general rule, that type of winding is chosen which 
gives a suitable current in the armature wires. If, for example, the armature 
current be 300 amperes, a series winding would give a current of 150 amperes 
in each armature path. Experience shows this to be a suitable value, re- 
quiring a copper strip of large cross-section and wasting little space in 
insulation. A series winding would therefore be chosen in such a case. If, 
on the other hand, the armature current be 600 amperes, the current per 
armature wire would be too heavy with a series winding, and it would be 
necessary to adopt a parallel winding. 
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A difficulty which occurs with all the parallel windings already described 
is due to the fact that each branch of the armature winding lies entirely 
under one pair of poles. If now the 
various pairs of pole have different num- 
bers of lines of force, the electromotive 
forces induced in the different branches 
will be different. This may cause great __ 
differences between the currents in the 
various branches. As an example, let us 
assume that an electromotive force -£, of 
115 volts is induced in the upper half, 
consisting of two parallel branches, in 
Fig. 115. As the result of inequality 
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Fig. 115. 

in the magnetic flux, let the electromotive force E t in the lower half be 
114 volts. Let the resistance R of each double branch be 0*05 ohm. What 
will be the current in each branch when the total current is 100 amperes ? 
Since the terminal pressure is the same for each branch, we have 

£,-vR' = £,-;,#«*, 

or 115 - i, . 005 = 114 - i^ . 0*05. 

Wherefore t, — i, ■ 20. 

As the total current is 100 amperes, we have 

ij =» 60 amperes, 
ij = 40 amperes. 

The greater load and therefore the greater currents under some pole-pairs 
may lead to destructive sparking at the commutator. It is therefore best to 
provide such armatures with equalising connections by means of which these 
differences between the currents in the different branches are equalised within 
the armature itself, and the same current is carried by each brush. 

The difficulty can, however, be overcome to a large extent by using 
Arnold's series parallel windings. Each branch of the armature winding is 
distributed around the whole armature so that any inequality between the 
poles acts in a similar manner on every branch. The winding progresses 
in one direction only, and, after finishing a coil, passes to the corresponding 
coil under the next pair of poles. 

Up to this point the winding does not differ from the series windings 
already described. These latter were, however, two-circuit windings, whereas 
Arnold s winding has more than two parallel paths. This result is obtained 
by so arranging the winding that, after going once round the armature, we 
arrive at the coil next but one, or next but two, as the case may be, to 
the coil from which we started ; in the two-circuit winding we arrived at 
the next coil. 

To make this plain we shall consider a bipolar machine and examine the 
effect of winding successively every other coil, so that it is necessary to 
go twice round the armature to complete the winding. This is shown in 
Fig. 116, where the step is 2, and the number of coils 15. s and y have no 



Series-parallel ring-winding 



129 



common factor and the winding is therefore simply closed on itself, although 
electrically it is divided into four parallel paths. The brushes must be wide 
enough to cover more than one segment. In general, a winding-step of a 
gives a winding with 2a parallel paths. 

In this way we are led to the following rule for multipolar machines with 
ring- windings : If, after passing once round the armature, we come to the 
ath coil from that at which we started, the winding will be divided into 
2a parallel paths. It is easy to see that the series ring-winding previously 
described was merely a special case of the series-parallel winding, in which a 
was made equal to 1. 




We shall confine ourselves to the more important case in which the 
number of parallel paths is equal to the number of poles, or p — a. In a ring 
armature with series-parallel winding, after going once round the armature, 
that is, after making p steps each equal to y coils, we must arrive at the 
pth coil from that at which we started. We have, therefore, 



or 



S±p 8 - 

y = — £ = - ± 1- 
y P P 



In this formula 8 may be odd or even according to circumstances. If the 
winding is to be singly closed, 8 and y must have no common factor. In 
Fig. 117, for example, 8=16 and p = 2. That gives y = 9 or 7. We have 
chosen 7, and the winding scheme is simply 1 — 8 — 15 — 6 — etc. 
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The connections between the coils themselves and with the commutator 
are made at the front of the armature by means of connectors in two 
planes. 

Putting in arrows to show the direction of the current in the front end- 
connections of the coils, we see that it flows towards the point joining coils 8 
and 15, and also towards the point joining coils 16 and 7, This determines 
the position of the positive brushes, and gives us the following path for the 
armature current : 
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Fig. 117. 

A moment later each of the four brushes will make simultaneous contact 
with two segments. The negative brushes, for example, will short-circuit the 
coils 3 and 11, the short-circuited path being as follows: 

i, n, 3, m, iv, ii, l 

Thus, the coils 3 and 11, lying in the neutral zone, are short-circuited at 
the given moment by the negative brushes. In general, both the positive 
and negative brushes short-circuit p coils in series. Since a closed circuit can 
be broken at one point without destroying the electrical connection bn 
all the parts of the circuit, it is possible to remove one of the positive and on? 
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of the negative brushes. Tbe remaining brushes must be wider than one 
segment. Each brush is connected to the segment, from which the other 
similar brush has been removed, through the coil lying in the neutral zone. 



50. Series-parallel drum-winding. 

We have already drawn attention to the similarity in principle between 
ring- and drum-windings, and we will now use this fact to find a formula for 
fcfa winding-step of series-parallel drum-windings. We saw in the last ■ertJOB 
that, for a ring-winding to have 2a parallel paths, it is necessary that a com- 
plete circuit round the armature should bring us to the ath coil from that at 




which we started. Now the space occupied by o coils on the ring is repre- 
sented by 2a ooil-cadefl on the drum. In a complete circuit of the drum 
armature we make p double steps of y x -f y» coil-sides. For a pure parallel 
winding (p = a) we have, therefore, 

p (yi + y.) = * ± 2p. 

Since the two sides of a coil always embrace an even number of other 
coil-sides, the steps y, and y t must both be odd. The sum y x + y% is therefore 
even and y, + y 3 and 8 have always the common factor 2. Except for this 
they must have no common factor if the winding is to be singly closed. 

9—2 
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If the winding-step is the same both back and front, we have 

8 



2p 



+ 1 



Here 8 and y must have no common factor. If, for example, s = 24 and 
p « 3, we get y m 5 or 3. The latter value, Le. y = 3, would not give a singly- 
closed winding since s and y would have a common factor 3. Starting at 1 
we would only make eight steps before arriving again at 1, and the winding 
would thus be closed after only a third of the armature had been wound. The 
complete armature winding would thus be triply closed, that is, it would 
consist of 3 distinct windings. If, on the other hand, we choose the value 
y=5, we get the winding 1 — 6 — 11 — 16 — eta, which is singly closed. 

This winding is shown in Fig. 118, in which the back end-connections are 
shown dotted, while those at the front are arranged in two planes in the usual 
way. The number of segments is half the number of coil-sides. Putting in 
the arrows to show the direction of the current in the front connections, we 
find the position of the brushes. Positive brushes are placed where the 
currents flow together from both sides, while negative brushes are placed 
where the current flows away in both directions. The path* followed by the 
current are as follows : 
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A moment later the brushes will make simultaneous contact with two 
segments, and the negative brushes, for example, will shorten the following 
circuit and cut it out of the main armature circuit: 

I, II, 14, 19, HI, IV, 22, 3, V, VI, 6, 11, I. 

Three coils will be short-circuited at the same time by the po- 
brushes. The coils short-circuited in this way lie in the neutral zone. In 
general, p coils or 2j> coil-sides in series are short-circuited by both the 
positive and negative brushes. What was said concerning the leaving oft of 
some of the brushes in the ring armature holds equally well in the case of 
drum armatures. 

As in other cases, this winding is very simple when applied to toothed 
armatures with the slots numbered consecutively and each containing two 
coil-sides. The rule for a series-parallel winding is then: If, after going once 
round the armature, we come to the ath slot from that at which we started 
the armature will have la parallel pathB. If F, and Y % are, as before. tfa< 
winding-steps with regard to the slots, we have, for a pure parallel winding 
fa? = a), the formula 

^N pW + ro-Sij* 



oar 



p 
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I£ for example, as in Fig. 119, the number of coil-sides is 24, so that the 
number of slots S is 12 and the pairs of poles p — 2, then we have 

We have chosen F x «= 3, F a » 2 and obtain the winding shown in Fig. 119. 

It is found in practice, however, that sparkless commutation is difficult to 

obtain with series-parallel windings, especially when the winding is such that, 




Fig. 119. 

commencing on the neutral zone, and passing once round the armature, we 
arrive at a coil-side under a pole-tip. To ensure successful operation, the use 
of equalising connections is to be recommended. If the number of segments 
is divisible by the number of pairs of poles, which is desirable for the sake of 
symmetry and sparkless commutation, there can be no difficulty in determining 
which segments should be interconnected. It is by no means necessary that 
all the segments should be so connected, since a small fraction of the total 
number of possible connections is generally found to suffice. 
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51. The excitation of dynamos. — 52. The field magnets. — 68. Position of the brushes. - 
54. Armature reaction. — 55. Sparklew commutation. — 56. Three-wire dynamos. 

51. The excitation of dynamos. 

The earliest machines in which electromotive force was induced by the 
motion of a wire in a magnetic field were provided with permanent magnets 
of hardened steel. They were built up of laminations which gave much 
stronger magnets than could be obtained from massive steel. Even these 
compound magnets, however, gave a relatively small magnetic flux, so that 
the electromotive force and current of a machine of reasonable dimensions 
were small. 
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Fig. 120. 

It was a great advance, therefore, when Dr Wilde of Manchester 
the current obtained from the two-part commutator of a small permanent- 
magnet dynamo around the wrought-iron poles of a second dynamo. Since 
wrought-iron has a high permeability, it follows that the magnetic flux in 
this latter machine, and therefore also the electromotive force induced, were 
very large. An arrangement similar to that of Wilde is shown in Fig. 120, 
in which iV, and <5, represent the steel magnet of the exciting machine. The 
current taken from this machine is passed through the field coils of a larger 
dynamo with magnets of wrought-iron. The coils must be wound in such I 
way that one pole is north and the other south. When, for example, the 
bottom end of the left-hand coil lies in front, the bottom end of the right- 
hand coil, to *vhich it is connected, must be behind. The substitution of 
electromagnets for permanent magnets had been proposed and carried out 
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by Wheatstonc and Cooke in 1845, the exciting current being obtained from 
batteries. 

One of the greatest factors in the enormous progress made by electrical 
engineering during the latter years of the nineteenth century was the dis- 
mvery of the soli-exciting power of a dynamo with wrought- iron magnets. 
This discovery was made almost simultaneously by several workers in different 
C'liintries, and the name of dynamo was coined by Werner von Siemens in 
in his paper describing such a machine. This discovery, together with 
that of the commutator with a large number of segments, laid the foundation 
of modern electrical engineering. 

The word dynamo is now used in a broader sense to signify all machines 
for generating electromotive force by electromagnetic induction, whether 
these machines be self-exciting or not. It is usually confined, however, to 
direct-current generators and is rarely applied to alternators. 

The process of self-excitation in a direct-current dynamo is as follows. 
On starting, the armature conductors cut the lines of force due to the 




Fig. 121. 

remanent magnetism and thereby induce a small electromotive force. If the 
circuit is closed as in Fig. 121 this produces a small current, which, passing 
round the field coils, strengthens the remanent magnetism. The electro- 
ns it ive force is thereby increased and with it the current, and so on. In this 
.\.w the machine gradually builds up its field. The strength of field and 
electromotive force finally reached depend on the construction of the machine 
and on the conditions under which it is working. It might appear at first 
sight that the magnetic field would increase until the iron was completely 
saturated. This is, however, not the case, quite apart from the fact that the 
saturation of the iron is a very indefinite idea As a matter of fact, the 
current increases until the product of current and resistance of circuit is equal 
i >rc< inducer] by the corresponding flux. 
This increases the difficulty of understanding the action of the dynamo, 
since the flnx, which produces the electromotive force, is itself dependent M 
the current. We are thus led to the conclusion that although the current, in 
accordance with Ohm's law, is dependent on the electromotive force and the 
resistance, yet, on the other hand, the electromotive force itself is dependent 
on the current and therefore on the resistance. We must therefore give up 
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our previous view, according to which the electromotive force and the 
ance of the circuit are the given quantities, from which wo can calculat 
current. The electromotive force of a dynamo is not merely a funct 
depending on constants of the machine such as flux, Bpeed, or number 
wires on the armature. Over and above all these, it is dependent on 
conditions under which it is run, that is, on the resistance between 
terminals, or the current taken from it. 
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Fig. 122. 

There are several ways in which the magnet winding of a self-exci 
dynamo may be arranged. In the series dynamo (Fig. 121) it consists o 
few turns of thick wire, through which the main current passes. Hence 
armature, field, and external circuit are all connected in series. 
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Fig. 124. 
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Fig. 123. 

In the shunt dynamo (Fig. 122) the field winding consists of a 
number of turns of fine wire. This winding is connected directly 
brushes and is thus in parallel with the external circuit. Since the 
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liy Wheatstone and Cooke in 1845, the exciting current being obtained from 
batteries. 

One of the greatest factors in the enormous progress made by electrical 
engineering during the latter years of the nineteenth century was the dis- 
covery of the self-exciting power of a dynamo with wrought-iron magnets. 
This discovery was made almost simultaneously by several workers in different 
countries, and the name of dynamo was coined by Werner von Siemens in 
1866 in his paper describing such a machine. This discovery, together with 
that of the commutator with a large number of segments, laid the foundation 
of modern electrical engineering. 

The word dynamo is now used in a broader sense to signify all machines 
lor generating electromotive force by electromagnetic induction, whether 
these machines be self-exciting or not It is usually confined, however, to 
direct-current generators and is rarely applied to alternators. 

The process of self-excitation in a direct-current dynamo is as follows. 
On starting, the armature conductors cut the lines of force due to the 




Fig. 121. 

remanent magnetism and thereby induce a small electromotive force. If the 
circuit is closed as in Fig. 121 this produces a small current, which, passing 
round the field coils, strengthens the remanent magnetism. The electro- 
motive force is thereby increased and with it the current, and so on. In this 
way the machine gradually builds up its field. The strength of field and 
electromotive force finally reached depend on the construction of the machine 
and on the conditions under which it is working. It might appear at first 
sight that the magnetic field would increase until the iron was completely 
saturated. This is, however, not the case, quite apart from the fact that the 
saturation of the iron is a very indefinite idea. As a matter of fact, the 
current increases until the product of current and resistance of circuit is equal 
to the electromotive force induced by the corresponding flux. 

This increases the difficulty of understanding the action of the dynamo, 
since the flux, which produces the electromotive force, is itself dependent on 
the current. We are thus led to the conclusion that although the current, in 
accordance with Ohm's law, is dependent on the electromotive force and the 
resistance, yet, on the other hand, the electromotive force itself is dependent 
on the current and therefore on the resistance. We must therefore give up 
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our previous view, according to which the electromotive force and the resist- 
ance of the circuit are the given quantities, from which we can calculate the 
current. The electromotive force of a dynamo is not merely a function 
depending on constants of the machine such as rlux, speed, or number of 
wires on the armature. Over and above all these, it is dependent on the 
conditions under which it is run, that is, on the resistance between its 
terminals, or the current taken from it. 
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Fig. 122. 

There are several ways in which the magnet winding of a self-excited 
dynamo may be arranged. In the series dynamo (Fig. 121) it consists of a 
few turns of thick wire, through which the main current passes. Hence the 
armature, field, and external circuit are all connected in series. 
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Fig. 123. Fig. 124. 

In the shunt dynamo (Fig. 122) the field winding consists of a Urge 
number of turns of fine wire. This winding is connected directly to the 
brushes and is thus in parallel with the external circuit. Since the resistance 
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of the field winding is large, the currant through it is very small compared 
with the normal current in the external circuit. 

In the compound dynamo (Figs. 123 and 124) the field winding consists 
of a combination of shunt and series windings. It i> really a shunt dynamo, 
the magnetic Hold of which is strengthened by means of a few series turns. 
The coils must be wound in such a way that the currents in the two windings 
are in the same direction. In Fig. 128 the shunt winding is connected 
directly to the brushes, and is thus in parallel with the series winding and 
xternal circuit. This is known as the short-shunt arrangement. In 
Fig. 124 the shunt winding is connected to the terminals of the machine, and 
is simply in parallel with the external circuit. This is known as the long- 
shunt arrangement. The object of the compound winding is to maintain a 
constant or even rising pressure at the terminals of the machine in spite of 
the increasing drop in the armature with increasing current. 

It is of special interest to determine the conditions under which a 
machine may refuse to excite. They are as follows: 

L If the initially induced electromotive force is too small, i.e. 

(1) with too little remanent magnetism, 

(2) at too low a speed. 

II. If the magnetising current produced is too small, i.e. 

(1) with large brush-contact resistance, 

(2) with large external resistance on series dynamos, 

(3) with large field-circuit resistance on shunt dynamos, 

(4) with very small external resistance on shunt dynamos, such as a 
short-circuit, which would cause the terminal pressure to sink to 
zero and the magnetising current to vanish. 

III. If the flux produced either does not strengthen the remanent 

E magnetism at all or not sufficiently, Le. 

(1) with large air-gaps between poles and armature, 
rith wrong held connections for a given direction of rotation, 
(3) with a wrong direction of rotation for given field connections. 
A reversal of the polarity of a machine does not prevent its excitation, 
uiply reverses the polarity of the brushes. 



52 



The Field Magnets. 

As a rule the field magnets consist of a number of parts of different 
material bolted together. The materials used are stampings, wrought-iron, 
cast-iron, cast-steel, and ingot-iron. 

Wrought-iron could be used throughout for the magnets of separately 
excited dynamos or for motors and would be preferable in some cases on 
Account of its high permeability. It could not be used throughout in a self- 
exciting dynamo on account of its small remanent magnetism which would 
probably be insufficient to enable the field to build up. Its use might there- 
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fore be confined to the pole-cores, which must be kept as small as possible, 
Dot "iily to save iron but to make the length of each turn of thr BeM 00*1 U 
short as possible and thus save copper. 

Stampings of sheet-iron are used for the pole-shoes in order to diminish 
the eddy losses caused in them by the armature teeth. 

Cast-iron was formerly largely used for the field magnets of dynamos and 
motors. On account of its low permeability it is now little used except for 
small machines, in which the magnet frame and bed plate are cast in ana Es 
this qbh the cheapness of construction and tin- low price of the cast-iron more 
than compensate for the increased weight of copper and iron due to the low 
: -ability. 

In large modern machines, however, cast-iron has been replaced by cast- 
BtoeL It possesses the twofold advantage of a high remanent magnetism and 
a high permeability, hardly differing rnmi that of wrought-iron. The flux 
density am be carried much higher than in cast-iron while requiring relatively 
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Fig. 125. 
few ampere-turns on the poles. 



Fig. 12G. 
Whereas it was formerly common to find a 






half of the total number of ampere-turns used up in driving the flux through 
the cast-iron field magnet, it is now common in large machines for the whole 
path in iron, including armature core and teeth, to require no more than a 
quarter of the total ampere-turns'. The weight of iron and of copper on the 
field magnets are thus both reduced by the use of cast-steel. This makes the 
machine lighter and ten clumsy in appearance and improves the ventilation 
Moreover, the higher flux-densiti«js which can be used have an appreciable 
influence on the commutation, as we shall Bee later on. Against these 
advantages we have to place the higher price of cast-steel and the probable 
increase in cost of manufacture due to the magnet frame being no longer in 
one piece with the bed-plate. 

Turning now to the shape of the field magnets we find that the early 
machines were of the horse-shoe type. It was soon seen that the long pole- 
cores, first introduced, were quite unnecessary and only lengthened the path 

* Thin depends, however, on the purpose for which the machine is designed. In rnadhlaw 
which have to light glow lamps without a battery connected in parallel, a half of the total 
ampere-turns may be required for the iron and for armature reaction. (See Section 59.) 
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Fig. 127. Fig. 128L 

i a half of the armature flux. The ampere-tarns so calculated most he 
on each core since the magnetic effects of the two cores are in parallel 
nnot be added. 

3 arrangement shown in Fig. 128 is commonly known as the Lahmeyer 
id is now very largely used. The winding is completely enclosed by 
3. Practically all multipolar machines are built on this principle, each 




Fig. 129. 

Tying a field coil (see Fig. 150). In Fig. 129 is shown an arrangement 
y a four-pole machine can have two field coils. This arrangement has 
3ed in traction motors where space in one direction is very limited. 
symmetrical arrangement may, however, lead to sparking at the com- 



reat number of machines were made in Germany with the poles inside 
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the armature. Mechanical difficulties with the rotating external ring armature 
caused this type to be abandoned For alternating current generators, how- 
ever, this arrangement is the better, except that the armature is stationary 
and the internal poles rotate. 

We must now compare these various types of machines with respect to 
magnetic leakage. 

By the term leakage jluw we mean those lines of force which pass 
pole to pole through the air instead of going through the armature. As a 
result of this leakage, the flux through the magnet cores is much greater than 
that through the armature and it is only this latter which is usefully employed 
The uselessly increased flux through the poles and yoke necessitates a greater 
number of ampere-turns in the field coils. 



It- 



then 



N m the flux entering the armature from a north pole, 
JTj = the flux leaking rrom the pole on all sides, 
iV m = N + N t = the total flux in the pole core, 



X = -jrp = the leakage coefficient (80). 

To determine this leakage coefficient experimentally a small secondary 
coil is wound round the pole-core as shown at the bottom of the right-hand 
core in Fig. 125. The ends of this coil are connected to a ballistic galvano- 
meter. When the exciting circuit is broken the field collapses and the lines 
of force cut through this secondary coil. The swing of the ballistic galvano- 
• is a measure of the flux which has collapsed in this way. The experiment 
is repeated with the secondary coil wound round the armature so as to enclose 
the armature flux. The ratio of the swings obtained in the two cases gives 
the leakage coefficient X. 

As average values we find that. 

X = 1*5 for the Manchester type, 
X = 136 for the horse-shoe type, 
X = 1*1 to 1*2 for the Lahmeyer and multipolar types. 

The leakage is greatest in the Manchester type, because the field ooils are 
on the part of the magnetic circuit most remote from the armature, and the 
top and bottom masses of iron are of large extent and have the full difference 
of magnetic potential between them. It has little effect to cut away the 
metal at .4 {Fig. 127) and so follow a little more closely the natural path of 
the lines. 

The leakage of the horse-shoe type is considerable, since the magnet cores 
run close together and the polar surfaces are large and cause a lot of external 
leakage. Rounding the poles, as shown in Fig. 126, reduces the leakage by 
causing the leakage paths to be longer and less convenient, 

The Lahmeyer type (Fig. 128) is more favourable since the field coils are 
close to the armature and the leakage paths have consequently a small cross- 
section. 

We must remember, however, that the values given above for X are only 
rough approximations, and that the leakage coefficient for machines of the 
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le type may vary considerably. The leakage will be greater, for example, 
"ith rectangular poles than with round poles under the bum OOOditiau 

nilike poles are near together than when thoy an far apart, 
le leakage coefficient is greatly influenced by the magnetic reluctance of 
le path of the useful flux. If, for axaxnple, the air-gap between polet and 
mature is specially large, a great number of ampere-turns will be required 
drive the main flux through this reluctance. This causes a correspondingly 

leakage flux and therefore a high leakage coeffin 

This becomes clearer if we look upon the leakage and useful fluxes as two 

irallel currents of strengths inversely proportional to the magnetic resist- 

tees of the paths. The ratio of the leakage to the useful flux is thus equal 

the ratio of the reluctance of the main path to that of the leakage path. 

is evident that machines of the same type may have very different leakage 

efficients. 

On the other hand the value of \ may vary for the same machine with 
ie conditions of load, etc., since the flux through the armature is not always 
le same. For the same reason the saturation of the teeth and therefore 
I luetance varies with the load on the machine. In addition to this, 
ie ampere-turns on the armature itself represent a magnetic back pressure 
[ual to X b ampere-turns, as we shall see in Section 54. These back ampere- 
increase with the load and necessitate an increased number of ampere- 
«m the field, which leads, as we have already seen, to an increased 

This can be taken into account by calculating the magnetic reluctance of 
ie leakage path, if the shape of the machine lends itself to simple geo- 
a) measurement. If A t and U are the cross-section and length of the 
:&ge path, we have seen in Section 29 that its reluctance is 



&-* 



.(81). 



If X* + X t -f X ff ampere-turns are necessary to overcome the reluctance 
>f core, teeth and gap and Xb ampere-turns are required to overcome the 
ik ampere-turns of the armature, then the magnetomotive force between 
ie poles will be 

M. M. F. = O'-iTT (X a + X t + X 9 + X b ). 

Prom the so-called Ohms law of the magnetic circuit we have for the 
flux 



v U.M.F. A> , X a + X t + X g + X b 
* , = -R, = 047r - — R, 



.(82). 



The total flux in the pole-cores is then N m = N+Nt. An example of 
ih a calculation of the leakage is given in Section 29. Too much reliance, 
ever, must not be placed on such calculations, since they are only roughly 
'proximate. 

Wbem the machine does not lend itself to geometrical measurement the 

is more complicated and the results even less trustworthy. In multi- 

>lar machines it is safe to assume that the polar arc is 70 per cent, of the 

ile-pitch, so that the interpolar space is 30 per cent, of the pitch. The 
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length /; of the leakage path is accordingly proportional to the pitch = - 

The cross-section ^4, of the leakage path is certainly proptttioDfi) to the axial 
length L and roughly proportional to the radial length of the pole. This 
latter may be taken as approximately proportional to the pole-pitch, so that the 

cross-section of the leakage path is roughly proportional to L . — , In the 

same way as we find the electrical resistance from the formula p -j , we get 

the magnetic reluctance to be 

D*l2p _c, 

d is here a factor having different values depending on the type of 
machine. It might be called the specific reluctance of the leakage path. 
Kapp uses the geometrical mean of the armature length and the pole-pitch 
instead of the armature length L. This alters the above formula to the 
following : 

-fe m 

where c is a constant for which Kapp gives the following values : 

Manchester type c =015, 

Horse-shoe type c = 0*36, 

Multipolar or Lahmeyer type ... c = 044 — 069. 
If, for example, the diameter of the armature is 00 cms., its leuj 
40 cms., the pairs of poles 2, and the value of c be estimated at 044, we get 

c 044 



* — £?-- 



•Ji 



\ 1200 



-0013. 



If the number of ampere-turns required to drive the main flax from 
to pole be 10,000, we get for the leakage flux 

„ nA 10,000 . _ A4 .. 
N t = 0'4tt n» = 1.10* lines. 
U'vlo 

We must remember here again that such calculations of the leakage are 
only rough approximations, but are generally sufficiently accurate for ordinary 
design. 

53. Position of the Brushes. 

We saw in Section 43 that the current in each division of the armature 
flowed towards the neutral zone. The brushes must therefore be pla< 
the neutral zone, or rather, since the commutator connections are often beni 
in such a position that a coil passes from one division of the armature to 
another while it is in the neutral zone. If the brushes are placed in rlu' 
wrong position the individual coils of a branch of the armature winding lie 
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under opposite poles and are therefore the seat of opposing electromotive 
forces, which neutralise each other and lower the electromotive force of the 
machine. The correct position of the brushes is on the diameter at right- 
angles to the lines of force through the armature. This is called the neutral 
axis. 

If the brushes are displaced, not only is there a loss of electromotor 
force, but the coil, or coils, short-circuited by the brush are moving in a 
magnetic field and are therefore the seat of an induced E.M. F. The resistance 
of the short-circuited coil is very small and the current produced may be very 
large. When the short-circuit is broken by one of the segments leaving the 
brush there is a vicious spark which rapidly destroys the commutator. 
Eence, to obtain sparkless commutation, it is necessary that the brushes be 
placed more or less in the neutral axis. 





n 1 > I 

i H I | I | I 

Fig. 180. Fig. 131. 

We find, however, that when the armature carries a current, the magnetic 
flux through it is distorted and twisted round in the direction of rotation. 
The neutral axis found at no-load, which we may call the geometrical neutral 
axis, since it is geometrically symmetrical, is no longer the magnetic neutral 
axis or the point where no E.M.F. is induced in the moving armature coil. 
This true magnetic neutral axis is twisted round with the field in the direc- 
tion of rotation. This is shown in Fig. 130; it can be shown experimentally 
by means of iron-filings. 

The direction of the magnetic neutral axis can be found by considering 
that the armature itself is an electromagnet tending to drive lines of force 
through its interior in the direction of the diameter through the brushes. 
The resultant flux N is compounded of the flux N 2 produced by the armature 
and the flux N y produced by the field-magnets. 

By applying either the swimming or the screw rule the direction of N t is 
found to be BA, while that of N r is evidently BD (Fig. 131). Since, for the 
correct position of the brushes, the brush-axis is perpendicular to the resultant 
flux N , and 2? t act* necessarily along the brush-axis, it follows that the angle 
ABC is a right-angle. 
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If a represents the double displacement angle (Fig. 130), the angle 
through which the brush is moved is ^ and we ha 

« N t 

sin 2=.v; 

With the brushes in this position the machine gives its highest terminal 
pressure for the given armature current. It is important to notice that the 
reluctance of the path of the lines gem- ra tod by 
the armature is very different to that of the lines 
generated by the field-magnets. A calculation of 
the theoretically corred >n <>f the brushes by 

means of the above formula is practically impossible. 
In practice, however, the brushes are pushed forward 
until they are almost under the pole-tip. The 
current in the coil under the brush has to rev rise 
its direction during the time of short-circuit. This 
reversal is retarded by the self-induction of the 
coil (see Section 35). The brushes of a dynamo 
are therefore moved beyond the magnetic neutral 
axis (Fig. 132) so that an E.M.F. is induced in the 
short-circuited coil in such a direction as to neutralise the effect of self- 
induction and make the commutation sparkless. The small loss of e.m.f. 
thus caused is quite negligible. 

54. Armature Reaction. 

If the brushes are placed in the neighbourhood of the pole-tip, the whole 
armature winding may be looked upon as consisting of two parts of which the 
first lies within the angle a (Fig. 130) and the second within the remaining 
angle 180 — a. The windings constituting the first part lie within the 
neutral zone while those of the second part lie mainly under the poles. As 
can.be seen from Fig. 133 the windings in the neutral zone are directly 
opposed to the field magnets and tend to produce a flux in the direction of 
the dotted arrows. This can also be seen from Fig. 131 where the armature 
flux iV fl has a component acting in the opposite direction to the magnet tin x 
J\ 7 ]. The actual resultant flux, which passes from pole to pole through the 
armature, is due to the difference between the field ampere-turns and these 
back ampere-turns X b of the armature. If z is the total number of wires on 

the armature, the number of wires included in the angle a is -^r (Fig. 133). 

This is therefore the number of back armature turns. If there are 2a parallel 

paths through the armature, the current in each armature wire is ~ , and for 

the back ampere-turns we have 

*~2a' 360 

This equation is equally applicable to series or parallel windings, drum or 
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ring armatures, In the ring armature shown in Fig. 134 the coils in each 
neutral zone embrace the single cross-section of the ring and a pair of 
opposite coils could be replaced by a single coil embracing the whole arma- 
ture as in a drum-winding. In either case two externa] wires represent one 
turn opposing the field magnets. The effect of the armature back ampere- 
turns is to decrease the flux as the load comes on the dynamo, and thus cause 
a decrease in the electromotive force. In calculating the necessary ampere- 
turns for the field-magnets when designing a machine, it is necessary to add 
the back ampere-turns X b to those required to overcome the reluctance of the 
iron and air-gap. As a rule X b is from 10 to 15 per cent, of the total excita- 
tion, but as modern dynamos work with highly saturated iron, that is, on the 
flat part of the magnetisation curve (Fig. 149), a largo number of back 
ampere-turns causes but a small drop in the electromotive force. The 
demagnetising effect is largely reduced by the use of short-chord windings 
(txll8> 





Fig. 133. 

turn now to the remaining windings lying within the angle 180° — a 
practically all under the poles. These produce what are known as cross 
re-turns, since they tend to produce a flux through the armature at 
right-angles to the main flux. These lines of force may be looked upon as 
leakage; they follow paths through the air-gap and pole as shown in Fig. 135. 
They have their greatest density under the pole-tips, since the lines, which 
cross the gap at this point, link all the coils lying under the pole. At the 
point where the armature passes under the pole, they oppose the main flux, 
while at the point where the armature leaves the pole they act in the same 
direction as the main flux. The cross ampere-turns do not therefore directly 
either strengthen or weaken the armature flux, but merely distort it as 
shown in Fig. 130. Now the pole-tip at which the armature passes under 
the pole is of special importance, since it is in this neighbourhood that the 
short-circuited coil has to find a suitable external field to reverse its current 
and give sparkless commutation (see Section 55). If, then, the cross-mag- 
netisation is too strong, the field under this pole-tip will be too weak, or may 
even become negative, making sparkless commutation impossible. As a 
rough approximation it may be assumed that a flux density of 1,500 lines 
per 9q. cm. is necessary in the case of drums and 2,500 in the case of ring- 
armatures to ensure sparkless commutation. 

t. i. 10 
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The fact that a stronger field is required for the commutation of a ring- 
armature does not indicate that the cross-magnetisation is greater in this 
case. The reason is to be found in the greater self-induction of the ring 
winding due to the inside of the ring not being entirely free from lines of 
force. To overcome this greater self-induction during the interval of short- 
circuit the ring-armature requires a stronger comntutacing field than the 
drum-armature. 








Fig. 135. 

If B u represents the mean flux-density in the air-gap and B e the flux- 
density under the pole-tips due to the cross-magnetisation, then the resultant 
flux-density under the corarautating tip is 



B=B g -B c . 



Now the ampere-turns of cross-magnetisation are 

X A = 



*•/* i« 



.(85). 



360 2a 

The principal reluctance in the path of the cross ampere-turns is that 
due to the air-gap, and, neglecting the reluctance of the iron, we have from 
equation (43) on page 60 

0-4tt . X, 



/.. 



B e = 

where l g is double the air-gap in cms. 
Combining this with the equation 

n 0*4ir . X g 
B v = 7 — "l 

we have for the actual strength of the commutating field 

X,-X e 



B = B -B, = 0'4tt 



The empirical conditions for sparkless commutation, which were men- 
tioned above, may therefore be expressed as follows: 

x„-x c 



0-47T 



x„-x e 



1,500 for drum-armatures 



(86). 



04tt. -*-= — -S 2,500 for ring-armatures (H7). 
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We see from these equations that the influence of the cross ampere-turns 
increases with the armature current and that we have here a limit to the 
overload capacity of the dynamo. This limit is not merely due to the fact 
that very large loads would cause a prohibitive temperature rise in the 
armature, but is fixed by the number of cross ampere-turns beyond which 
sparkles* commutation is impossible. In designing a dynamo it is necessary 
above all things to keep the cross-magnetisation small, and to this end the 
following means are adopted : 

1. From equation (85) it con be seen that a small polar-arc is an 
advantage. As a rule the polar-arc is about $ of the pole-pitch. 

2* It is an advantage to have a small number z of wires on the armature. 
To obtain the necessary electromotive force, this will necessitate a large 
magnetic flux. 

3. The high flux-density in the air-gap thereby rendered necessary 
(8,000 — 10,000) will lead to a large value of X^, which, again, will make it 
easier to fulfil the equations (86) and (87). 

4. The value of X 9 can be increased by increasing the air-gap, the two 
having a constant ratio. Since A'* is thereby unaffected the result is to 
increase the left-hand side of equations (86) and (87). It must be borne in 
mind, however that large fluxes and long air-gaps necessitate a great number 
of field ampere- turns. 

0L By making the teeth narrow, so that their flux-density is very high 
(18.000 — 24,000). their permeability is largely reduced This in practically 
equivalent to an increase in the air-gap and its effect is the same as in 
number 4*. The common idea that the highly saturated teeth reduce the 
self-induction of the short-circuited coil is entirely wrong, since, when the 
coil is short-circuited, the teeth on either side of it are not saturated. 

6. Attempts have been made to reduce the cross-magnetisation by 
making a slit across the pole as shown in Fig. 136. These attempts have 
not proved successful even when the slit was extended so as to entirely 
divide the magnet system. The failure is possibly due to the large area and 
narrow width uf the slit, whereby its reluctance to the cross-flux is very 
small. 

7. The cross-magnetisation is neutralised in a very effective manner by 
means of auxiliary poles placed in the centre of the neutral zone. These 
poles are excited by the main current and produce a com mutating field, the 
strength of which is proportional to the armature current, that is, to the 
current which has to be reversed in the short-circuited coil. The brushes 
can therefore be fixed in the geometrical neutral axis. This idea, originally 
suggested by Menges, has been developed by Swinburne, Fischer-Hinnen 
and, latterly, by many othersf. In Fig. 137 the cross-magnetisation acts from 
right to left, while the magnetomotive force of the auxiliary poles acts from 

ft to right. Machines of this type can be very heavily overloaded without 
using sparking at the brushes and the maximum output is limited solely 
r the heating of the armature. The use of auxiliary poles is extending 

* See Fischer-Hinnen, •• Gleicb*tromrn»»chineii " 5th edit.. 1SKM. 

t Bee eereral articles in the ■ Bfektroteehnisobe Zeiuchiift," 1006-1900. 

10—2 
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very rapidly, since the designer can then economise in many 'directions 
without fear as to the commutation, and may thus more than compensate for 
the cost of the auxiliary poles. 




Fig. 137. 

Another method, due to Deri, is theoretically more perfect than the fore- 
going, but is more difficult to carry out. The field-magnet has no salient 




Fig. 138. 

poles, but, like the stator of an induction motor, is a ring carrying a drum- 
winding (Fig. 138). This drum-winding is represented by the outer ring in 
the figure and produces a field running vertically through the armature from 
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top to bottom. In the same slots is the compensating winding, which carries 
the main current and which would produce a field running horizontally from 
left to right. This field is, however, exactly equal and opposite to that 
which would be produced by the cross-magnetisation. The latter is therefore 
completely neutralised. By making the axis of the compensating winding 
slightly inclined to the horizontal in the direction of rotation, it can be made 
to strengthen the main field, and thus to counteract the drop of pressure 
with increasing load. The dynamo is therefore compounded*. 



55. Sparkle ss Commutation. 

In order that we may clearly understand the process of commutation and 
find the conditions for sparkleas running, we shall confine ourselves to the 
simplest case, in which a brush is never in contact simultaneously with more 
than two segments. We shall also neglect the influence of neighbouring 
wires which may be undergoing commutation at the same time under 
another brush. We shall consider 

kl, the reversal of the current in the short-circuited coil under 
the influence of the brush contact resistance, that is, neglecting self- 
induction ; 
2. the effect of self-induction ; 
3. the conditions for sparkless commutation in the magnetic 
neutral axis; 
4. the neutralisation of the effect of self-induction by shifting 
the brushes. 
1. The coil is assumed to have no self-induction and commutation is 
assumed to occur in the magnetic neutral axis. The width of the brush i* 
taken to be that of one segment and the resistance of the coil and com- 
mutator connections is neglected because of its smallness. We shall make 
use of the following symbols : 

/ the current in one branch of the armature, 
t the time, reckoned from the moment of short-circuit, 
T the duration of short-circuit, 
i the short-circuit current at the moment t, 
i, the current in the segment coming under the brush, 
i, the current in the segment leaving the brush, 
R the contact resistance of the whole brush, 
rj the resistance between brush and segment coming under it, 
r, the resistance between brush and segment leaving it. 
If we neglect the variation of contact resistance with current density, the 
resistances r x and r 7 are inversely proportional to the contact surfaces. Wo 
We then 

R.T 



R T 



T-t' 



Gleichatrommuchine," 1902. Vol. x., p. 405. 
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The current 2/ flows from the external circuit to the brush and there 
divides into two unequal portions. The current flowing through the resist- 
ance r, is Been from Fig. 139 to be 
made up of the current J of the 
right-hand half of the armature 
and the current i of the short-cir- 
cuited coil. We have then 

t, = / — i and i, « / + 1. 

These equations will still remain 
true when the current i has been 
reversed and become negative. 
Applying Kirchhofifs second rule 
to the short-circuit, and neglecting 
the small resistance of the coil itself, 
we have 

-^7*1 + 1,^-0. 

Substituting the values found above for i,, t,, r, and r,, we have 
By solving this equation for i, we find that 




Fig. 139. 




Fig. 140. 

In Fig. 140 the time t is plotted along the horizontal axis 00. while tbe 
corresponding values of the short-circuit current i are set up as ordinate*. 
From equation (a) we see that, when 

t-0, t = /, 
T 



t = 



0, 



t=T t » = -/. 

We thus get the straight diagonal line shown in the figure. At any time 
t from the commencement of short-circuit, represented by OC, we have 
t~.BC, i*=I-i = AB, i,-/ + t-£2). 
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The ordinates measured between the horizontal line EF and the diagonal 
represent the current tj in the trailing tip of the brush. Now the area of 
contact of the trailing tip is proportionnl to T—t. The current density 

under this brush tip is therefore proportional to — , which we see from the 

21 
figure is a constant ratio equal to -™ . We see then that the current density 

1 
under the brush is constant at every stage of the commutation. There is 

therefore no sparking, since the current in the trailing tip decreases pro- 
portionately with the decreasing area, until as the brush leaves the segment 
the current has fallen to zero. At the same moment the current in the coil 
is — J, so that the coil passes into the new branch of the winding without 
undergoing any change. 

2. As a matter of fact the conditions are not nearly so favourable, as the 
short-circuited coil produces a flux, which, on the collapse of the old current 
and the establishment of the new 


and induces in it an E.m.f. opposing 
the change of current. This re- 
tardation of the process of com- J 
mutation, due to the self-induction , 
of the coil, causes the current to 
depart from the straight line, or 
uniform rate of change, and follow o 
a curve as shown in Fig. 141. The 
short-circuit current no longer 
passes through its zero value at z 

T 
the time ^ , but much later. J 

To find the shape of the above * 
curve we apply Kirehhoff's 2nd $ 
law to the short-circuit, taking 
into account its self-induction. 
We know that the E.m.f. of self-inc 
decreasing current, that is, at the mon 
of »,. We have then 

£. = *, 

Substituting for E $ the equivalent 

*nd putting in the values found for r, 

r di . Ti 
L -dt~ h 'T 
It follows from this that 

di R.T 
<ft" L 

vhere *,= / + i and ^ « / — t. The m 
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Fig. 141. 

tuction E t is in the direction of thi 
lent shown in Fig. 139, in the directioi 

\— tap 

— X.-e from equation (68) on page 85 
and r, on page 149, we have 

r.JF . R.T 

-t ,J - t ' 

GpM) » 

jlution of this differential equation ha 
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been given by Arnold. We shall obtain the short-circuit curve, however, by 
a graphical method*. For the sake of simplicity, we shall assume that 
r=10, 7 = 5, £-1, R = & 
R.T 



so that 



I. 



L 

In the first place we shall determine the slope of the curve at its 
beginning, Le. for t = 0. Assuming that this part of the curve is straight, 
Fig. 



we see 



or 



from Fig. 141 that 

di _ ix 

Now, when t = 0, ^ = 27 and T — t - T, so that equation (6) becomes 

t m L 

t 27. .fl 






(-¥) 



This equation gives us the slope of the curve for the moment t = 0. 
our case we have 

t 10.4 
i 



in 



-i 



1+4.10 

We draw then from the point H in Fig. 141, a straight line having this 
inclination to the horizontal and cutting the ordinate t = l in the point K. 
HK is the first part of the curve, and we must now determine the next 
part. When t = 1, we have 

4-0*8, H-9'5, f_l, T-* = 9. 
From equation (6) we have 

di - /9'5 0*5\ A __ c 

This, then, is the trigonometrical tangent of the angle made with the 
horizontal by the geometrical tangent to the curve at the point K. We draw 
the line KM having this slope, and have now, with sufficient approximation, 
got the curve from H to M . At tne point M we have 

t, = 1*055. h = 8*945, t = 2, T- 1 = 8 



di 



From these values we can calculate -j and draw the next portion of 

curve, and so on, until the whole curve is obtained. At any given moment 
we have AB = i u BG=i, BD = i % . The value of i finally becomes negative 
It is evident that the current changes very rapidly towards the end of the 
short-circuit. 

3. To determine the conditions for sparkless commutation in the mag- 
netic neutral axis we shall find the current density under the trailing 
brush -tip. We have already mentioned that the current density is inversely 
proportional to the contact area, that is, to T — t, 



the 



♦ See Rothert, E. T. Z., 190*2, p. 865. 
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We have then, neglecting a constant coefficient, 



c — 



T-t l 



where c is the current density. 

During the last moments of commutation, when t is nearly equal to T, 
the value of i, will approach 2/ t since practically the whole current passes 
through the new segment. If we assume that the end of the curve is a 
straight line making the angle a with the horizontal, we have 

di t» 



At this final moment 






T-t 
di 
Jt> 



21 



or, using equation (6) and putting 7 = ts 

R.T f 2/\ 

or t> 
Solving for c, we have 



c = 



.(88). 



R.T-L 

It follows from this equation that with commutation in the neutral zone 

the current density under the trailing brush-tip can only then have a positive 

R T 

—4— is greater than 1. This result is found to agree very 



finite value, when 



well with the conditions for sparkless commutation derived from actual prac- 
tice when carbon brushes are employed. With copper brushes, however, the 
resistance R is very small and the above condition cannot be fulfilled, but 
yet the machines run sparklessly. This may be due to a large increase in 
the contact resistance with a slight and inappreciable amount of sparking. 

From the condition ' > 1, 

we see, in the first place, that, to obtain sparkless running, it is advantageous 
to have large brush contact resistance, and perhaps even to increase the 
resistance of the short-circuited coil by the use of high-resistance connectors 
between armature and commutator. Carbon brushes are consequently used 
in almost every case in preference to those of copper. In electrolytic 
dynamos, however, where the currents are large and the pressures very 
■nail, carbon brushes cannot be used on account of the pressure drop they 
in trwii 

We see further the unfavourable effect of high speed in reducing the 

available for commutation. This can be overcome to some extent by 

making the brush wider and thus lengthening the period of commutation. 

The fact that several neighbouring coils will then be short-circuited at the 

B considerably complicates the problem. 

It is of prime importance to reduce the self-induction of the coils as much 
as possible. To this end the armature slots are open and coils of a single 
turn used wherever possible. 
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To calculate the self-induction of the coil it is necessary to multiply the 
flux produced per ampere by the number of turns in the coil and by the 
number of such coils short-circuited in series. Very often another conductor 
in the same slot and carrying current in the same direction is 6hort-circuited 
at the same time under a brush of opposite polarity. This has the effect of 
doubling the inductance of the part of the coil within the slot. The calcula- 
tion is greatly simplified by making an assumption due to Hobart, who 
showed that the flux produced per cm. per ampere was about 4 lines within 
the slot and about 0*8 line in the end connections. 

The effect on the above relations of making the brush wider than a single 
segment can hardly be followed mathematically. Hobart assumes that the 
Belf-induction increases proportionately with the number of coils simul- 
taneously short-circuited. This, however, hardly appears compatible with 
the good results obtained by using wide brushes. These good results are 
due to the lengthening of the time T and to the effect of a neighbouring 
short-circuited roil in reducing the self-induction of the active coil. This 
latter effect is due to the currents induced in the neighbouring short-circuited 
coil, which by Lenz's law oppose any rapid change of flux. 

p rp 

If the inequality — j— > 1 be multiplied by J, we get the condition 

The left-hand side represents the ohmic pressure-drop in the contact 
resistance of the brush when the current is uniformly distributed, while the 
right-hand side is equal to the average electromotive force of self-induction 
of the short-circuited coil (see page 86). The condition for sparkless com- 
mutation is therefore that the ohmic drop is greater than the mean e.M.f. of 
self-induction. 

It is customary, however, to discuss the problem from the point of view 
of another E.M.F., the so-called reactance voltage. This is determined by 
means of a formula, which we shall use in connection with alternating 
currents, viz. 

E r = o> . L . L 

I is the current in one branch of the armature winding, and o> m 2tt*» ii 
the angular velocity of the alternating current vector. <** is the number 
of complete periods per second, and since in our case a half period occupies 
the time T, the number of periods per second is given by the equation 

The reactance voltage, calculated in this way, should not exceed 1 volt 
for Bparkless commutation in the neutral zone. There is, however, ranch 
uncertainty in such predictions as to whether a machine will run sparklefttj 
or not, and we shall not enter into an actual numerical example. 

4. The conditions just established for sparkless running refer to machine* 
with their brushes in the neutral gone, such, for example, as reversible motor* 
The brushes of generators are displaced in the direction of rotation so th»* 
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commutation takes place in a field of suitable strength (Fig. 132). We have 
already seen that this commutating field induces an electromotive force E kl 
which opposes and counteracts the electromotive force E t of self-induction. 

To show the effect of the commutating field we shall consider two specially 
simple cases. We saw above under (1) that a constant current density under 
the brush, that is, a straight line short-circuit curve, is advantageous. We 
shall assume that, under the joint action of the electromotive forces E t and 
E t , the current curve becomes linear. We see then from Fig. 140 that the 

constant value of -^ is -~ , and we have, at every moment, 

di T 21 

Hence, to obtain a straight line short-circuit curve and constant current 
density under the brush, the externally induced electromotive force E k must 
be constant, that is, the short-circuited coil must move in a field of constant 
strength during the whole time of commutation. If this is so it is evident 
that the self-induction may be as large as we please. As a matter of fact, 
however, such a field cannot be obtained, and the strength of the field, in 
which commutation occurs, varies with the load, owing to the distortion pro- 
duced by armature reaction. 

It would evidently be advantageous if the current density under the 
trailing brush-tip were already reduced to zero at the moment of leaving the 
segment. To find the condition for this we apply KirchhofFs second law : 

E t - Et^h .^-tj.r,. 

We make the following substitutions from our previous considerations : 

*.—£.* and V,-in-A.r.( f i 1 -g. 

At the last moment of short-circuit we have 

T=~r~dt ann «~ r 

Our expression of KirchhofT's law may therefore be written thus : 
t, „ / i 27 



L. 



T-t 



-E k = R.T 



\T-t TJ- 



Solving for -= — - , which is the current density *, we get 

21 .R~E k 



8 = 



R.T-L 



(89). 



This equation shows that the current density is infinitely large when 

St 

-j~ = 1 , even when commutating in an external field. There is, however, an 

exception, and that is when E k **2lR. 

RT 
For -j- > 1 the current density under the trailing edge of the brush is 

i, if the externally induced electromotive force E k becomes equal to 2IR t 
is, exactly equal to the pressure drop in the brushes. Whether this 
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RT 

condition can also be obtained when ~j- is less than one is uot quite certain, 

although equation (89) certainly paints to this conclusion*. 

The whole question depends, therefore, on the production of a coinmutat- 
ing field of suitable strength. The most obvious way of obtaining this is to 
suitably shape the pole shoes. The passing of a coil-side from the neutral 
zone into the active field must be gradual. Bad sparking has often been 
cured simply by rounding the edges of the poles. Skewing the sides of the 
pole shoes so that they no longer lie parallel to the armature slots appears to 
facilitate the correct placing of the brushes. Dolivo-Dobrowolskys idea of 
connecting up all the pole shoes by means of an iron ring encircling the 
armature appears to be obsolete. By this means the gradation of the field 
was made very gradual, but the commutating field was very sensitive to 
armature reaction. It was therefore very satisfactory when the brushes could 
be shifted with changing load. 

The requirements of modern specifications, whereby machines must run 
sparklessly from no-load up to 25 per cent, overload without shifting the 
brushes, have greatly increased the difficulties. As a fact, most machines 
will work sparklessly at half-load, but at no-load and full load, with the 
brushes in the same position, the commutation depends largely on the effect 
of the cross-magnetisation (see page 145). 

56. Three-wire Dynamos. 

The advantages of the three-wire system of distribution were pointed out 
on page 25. At the same time we mentioned the earliest aud simplest 
method of obtaining the intermediate pressure, viz. by connecting two 
dynamos in series. Since, however, two small machines are dearer than 
a single large one, a number of other methods have been tried and are in 
use to-day. 

It is simple to obtain an intermediate pressure when a battery works 
in parallel with the dynamo. The middle or neutral wire is then joined 
to the mid-point of the battery. This arrangement has, however, the dis- 
advantage of unequally working the two halves of the battery. 

The method most commonly adopted is to connect two similar motors, 
which are rigidly coupled together, in series and to connect the neutral wire 
to their common terminal. Such a set is called a balancer (Fig. 142). Wheo 
both sides uf the system are equally loaded, the two machines run light, ind 
with similar construction and equal excitation the pressure across the maim 
will be equally shared between them. If now the two sides of the system 
are unequally loaded, as shown in the figure, the machine / will act as * 
generator and deliver the extra current to the positive, overloaded side of 
the system. The motor II will take enough current to drive the generator / 
and to cover its own losses. To make the action of the set as clear as possible 
we shall assume that the ohmic resistance of the machines is negligible 

* The validity and meaning of the above equations hare been warmly discaawd in t°* 
E. T. Z., 1906. 
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If the no-load current of each motor is t, and the pressure across each half 
of the mains e volts, then the no-load power taken by the balancer set is 
2e . *,. If now the machine I acts as a generator and supplies a current x, 
the load on it is e . x. The power required by the motor II is therefore 
2e . h + « . x. The current through it will be 2h + x. From Kirchhoff 's first 
law we know then that the current in the middle wire is 2iq + 2x. This 
must be the difference between the currents i, and t, in the outers. We 
have then 

i l -i t =% + 2x, 



or 






If, for example, t, =» 200, t, =* 150, i a — 5, then the current in the generator / 
will be 

200 - 150 



x = 



- 5 = 20. 



The machine II will take the current 

x +2ta =20 + 10 = 30, 
and the current in the main dynamo (Fig. 143) will be 180 amperes. 





Fig. 142. 



Fig. 143. 



As we shall see in Section 63, a back e.m.f. is induced in the motor, 
which, if we neglect the armature resistance, is equal and opposite to the 
terminal pressure. Since the machines I and II are similar, and have the 
same excitation and speed, it follows that their electromotive forces are 
the same. Hence, their terminal pressures are equal and the balance of 
pressure is perfect. 

As a matter of fact, however, the result will be affected by the armature 
resistance, which is not negligible. The terminal pressure of the generator 
will be given by the formula 

e ■= E — t . R a » 

and that of the motor by the formula 

As the generator is connected across the more heavily loaded side, this 
side will have the lower pressure. The difference can be diminished by 
exciting each machine of the balancer set off the opposite side of the system. 
The field coils of the generator would then be supplied from the pressure 
of the lightly loaded side, thus increasing its E.H.P., while the e.m.f. of the 
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motor would be decreased. The same result can be obtained by passing 
the middle-wire current round a few series-turns on the fields of each 
machine, 

A simple and interesting method of obtaining a middle point is that due 
to Dolivo-Dobrowolsky (Fig. 144). Two points of the winding, separated 
from each other by a pole-pitch, are connected to two slip-rings. By 




Fig. 144. 

of brushes these rings are connected to the terminals of a so-called choking 
coil, a coil of large self-induction wound on an iron core. An alternating 
current flows through this coil and produces lines of force, which cut through 
the turns of the coil and induce electromotive forces opposing the current. 
The alternating current passing through the coil is therefore only large 
enough to produce this flux, and is prac- 
tically negligible. The coil has a very 
small resistance to continuous currents. 
If now the middle wire is connected to 
the middle point of the coil, the pressure 
difference between it and each of the outer 
U a half of the terminal pressure of 
the dynamo. A more perfect arrangement 
was proposed by Sengel, who connected 
three points of the winding, separated by 
J of the pole-pitch, to three slip-rings. 
Th« three brushes were connected to the 
terminals of three choking coils, the other 
terminals of which were connected together 
and to the middle wire (compare tin- M-phase star connection). 

Dettmar solved the problem in another manner by connecting the middle 
wire to an auxiliary brush placed on the commutator half-way between the 
main brushes (Fig. 145)*. As this auxiliary brush short-circuits two seg- 
ments whenever it bridges the insulation between them, it is necessary tbtf 
the coil, thus short-circuited, should be moving in a weak field. Thi L '" 

• See E. T. Z., 1897, pp. 66 and 230. 




Fig. 145. 
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arranged by leaving a gap in the middle of the pole. The figure represents 
really a two-pole machine, the north pole of which is split into two parts N x 
md JV" a with a gap between them. In order that the pressure of either side 
of the system may be regulated without interfering with the other, the field 
coils of the poles .AT, and 8% must be connected in series and controlled 
separately from the field coils of the poles N a and 8 U which are likewise 
in aeries, since diametrically opposite wires on the armature are connected in 
series. 

It can be easily seen that the cross-magnetisation of the armature will 
lower the pressure of one half of the system and raise that of the other. As 
in the case of the balancer it is advantageous to excite the field magnets of 
one side from the pressure of the other side of the system. 
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57. Characteristics of separately -excited dynamo. — 58. Characteristics of series dynamo.— 
59. Characteristics of shunt dynamo. — 60. Dynamo and battery in parallel. — 61. Efficiency 
of dynamos. 

57. Characteristics of separately-excited dynamo. 

In this machine the field magnets are excited from an external in- 
dependent source (Fig. 146). In the first place we shall consider the effect 
of varying the speed when the machine is running light, i.e. unloaded, with 
constant excitation. From equation (79), on page 120, the electromotive 
force is known to be 

E=2. 



II 
60 



10~ B volts. 



Since, under the assumed conditions, n is the only variable on the right- 
hand side of the equation, the electromotive force must be proportional to 

HHWf h 



A/WWV 





Fig, 146. Fig. 147. 

the speed, If then we plot the observed values of the speed as abscissae and 
the corresponding values of the electromotive force as ordin&tes, we shall 
obtain a straight line through the origin as shown in Fig. 147. 

If now we vary the experiment by keeping the speed constant and varying 
the exciting current by means of a resistance in series with the field winding 
(Fig. 148), and plot the observed electromotive forces against the corre- 
sponding values of the exciting current, we obtain the curve shown in 
Fig. 149. This curve is called the no-load characteristic, or magnetic 
curve. The electromotive force increases proportionately with the magne- 
tising current up to a certain point, beyond which, however, the electromotive 
force increases less rapidly owing to the increasing saturation of the iron. 
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The values of the ordinates are obtained by connecting a voltmeter across 
the dynamo terminals. At no-load the PJ). between the terminals is equal 
to the E.M.F. induced in the armature, which is proportional to the flux N. 
The ordinates in Fig. 149 therefore represent to a certain scale the values 
of N corresponding to the various values of the mating current. Hence 
we are quite justified in calling the curve the magnetisation curve of the 
dynamo. 

There is, however, an important difference between the magnetisation 
curves considered in a previous section and this no-load characteristic. There 
the abscissae represented the ampere-turns per cm. and the ordinates tin 
flux density or lines per sq. cm., whereas here the abscissae represent the 
an i [m re-turns for the whole path, partly in iron and partly in air, and 
the ordinates represent the total flux. 



HHHHh Hh 

V°p — vwvw — ' 






t*i 



Fig. Us. 



Fig. 149. 



We will now predetermine the no-load characteristic of a given machine, 

shown quarter-size in Fig. 150. The armature teeth and the air-gap are 

shown full-hize in Fig. 151. We must first determine the cross-section of 

the magnetic path in the armature core, teeth, air-gap, pole-cores and yoke. 

iuve, 

diameter of armature D= 15 cms. 

internal diameter of armature (in this case the 

diameter of the shaft) D 9 = 3*5 cms. 

axial length of armature L = 11 cms. 

depth of slot d = 2 cms. 

breadth of slot 6 - 0*5 cm. 

number of slots 8 = 36 

distance from pole to armature — 0*2 cm, 

angle subtended by pole ft *= 70° 

space lost in paper insulation between laminations... = 15 % 
cross-section of magnet yoke ring = 37 sq. cms. 

For the cross-section of the armature-core normal to the flux, we have 
A a = 0-85 (D - D c - 2d) . L = 70 sq. cms. 
To find the effective cross-section of the teeth we must subtract the sum 
of all the slot- widths from the periphery measured half-way down the slots, 

Cft 11 
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and multiply the remainder by ^^. Taking into account the factor 0'85 for 
the paper insulation, we have 

A t m 085 [(D - d) w - S . b] —^ = 41 '5 sq. cms. 




Fig. 150. 

If we make the simple but approximate assumption that the lines of 
force cross the air-gap in the manner shown in Fig. 151, the cross-section 
of the gap A,j is the mean of the area of the pole-face and the total area of 
the tops of the teeth facing the pole. If the double air-gap has a length 

l g = 0*4 cm., 
the area of the pole-face is 

(D + l g )w. ^ = 104 sq. cms. 
The tops of the teeth have an area 

(Dtt - 36&) ~^ = 62 sq. cms. 

As the mean of these two values, we get 

. 104 + 62 fiQ 
A g = - = 83 sq. cms. 
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The cross-section of the round pole-cores can be seen from the drawing 
obe 

A p =■ 7*4^ . -j m 43 sq. cms. 

Since the flux of each pole divides into two equal parts in the yoke, the 
ffectdve cross-section of the yoke is twice that of the actual magnet ring, 
hat is, 

A p = 2 . 37 = 74 sq. cms. 




Fig. 151. 

The lengths of the paths in the different portions of the magnetic circuit 
an be found from the drawing. It is important to notice that the air-path l 9 
i twice the gap between armature and pole, while the path in the teeth 
3 twice the depth of a tooth. Similarly l p is twice the length of a pole 
bee the flux passes through both a north and a south pole. For l v , how- 
ver, we put the simple length through the yoke from pole to pole. The 
wle-shoes need not be separately considered. The values so obtained are 
ollected in the following table : 



Armature core 
(stampings) 


Armature teeth 
(stampings) 


Air-gap 


Pole-core 
(W.I.) 


Toke 
(0.L) 


A. = 70 
i.=7 


At *> 4,1-5 
fc-4 


4,-88 

Z, = 0-4 


4„ = 43 

Z„ = 12-5 


4 y = 74 
£ = 22 



We have now to determine the number of ampere-turns required to drive 
»he flux through each individual part of the magnetic circuit. For this 
purpose we shall assume four different values of the flux, and work them 
lut side by side. By dividing the flux by the cross-section of the part under 
Consideration, we get the flux-density B t and by reference to the curves in 

Pig. 68, the necessary ampere-turns per cm. fy). This must be multiplied 

by the length of the path in order to get the total number of ampere-turns 
for the part of the magnetic circuit under consideration. 

11—2 
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1. Armature Core. 

N « 0-2 04 0-5 0-6 . 10* 

£,= &=** = 2850 5700 7150 8550 

" Aa 70 



(y J from the curve for stampings « 0*5 1*1 1*4 1*8 

*-'-(?) a = 7 (f).= 3 ' 5 n M m 

2. Abmature Teeth. 

JV= 0*2 0*4 0*5 0*6. 10* 

B t = ^ = J£ 1 := 4800 9650 12000 14400 
A t 41'5 

( y } from the curve for stampings « 0*8 2*3 4 9 

z '=Kf) f = 4 (T)r M M 16 36 

3. Air-gap. 

For the air-gap, we have the fundamental equation (43) on p. 60, 

n „ 0*4 tt . Xg 

We have, therefore, 

N= 02 04 0*5 0*6. 10 1 

B 9=2- = j$= 2400 4820 6020 7220 

Xg - 0*85, . lg = 0-32£„ = 770 1540 1930 2310 

4. Pole-Cores. 

In calculating the ampere-turns for the poles and yoke we must take 
into account the fact that the flux in them is larger than the armature flux, 
on account of leakage. Assuming that the leakage coefficient 

N 

we have N m = 1*2J\T. 

N= 0*2 0*4 0*5 0-6. 10" 

N m = 1-2JV = 0*24 048 0*6 0*72 . 10* 



B p = ^ = ^ = 5600 11200 14000 16800 

* A p 43 

(y ) from the curve for wrought iron = 1*6 5 14 

X p = lp(j\ «12*5(y) « 20 62-5 175 



100 
1250 
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5. Yoke. 



(f). 



JT- 


02 


0-4 


0-5 


0-6 . 10* 


N m =l-2N = 


0*24 


0-48 


06 


072 . 10« 




3250 


6500 


8100' 


9720 


ve for cast iron •« 


41 


19 


53 


107 


.L-2*(£) - 


90 


418 


1160 


2350 
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Fig. 152. 



The total ampere-turns can now be found by adding up the five com- 
ponents, thus 

XTm 0-2 04 0*5 0-6. 10* 



x« = 


3-5 


7-7 


9'8 


12*6 


*«- 


32 


9-2 


16 


36 


X,- 


770 


1540 


1930 


2310 


x p = 


20 


625 


175 


1250 


x r - 


90 


418 


1160 


2350 



XX^Xt + Xt + Xg + Xf + Xy^ 890 2040 3290 5960 

In Fig. 152 the values of armature flux N are plotted as ordinates, and the 
values of X p> X yj X gt and SZ as abscissae. The curve X g is naturally a straight 
line. The values of X a and X t are so small that they have been omitted in 
the figure. It is easy to see from the figure how the total ampere-turns 2X 
are used up in the various parts of the machine. To produce the flux OA, 
for example, we have to employ an excitation AE. Of this, a part AB is 
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required for the poles, a part AC for the yoke and the larger part AD for 
the air-gap, and AE = AB + AC + AD. 

Near the origin the curve for 1.X coincides very nearly with the straight 
line X g , while as the saturation of the iron increases it becomes gradually 
flatter. 

The electromotive force can be calculated directly from the flux N by 
means of equation (79) on p. 120, 

_P - « 



E= r ,X 
a 



60' 



*.10-« volts. 



If, for example, the speed is 1665 revs, per minute and the number 
of wires on the armature periphery is 720, we have for a parallel wound 
armature 

1665 



E=N 



a> 



720 . 10-* = 200 . y . 10-* volts. 



The ordinates of the curve SX give the electromotive force directly on 
the scale shown on the right-hand side of the figure. 

It must be particularly noticed that 2X is the number of ampere-turns 
per pair of poles, since the calculation was made for a complete magnetic 
circuit linking both a north and a south pole. The total number of field 
ampere-turns on the whole machine is p . 2Z. 

Having thus fully investigated the effect on a separately excited dynamo 
of varying its field current, we must now consider the effect of loading the 
machine, that is, taking current from it. We assume that both its speed 
and excitation are kept constant while its terminals are connected by means 
of an external resistance such as a bank of glow-lamps. The greater the 
number of lamps connected in parallel across the terminals the bigger is 
the load on the dynamo. This increase in the current taken from it causes 
a decrease in the p.D. between the terminals. When running on open circuit 
the terminal pressure is equal to the electromotive force, but when loaded it 
is less by the pressure drop due to the armature resistance. If the resistance 
of the armature be R aj the terminal pressure will be given by the formula 

e = E-i.R a . 

If we neglect the effect of armature reaction, the electromotive force will 
be constant since the exciting current is constant, and it can be represented 
by the horizontal line E in Fig. 153. The pressure drop in the armature 
is proportional to the current, that is, to the abscissae, so that the terminal 
pressure is given by the straight line e drawn at an angle o below the line E. 
where 



tan a 



x.R a 



= R a . 



When setting out the angle a it must be carefully noticed that the scales 
for the ordinates and abscissae are probably different, so that we cannot draw 
simply the geometrical tangent. The difference between the ordinates of 
the curves E and e is equal to the ohmic pressure drop for a certain vahe 
of the current, while the ordinates of the curve e give us the corresponding 
terminal pressure. Experimentally the process is of course reversed, since we 
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observe the terminal pressure and add to it the calculated armature drop to 
find the electromotive t 

The results can be plotted in another manner, namely, by setting oat 

the external resistance R t i.e. the quotient t, as abscissae and plotting both e 

and % as ordinates (Fig. 154). Since the product i(R + R*) is equal to the 
constant electromotive force, the curve representing i must be a rectangular 
hyperbola. Its asymptotes are the horizontal axis and a vertical line through 
a point representing — R a . Tbe curve i cuts the vertical axis in the points. 
This corresponds to no external resistance, or, in other words, the dynamo 

E 

is short-circuited and OA = ^- is the short-circuit current. This point lies, 

naturally, quite outside the working limits and could only be found by 
plotting the curve for a very small value of the excitation. 




Fig. 153. 



Fig. 154 



The limits of the curve e in Fig. 154- can be found from the consideration 
that the terminal pressure is equal both to the product iR and to the 
difference E — i . R a . On short-circuit it must be zero, since the terminals 
electrically equivalent to a single point ano r can have no difference of 
■tential. The whole electromotive force is then used up in driving the 
enormous short-circuit current through the armature resistance. On the 
uther hand, the terminal pressure attains its maximum value and becomes 
equal to the electromotive force E when the external resistance becomes 
m&nitely great, i.e. on open-circuit. 

As we have already indicated, the curves would be modified in an actual 
case by the demagnetising effect of armature reaction. Moreover, the 
armature resistance is not constant, but increases with its temperature 
and therefore with the load. It is hardly possible, however, to take these 
points into consideration in a simple manner. Another disturbing influence, 
which we have neglected and which we shall continue to neglect, is the effect 
of remanent magnetism. 
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58. Characteristics of series dynamo. 

Both the consideration and the actual working of a separately excited 
dynamo are extremely simple, since with constant speed and constant excita- 
tion the electromotive force is independent of changes in the external circuit. 
The behaviour of self-excited dynamos is, however, far more complicated, 
since every change in the external circuit affects the magnetising current, 
and also, therefore, the magnetic flux and the electromotive force. 

The relations are, perhaps, simplest in the series dynamo since the arma- 
ture current is here identical with the magnetising current and the external 
current. The series-connection of armature, field and external circuit was 
that which first suggested itself. It has, however, become almost obsolete as 
far as generators are concerned. It was used for supplying a number of arc 
lamps connected in series, but is quite unsuitable when the lamps, as is now 
general, are connected in parallel between the mains. As motors, however, 
series machines are of enormous importance. 
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Fig. 155. Fig. 156 

We shall now consider the effect of varying the external resistance of a 
series dynamo running at a constant speed (Fig. 155). We take correspond- 
ing readings of the current and the terminal pressure, and plot a curve with 
abscissae equal to the current t and ordinates equal to the pressure t 
(Fig. 156). We then draw a straight line through the origin making 
angle a with the base line, where 

tan a m R* + it,,, 
R, n being the resistance of the field winding. The ordinates of this strai 
line represent the pressure drop in the dynamo itself, and by adding this to 
the corresponding ordinate of the curve e we obtain the curve E of the 
electromotive force. This is the characteristic curve of the series dynamo 
and represents the relation between electromotive force and magnetising 
current. If, instead of the current », we had plotted the product of current 
and the number of turns on the field, we should have obtained the same 
magnetisation curve as that found in the previous section (Fig. 152). 
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We see from the curve that the electromotive force vanishes on open- 
circuit, since when the magnetising current ceases the magnetic flux dis- 
appears. If the terminals be joined by means of a reasonably small resistance, 
the machine will excite and produce an electromotive force which will drive 
a current round the circuit. The smaller we make the external resistance, 
the larger, by Ohm's law, will be the current and therefore also the magnetic 
flux and the electromotive force. This reaches its limit when the machine is 
short-circuited. The terminal pressure then vanishes and the whole electro- 
motive force AB is used up in driving the short-circuit current OB through 
the internal resistance. This occurs at the point A, in which the straight 
line cuts the curve E. 

With regard to the terminal pressure we see that the curve reaches a 
maximum with a certain load and then decreases as the load is further 
increased. That this must be so is evident, for, as the iron becomes saturated, 
a point will be reached at which the increase of electromotive force, due to a 
given increase in the current, is not enough to balance the increased drop 
thereby produced. 

This peculiarity was turned to useful account in the machines designed 
for lighting a string of arc lamps in series. It was necessary to make the 
increase of current, due to the short-circuiting of a lamp, as small as possible. 
The cross-section of the iron was therefore made so small that it was highly 
saturated at the normal working current. The machine worked beyond the 
knee of the characteristic curve E, where an increase in the current causes 
but a slight increase in the e.m.f. By making the armature reaction, which 
we have neglected, strong enough, an increase of current might even cause a 
decrease in the e.m.f. On short-circuiting a lamp the current increased 
slightly, but not so much as it would have done, had the electromotive force 
increased with the current. 

The peculiar behaviour of a self-exciting dynamo, in that the electromotive 
force depends on the current taken, is easier to comprehend if we fix our 
attention on the external circuit. The question arises as to whether the 
current is produced by the electromotive force, or the electromotive force by 
the current, through the medium of the magnetic flux. Both views must be 
looked upon as correct, and we then have a complete cycle, without being 
able to say which is cause and which effect. In practice, however, it is the 
external resistance which is arbitrarily varied, and both the electromotive 
fbnx and the current are thereby caused to change simultaneously. 

59. Characteristics of shunt dynamo. 

It is customary, in connection with shunt dynamos, to distinguish between 
an internal and an external characteristic. The internal or static character- 
istic is obtained by running the machine light at a constant speed and 
varying the resistance of the field circuit by means of a rheostat or variable 
resistance. By plotting the values of the magnetising current t m as abscissae 
and the values of the terminal pressure e as ordinates we obtain a curve 
exactly similar to the characteristic of a series dynamo or to the no-load 
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characteristic of a separately excited machine and there is therefore no n- «i 
to examine it further. This curve is called the internal or static characteristic 
of the shunt dynamo. 

We must now consider the behaviour of a shunt dynamo when its load or 
external current is varied. In the series dynamo the field winding and the 
external circuit are connected in series, with the result that the electro- 
motive force is largely dependent upon the external current In the shunt 
dynamo, on the other hand, the field winding is in parallel with the extern*! 
circuit, that is, it is connected directly to the brushes (Fig. 157). As the 
result of this arrangement variations in the external current do not react 
directly on the electromotive force. The external current has, in fact, only ■ 
small secondary effect on the excitation and E.M.F., and, within the pn- 
working limits of the machine, we are dealing with a relatively constant 
electromotive force. The behaviour of a shunt dynamo in actual operation is 
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Fig. 157. 



Fig. 158. 






consequently simple, but a clear understanding of its behaviour is usually a 
matter of some difficulty to the beginner. 

In the first place, an increase in the external current causes an increase 
in the armature current. The armature current is the sum of the external 
and the shunt currents, thus 

i a =i + i f . 

In consequence of this increase the pressure drop in the armature is 
increased and the terminal pressure tails, in accordance with the equation 

e = E-i a R a . 

The terminal pressure is therefore greatest at no-load and gradually falls 
with increasing load. Since the field winding is connected directly across 
the brushes, the decrease in the terminal pressure causes a corresponding 
decrease in the shunt current. This leads to a diminished flux and a pro- 
portionately smaller) E.M.F., in consequence of which the terminal pressure 
decreases still further. The variation of pressure with load is therefore 
greater in a shunt dynamo than in a similar separately excited machine. It 
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however, very much smaller than the pressure variation of a series 

is possible, however, to design the shunt dynamo so that the drop of 
pressure from no-load to full load is almost as small as that of a separately 
excited machine. This result is obtained by working some part of the 
magnetic circuit at a high saturation. The magnetic flux is then but little 
affected by considerable variation in the magnetising current, and the drop is 
almost entirely due to the ohmic resistance. Such machines are specially 
suitable for electric light stations, where constancy of pressure is an absolute 
necessity in the interests of steady illumination. The small unavoidable 
changes in the pressure which still occur are counteracted by means of 
variable resistances, or rheostats, in the shunt circuit. 

Machines which are to be used for charging accumulators should, on the 
other hand, be designed with low flux-densities in the iron. When beginning 
to charge, resistance is put into the field circuit, which, as the charging 
proceeds, is gradually cut out. In this way the flux and E.M.F. are gradually 
increased, and the current maintained at a constant strength in spite of the 
increasing counter-electromotive force of the battery. 

If now we determine the external characteristic of a given machine 
experimentally by switching lamps, one after the other, in parallel across the 
mains and so varying the external current, we find that the P.D. between the 
terminals gradually falls. This is exactly what we should expect from our 
above considerations and is shown graphically by the upper branch of the 
curve in Fig. 158. If, however, we increase the number of lamps, and there- 
fore decrease the external resistance, beyond a certain point, the current does 
not continue to increase, as we should expect, but decreases. The terminal 
pressure continues to decrease until the machine is short-circuited, whni it 
naturally falls to zero. The magnetising current ceases at the same time 
and with it the magnetic flux which it had produced. Were it not for 
remanent magnetism, there would be no E.M.F. and consequently no armature 
current. The lower part of the curve in Fig. 158 would then pass through 
the origin, whereas the remanent magnetism causes it to meet the base line 
a little to the right of the origin. 

The action of the shunt dynamo will probably be made much clearer if 
we evolve the external or dynamic characteristic from the internal or static 
characteristic. We shall neglect the effect of armature reaction. We plot, 
in the first place, the magnetising current as abscissae and the electromotive 
force E as ordinates. This is the internal characteristic and is shown in 
Fig. 159. Since, in our present experiment, we vary only the external 
current and leave the resistance of the field circuit unaltered, the terminal 
pressure must be proportional to the magnetising current, in accordance with 
the equation 

e = i s R 9 . 

For the curve of terminal pressure e we therefore get the straight line in 
Fig. 159. Now the difference between the ordinates of the two curves E 
and e must be equal to the pressure drop i a . R a = (t + » f ) . R& in the armature, 
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and is therefore proportional to the armature current. By subtracting the 
shunt magnetising current from the armature current found in this way. w* 
got the external current, which, plotted as ordinates, gives us the cur\ 
the figure. As the curve shows, there is one special load at which the 
current is a maximum. 

Since the abscissae i t in Fig. 159 are proportional to the terminal pressure, 
the curve i in Fig. 159 is identical, except as regards scale, with the curve e 
in Fig. 158. It is, however, turned through 90° so that the left-hand part of 
the curve i in Fig. 159 corresponds to the lower curve in Fig. 158, where, 
owing to the large number of lamps connected in parallel, the machine is 
nearly short-circuited. The right-hand part of Fig. 159 corresponds to the 
upper curve in Fig. 158, that is, the working portion of the characteristic 
where considerable variation in the load causes but slight changes in the 
pressuh . 

Compound dynamos may be regarded as shunt dynamos, the fields of 
which are strengthened when the load comes on by means of a few series 
turns carrying the main current. In this 
way the drop due to armature resistance 
and armature reaction is neutralised and 
the terminal pressure maintained constant 
at all loads. If over-compounded, that is, 
provided with a greater number of series 
turns, the terminal pressure increases with 
the load, rising, for example, in many trac- 
tion generators from 500 volts at no-load 
to 550 volts at full load, thus making it 
possible to maintain a pressure of 500 volts 
at distant points of the system. 

Now the maintenance of a constant 
pressure in spite of variations of the load . _ 1 "* 

is of the utmost importance for the supply £* 

of power to glow-lamps, since these are extremely sensitive to changes of 
pressure and the effect of such changes on the eye is very disagreeable. 

The compound dynamo appears therefore to be specially suitable for 
electric lighting. As a matter of fact, however, it is rarely used for this 
purpose and the majority of lighting stations will be found to contain shunt 
dynamos only. This is due to the fact that sudden overloads cause & 
momentary drop of pressure even on a compound dynamo, since the engine 
governor cannot act instantaneously and the speed is consequently reduced. 
This causes the E.M.F. and the terminal pressure to decrease, and this leads 
to a decrease in the shunt current and a further fell of pressure. A lighting 
station, moreover, is not subjected to the sudden, and often enormous, 
variations of load experienced in a traction station. The changes are usually 
gradual and allow the switchboard attendant ample time to counteract the 
drop by means of the field rheostat. The added complication of compound 
dynamos is therefore unnecessary in such a station. 

Compound machines, like series machines, are quite unsuitable for charging 
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accumulators. If they be used for this purpose and the speed of the engine 
falls on any account, the back e.m.f. of the battery may overcome the 
forward e.m.f. of the dynamo and drive a reverse current round the circuit. 
This current will pass through the series field winding and reverse the 
polarity of the magnets. The electromotive forces of dynamo and battttf 
are no longer in opposition, but acting together in a circuit of very 
low resistance. The current will therefore rapidly rise to a dangerous 
value. 

It however, a shunt dynamo is used, the positive pole of the battery is 
always connected to the positive pole of the dynamo, and the shunt current 
in the dynamo field-coils is always in the same direction, even when the main 
current is reversed. The electromotive forces of the battery and dynamo are 
always in opposition. When the main current reverses, the battery drives 
the machine as a motor and the current cannot reach a dangerous limit. 
Trouble might be caused, however, by sparking at the commutator, since the 
correct position of the brushes is different in the case of a dynamo and that 
of a motor. This can be prevented by putting a minimum cut-out in the 
main circuit. This consists of an electromagnet excited by the main current 
and holding up an armature so long as the current exceeds a certain value ; 
if, however, the current falls below this value, the armature is released and 
automatically opens a switch in the main circuit. 



60. Dynamo and Battery in parallel. 



tThe practically constant supply pressure which we saw in the last 
:tion to be necessary for electric lighting can be obtained by the use of a 
y of accumulators connected in parallel with the dynamo. The battery, 
moreover, constitutes a very desirable reserve, as the dynamo Qaed only be 
large enough to deal with the average load instead of the maximum load, 
and may, at times of very light load, or in case of necessity, be shut down 
without interrupting the supply. Finally, the battery enables the dynamo 
to work at constant full load in spite of the variable load on the station 
(buffer batteries in traction stations). The steam consumption is thereby 
made uniform and considerable economy effected. 

These advantages depend on two characteristic properties of the accumu- 
lator, viz. its constancy of K.M.F. and its low internal resistance. As a result 
of the latter the drop of pressure in the battery may be almost neglected 
and the terminal pressure is practically equal to the electromotive force. 
The shunt dynamo may be looked upon as separately excited, since the field 
winding is virtually connected across the constant terminal pressure of the 
battery. We shall consider the effect of 

1. variation of load, 

2. variation of engine speed, 

3. variation of excitation. 
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1. Effect of variation in the external load. 

If the speed and excitation be constant and the electromotive force be 
then the armature current will also be constant and will be given by t 
equation 

. E-e 

where e is the terminal pressure, maintained constant, as we have seen, by 
the battery. We see then that neither the terminal pressure nor the dynamo 
current are affected by changes in the external load. If, for example, the 
battery is discharging (Fig. 160) and more glow-lamps are switched into the 
external circuit, the extra current required is supplied almost entirely bj tin* 
batter}' discharging at a higher rate. If, cm the other hand, the battery is 
being charged (Fig. 161) when the extra lamps are switched on, the current 
required will be drawn from the battery by taking a part of its charging 
Ditidtarguur Chai-amg 
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Fig. 160. Fig. 161, 

current. We have here, therefore, an exceptional case in which the generator 
gives practically a constant current, which we divide, as we choose, between 
the battery and the external circuit. 

The battery will pass from a condition of charging to one of discharging 
simply by changing the load in the external circuit. If, for example, the 
external current is smaller than the armature current, the excess current will 
pass into the battery and charge it. If, now, the external current increases 
beyond the armature current, the batten* will give a discharging current. If 
the dynamo gives the average current, the battery will be continually 
changing from charge to discharge and vice versa. This change is only 
possible if the terminal pressure of the battery changes. When charging the 
terminal pressure must be greater than the E.M.F. in accordance with tl 
equation 

e = E b + i b .R b . 

When discharging, on the other hand, the terminal pressure must 
smaller than the E.M.F. of the battery, as shown by the equation 

e = E b — i b . R b . 

These changes are small and we can therefore neglect them in our 
sideration of the subject. 
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2. Effect of speed variation. 

We have assumed in the foregoing that the electromotive force of the 
dynamo is constant, but we shall now consider the effect of speed variation 
on terminal pressure and armature current. We shall assume the external 
load to be constant. When running without a battery in parallel a change 
of speed has a large effect on the terminal pressure, but in the present case 
the terminal pressure is maintained constant by the battery. A change in 
the E.M.F. of the dynamo will, however, cause the armature current to 
change, in accordance with the formula 

. E-e 

If, for example, the speed suddenly drops, the E.M.F. decreases and with 
it the armature current. Since the current in the external circuit is con- 
stant, the batter}', if discharging, must give a greater current, the smaller 
that given by the dynamo. If charging, a decrease in the dynamo current 
causes a decrease in the current passing into the battery. Hence, speed 
variations of the engine are converted into variations of battery current. 



3. Effect of variation of excitation, 

A change in the rheostat in the field circuit has, naturally, a similar effect 
to a change of speed. If, for example, we wish to charge the battery, we 
adjust the field current until the terminal pressure of the machine is slightly 
above that of the battery. The switch is then closed so that similar poles of 
the machine and battery are connected. Since the electromotive forces 
oppose each other, the current is practically nil, but can be brought up to 
the desired value by adjusting the field rheostat (compare the above formula 
for i n ). The reading on the voltmeter is only slightly changed, since the 
terminal pressures of both dynamo and battery are identical. 

To stop charging, the field current is weakened until the armature current 
falls to the value of the external current. The battery is then carrying no 
current, but can remain across the bus-bars or terminals to act as a pressure 
regulator. 

At times of exceptionally heavy load the shunt rheostat is used to 
distribute the load in a suitable manner between battery and machine. The 
excitation can be adjusted until the machine is working at full load, so that 
the battery is left to deal with the variable overload. 

We have assumed that the battery pressure is constant, and we are justified 
in making this assumption, in so far as the small effect of the variable current 
is concerned. We have already seen, however, that the terminal pressure of 
the battery gradually changes as charging or discharging proceeds (Figs. 26 
and 27). To maintain a constant pressure, battery switches are often em- 
ployed, by means of which cells can be added to or removed from the battery. 
In order that the current may not be interrupted when switching another cell 
in or out, an arrangement is shown in Fig. 162, in which auxiliary contacts 
are fitted between the main contacts and connected to them by means of 
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resistances. The moving contact is wide enough to span across the insulation 
between the segments. In the position shown the lamps are connected across 
the main cells only, and the first regulating eel) is short-circuited through the 
resistance between the contacts. By turning the switch-arm to the right it 
is made to lie on the auxiliary contact only. The first regulating cell ifl 
in series with the battery across the mains and by suitably choosing the 
auxiliary resistance, which is now in the main circuit, the supply pressure 
may be made to rise about 1 volt, depending on the strength of the current. 
On moving the arm over on to the main contact the first regulating cell is 
connected directly to the mains and the pressure increased by another volt. 
The pressure can thus be adjusted by steps of two volts, the auxiliary contacts 
being only used to pass from one step to the next. 

Another device is illustrated in Fig. 163. Here the switch-arm con 
of two parts rigidly fixed together but insulated from each other. In the 
position shown the first regulating cell is short-circuited through the two 
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arms and the auxiliary resistance. On turning the switch further to the right, 
the main arm leaves the end contact and thereby puts the first regulating 
cell in series with the battery across the mains. The auxiliary resistance is 
in circuit, however, and the increjise of pressure is less than two volts by un 
amount depending on the current. On turning the switch still further to the 
right, both arms will lie simultaneously on the second contact block, and 
finally the auxiliary contact will leave the block and lie between it and the 
next block. The pressure on the mains has then been increased by two volts. 
The use of these simple battery switches is to be recommended where the 
charging is done when there is no external load (Fig. 164). The switch is 
then used during the morning as a charging switch, beginning with it on the 
right-hand stop and gradually moving it over to the left as the cells become 
charged. The right-hand regulating cells were probably only used towards 
the end of the previous evening and are consequently fully charged long before 
the main battery. During the process of charging, therefore, the switch-arm 
is gradually moved from right to left. Since the battery pressure during the 
charge is greater than that for which the lamps are designed, it is necessary 
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the switch A open. When the cells are all fully charged the switch 
w opened. 

lamps are to be lighted, the switch A is put on to such a contact 

volts across the mains on closing the switch A will be correct. The 

is then closed and the dynamo run up and put in parallel as already 

The field current is adjusted until the dynamo is on full load, if 

and the battery is not called upon to share the load on the station 

exceeds the full load of the dynamo. During the night the dynamo 

shut down and the battery left to take charge of the all-night load. 

itain the pressure on the lamps, the switch-arm will have to be moved 

adually from left to right. 

t number of regulating cells required with this arrangement can be 
from the fact that the pressure of a cell at the commencement of dis- 
is about 2 volts, while after discharging as far as permissible it is only 
la. If the supply pressure is 110 volts the number of newly charged 
ust be 110/2 = 55. At the end of the discharge the number must be 
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Fig. 165, 



td to 1 10/1*8 — 60. We see, therefore, that about 10 per cent, of the 
must be connected up to the batter}' switch. 

above plan of disconnecting the external circuit while charging the 

, will hardly be practicable in the majority of cases. If we have to 

in the supply during the time that the battery is being charged, ire 

;ae our single battery switch as a discharging switch to maintain 

t supply pressure (Fig; 166), The dynamo must be connected to the 

I by means of the two-way switch EL. The dynamo current divides 

the battery and the externa] circuit, except that the regulating cells 

ht of the switch-arm carry the whole current. Hence, the very eulU 

ed it least get the greatest charging current. When the charging is 

the dynamo must be disconnected and its pressure reduced by means 

Id rheostat to that of the mains. The two-way switch is then put on 

d the battery used simply as a pressure regulator, until the load 

to such an extent that battery and dynamo must work in parallel. 

vantages of this arrangement are evident. The regulating cells 
nly a source of waste, but are rapidly destroyed through being con- 

12 
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tinually overcharged at a high current density. Another disadvantage i 
the dynamo must give the full charging pressure of the whole battery, which, 
with a supply pressure of 110 volts and the 60 cells calculated abnvt?, would 
be 60 . 2*7 = 162 volts. If, however, the end cells could be cut out as they 
became charged, we should only require a terminal pressure of 150 rotte. 
The cost of the machine would therefore be unnecessarily high, since such a 
machine is always designed for the maximum pressure, Le. for the corre- 
sponding flux in the field magnets. When the machine is working in parallel 
with the battery and giving a terminal pressure of 110 volts, the flux is 
reduced by means of the field rheostat and the machine is larger than actually 
required for working under these conditions. 

In order that the cells may be charged without interrupting the supply, 
the regulating cells must be connected up to a double battery-switch (Fil; 
The supply mains are then permanently connected to the discharging side of 
the switch, which serves as a pressure regulator both when charging and when 
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discharging. The charging switch-arm lies always to the right of the dis- 
charging arm and should never be brought inside it. Both arms will be 
gradually moved from right to left as the charging proceeds until finally both 
• h. on the left-hand contacts, and dynamo, battery and mains have the same 
pressure. Although the end cells are switched out as they become charged 
Mid are consequently saved from the continual overcharging which they 
suffered in the previous arrangement, the cells lying between the two switch- 
arms are still charged with a current equal to the sum of the battery current 
and that supplied to the lamps. 

The two-way switch is now moved over to the upper contact and the 
dynamo and battery are in parallel across the mains. By suitably adjusting 
the field rheoBtat the load can be subdivided as desired. As the battel] 
charges the tower switch-arm is gradually moved to the right, som< I 
carrying the upper one with it by means of a stop, so as to ensure that the 
latter is not to the left of the former when charging is commenced. 

As can be seen from the figure, the corresponding contacts of the charging 
and discharging switches are metallically connected and only a single row of 
contacts is actually necessary over which two switch-arms can be independently 
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moved. The arrangement shown in Fig. 166 is, however, more easily under- 
stood. 

Although the use of a double battery-switch makes it possible to charge 
without interrupting the constant pressure supply, and also to switch off the 
regulating cells as they become fully charged, it does not obviate the necessity 
for making the dynamo capable of giving a pressure far in excess of the 
normal supply pressure. The disadvantage of requiring the dynamo to work 
normally at one pressure and yet be capable of giving another, much higher, 
pressure when necessary, is specially noticeable in larger stations. The 
machines are compelled to run normally at an output far below their maxi- 
mum and the capital outlay is lmii'Mvssarily large. This disadvantage is 
completely removed by the use of a so-called booster, which is a compara 
small dynamo (Xgmecterl in series with the main dynamo. The latter is then 
designed for the normal supply pressure, without any provision for a large 
increase of pressure. The iron of the machine can be highly saturated, thus 
reducing both the size and cost of the machine. A further saving is effected 
in the field rheostat which need not be nearly so large. 
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Fig. 107- 

An arrangement including both a double battery-switch and a booster is 
shown in Fig. 167. The main dynamo is connected permanently to the 
urge switch-arm, while the booster is connected between the two switch- 
arm.* and charges the cells lying between them. If the excitation of the 
booster is adjusted until its current is equal to the charging current through 
tht- main batt ery , no current will How through the discharge switch-arm. 
The latter will then resemble the galvanometer connection in the Wheatstone 
bridge in that it connects two points at the same potential. The battery will 
then act simply as a pressure regulator. 

To determine the number of regulating cells required in this arrangement, 
we have, in the first place, to be able to obtain the supply pressure of, say, 
110 volts towards the end of the charging when each cell has a pressure ■ >!' 
about 2*7 volts. The main battery must therefore contain no more than 

1*2 — 2 
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— - = 40 cells. In the second place, when the cells are almost discharged, 

the pressure of each will drop to 1*8 volts and the number then required will 

be •=-* = 60. The whole battery must therefore consist of 60 cells of which 
1*8 

20, i.e. about 30 per cent, are connected to the battery-regulating switch. 

In many modern stations battery-regulating switches are more or less 
eliminated by the use of automatic boosters, in which the field is produced 
by the resultant effect of several distinct windings. One winding will cause 
the E.M.F. of the booster to vary with the load, while another will take into 
account the state of the battery. In this way the pressure of supply is main- 
tained practically constant and the battery caused to charge or discharge 
according as the load on the station is below or above the normal*. 



61. The efficiency of dynamos. 

In considering the losses occurring in dynamos we shall first consider the 
no-load losses. In the first place we have mechanical friction at the bearings 
and brushes. To this must be added the air-frictiou, or so-called windage. 
which is very considerable in modern well-ventilated armatures. These 
frictional losses are independent of the excitation. We have also, hm 
the losses due to hysteresis and eddy currents, which depend on the excitation. 
The hysteresis loss occurs in the iron of the armature and is approximately 
proportional to the 1'Cth power of the flux-density. The eddy current loss 
occurs in the armature iron, the armature conductors and the pole-shoes. 
This loss is proportional to the square of the flux-density, since an increase in 
the number of lines causes an increase not only of the electromotive force but 
also of the eddy currents. The no-load loss for a given excitation can generally 
be looked upon as a constant loss. 
To this no-load loss we must add : 

the copper loss in the armature i^ 1 . R a , 

the copper loss in the series field winding i m 9 *<R«i 

the copper loss in the shunt field winding *,. e. 

The last one of these losses is dependent on the excitation and will th-.-rv- 
fore vary somewhat with the load under which the machine is running. The 
variation is small, however, and this loss may be considered constant. We 
are assuming here that the terminal pressure is maintained constant 

The overall efficiency of the machine is the ratio of the useful output *.< 
to the total power supplied to the machine. The latter is made up of the 
no-load losses and the total electrical power E .i generated in the armatnrv 

We have then for the efficiency 

e.i 

77 = 



E.la + Po 



(90) 



■ See "Storage Battery Engineering" by Lamar Lyndon. 
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where P is the power taken when running light, excluding the loss in the 
field windings, or, if we introduce the individual losses, 

e. i 



V = 



e.i + i a *.R a + hJ. R* + «.*,+ P 



(91). 



This formula applies both to series, shunt and compound dynamos. If 
the compound machine has the short-shunt arrangement, that is, with the 
shunt field across the brushes instead of the terminals, the pressure across the 
shunt will be less than e, but the difference is so small that we may safely 
neglect it. In the simple shunt dynamo {„, =* and i a = i + l t . 

We have then for a simple shunt dynamo 

*- — A D ■«.- -■ p\ ,. » .__■.* (92), 




0.i + ^.2Z. + 2t.i«.Jt a + t l > . A« + 0.t c + P, 



?; = 



€ + 2l, . /{. + i . JZa + 



P. + i, s .jR o +0. 



H 



The efficiency will be a maximum when the denominator is a minimum. 
WY must therefore differentiate this expression with respect to i, and put the 
result equal to 0. We have seen above that both e and *', may be considered 
constant. We will also neglect the product i, 9 • Ra °n account of its smallness. 

n ft + ff. 



We get then 



0. 



or P.Ra^Po+e.i,. 

Now the external current is practically equal to the armature current, so 
that the left-hand side of this equation represents the armature copper loss. 
The right-hand side represents th« losses, which are practically constant, viz. 
the friction loss, the iron loss, and the shunt field loss. Hence, the efficiency 
is a maximum when the variable losses are equal to the constant losses. 

Moreover, it is specially noteworthy that the efficiency curve, plotted to a 
base of variable output, is more or less parallel to the base line over a large 
range on either side of the maximum point. A large variation of load has 
consequently little effect on the efficiency. 

As an example we shall take a machine for 110 volts and 100 amperes. 

Its no-load loss, that is, the power required to drive it when excited, but 

on open circuit, is 760 watts. Its full load efficiency is 0'88. The total 

r transmitted from the engine to the dynamo shaft is therefore 

■ a! ■ =12,500 watts. The total losses are ^ . 1 2,500 = 1 ,500 watts. 

The dynamo has then its maximum efficiency at full load. The no-load loss 
of 750 watts is distributed between the field coils, which take 250 watts, and 
the friction and iron loss, which amount to 500 watts. 
We have then e . i t = 250, 

«.=ns -2-3, 

t, - 1 + H - 100 + 2*3 = 102-3, 
t.M* a =750, 




750 



750 
102-3 1 



= 0-071 
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We now assume that f.ho dynamo is run first on half-load and then on 

100 per cent, overload. Neglecting any small change in the field current, 

we have 

i load 

i = 50 

V„ = i + t, = 50 + 2-3= 52*3 

t. 1 . 12. -52-3'. 0*071 « 194 

e . i, = 250 



and 



100 per cent, overload 

200 respectively, 
2023 



e . i — output 
P. 



5.500 



17 = 



= 5,500 

= 500 

Input = 6,450 

= 0*85 



2,900 
250 
22,000 
500 
25,650 
22,000 
25,650 



= IVXH. 



6,450 

Hence we see that the efficiency is very constant in the neighbourhood of 
its maximum, even for large variations in the load. The designer has a 
certain amount of freedom in the distribution of the total losses between 
constant losses and armature copper loss. The necessity for keeping down 
the pressure drop in the armature makes it impossible, as a rule, to design 
the machine so as to have its maximum efficiency at the nonnal load. In 
the above example the armature drop t..l2« = 100. 0*071 = 7 volts, the 
E.M.F. is 110+7 = 117 volts and the percentage drop in the armature is 
7/117 » 6 per cent. Moreover, if the armature resistance be made too great, 
the heat generated may be more than the armature surface can safely get rid 
of without reaching a dangerous temperature. In fact, the exact point of 
maximum efficiency is hardly considered when designing a dynamo, and the 
losses are distributed from entirely different practical considerations. As a 
rule the armature copper losses are leas than the constant losses under normal 
running conditions so that the efficiency increases with the load, even up to 
considerable overloads. 

We shall now consider the experimental determination of the various 
individual losses which go to make up the no-load loss of a dynamo. The 
loss in the field windings is easily found from the ohmic resistance and the 
field current, so that we need consider only the remaining losses P.. If we 
have another suitable machine which can be used as a motor to drive the 
dynamo we are testing, the two are coupled together and the power measured 
which the motor takes to run the dynamo at the normal speed with its field 
magnets unexcited. The amount by which this exceeds the power taken by 
the motor when uncoupled is almost exactly equal to the friction loss in the 
dynamo. If the experiment be repeated with the dynamo fields excited, the 
power taken by the motor will increase by an amount P^ + P, equal to the 
hysteresis and eddy current loss in the dynamo. 

Having found in this way the loss due to friction and that due to hysteresis 
and eddy currents, the experiment is repeated at another speed, the excitation 
of the dynamo being the same as before. 

The loss P h + P 4 is divided by the speed n to which it corresponds 
and the quotient plotted vertically on a base representing the speed n 
(Fig. 168). Now the hysteresis loss is directly proportional to the speed, 
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while the eddy current loee varies as the square of the speed, so that we 
may write 

Pt + P.^dn + w* (93), 

where d and c% are constants. 
From this it follows that 



= c, + c»n. 
Pk 



This shows that the points representing 



+ P- 



in Fig. 168 should lie 



on a straight line which cuts the vertical axis at a height d equal to the 

hysteresis loss at a speed of one revolution 

per minute. Multiplying this by the speed 

in revolutions per minute, we get the actual 

hysteresis loss. We have thus separated the 

loss P 9 into its three components, friction, 

hysteresis and eddy current loss. 

In the absence of a second machine, the 
losses can be separated by the so-called retar- 
dation method. The machine is run light as a 
motor with a constant field excitation, but with **& **°* 

an adjustable p.d. applied to its armature terminals. In this way the speed 
is varied and the power P supplied to the armature is observed for each 
speed. In Fig. 169 the values of n are plotted as ordinates and the corre- 
sponding values of P« as abscissae. 





c »& 

Fig. 170. 



Fig. 171. 



The armature circuit is then opened suddenly without altering the field 
excitation, so that the armature gradually slows down and comes to rest. 
The speed is observed at frequent intervals during the slowing down and 
plotted to a base representing the time (Fig. 170). It is sometimes more 
convenient to read the armature p.d. on a voltmeter than the speed, to 
which it is proportional. The decrease in the kinetic energy of the armature 
during any interval is necessarily equal to the work done in the same time 
in friction, hysteresis and eddies. At a certain moment t seconds after 
opening the armature circuit, the speed n**AC, and the kinetic energy J in 
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joules is decreasing at the rate of dJ in the time dt 
pated, therefore, at the rate of — -jr jonles per second, 
at any moment is proportional to the square of the speed 



Energy is being 

The kinetic energy 
We have then 



or 



dJ = b. 2 m. . dn y 
dJ rt , dn 



where k is a coefficient depending on the moment of inertia of the armature. 
We have just seen, however, that the energy dissipated per second is equal 

* dJ 



and since the energy dissipated per second must be equal to the 
sum of the losses P , we hav< 

P, — ».n.f5 (94). 



If we draw both the tangent and the normal to the curve at the point 
we have (see Fig. 170) 

dn BC 



and since AC 
Hence 



n. 



dn 



— v 



= BC. 



dt 
A=2Ar.£C 

We have already found P for this speed in Fig. 169, and we can 
calculate 2k. It is important to notice, however, that BC must be measured 
from the figure in seconds and multiplied by the square of the ratio of the 
ordinate scale to the abscissa scale, before it can be used in the above 
equation. Thus, if 1 cm. vertically represent n' revs, per minute, while 1 cm. 
horizontally represent t* seconds, the time in seconds represented by BC in 
Fig. 170 must be multiplied by (n'/t'Y before substituting it for BC in the 
above equation. The reason for this will be seen after a little consideration; 
it is also interesting to note that, P„ being a power and k a moment of inertia 
multiplied by a simple number, the dimensions of BC must be T~* or T. T~*. 
As read from the curve BC is a simple time, but by multiplying it by the 
square of the ratio above mentioned, the dimensions of which are T~*, the 
dimensions of each side of the equation are brought into perfect agreement 

This calculation is repeated for different speeds and the average taken 
the values of 2k thus obtained. 

The experiment is then repeated with the field magnets unexcited, in 
which case the time taken to slow down is much longer, since there is no 
hysteresis or eddy loss. In this way the curve in Fig. 171 is obtained, which 
has a subtangent B'C at the chosen speed n. In the same way as before, we 
could show that the power wasted in friction is given by the equation 

Pj=2k.FC t 
B'C being corrected for the scale as above. 



in 
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e can avoid the determination of 2k t and all trouble as to the scale, by 
ilv using the ratio 

P. no 

IP." BO' 
Up to the present we have tacitly assumed that for a constant speed and 
tation, the hysteresis and eddy current losses are the same at full load as 
it no-load. This assumption is not strictly correct, so that an accurate 
determination of the efficiency is only possible when the machine is actually 
running on full load. The supply of power required to test a large machine 
tn this way would be very considerable. A great saving can be effected if 
we have two similar machines, by coupling them mechanically together and 
running one of them as a motor from an external source. This motor drives 
the other machine as a generator and the latter supplies current to the 
motor. The external source of supply and the generator are thus connected 
in parallel to supply the motor. The power supplied from the external 
source is, of course, merely the total loss in the two machines, and can be 
easily measured. The excitation of each machine must be so adjusted that 
the speed and armature currents of the two machines correspond to the 
normal running conditions. This method of testing two similar machines 
was devised by Hopkinson and is known as the Hopkinson test. At first 
sight, the exact conditions under which the two machines are running appear 
"ather complicated. We must remember, however, that both machines have 
;he same speed and the same terminal pressure. The e.M.f. of the generator 
s greater than the terminal pressure, whereas in the motor, as we shall see 
n Section 63, the terminal pressure exceeds the E.M.F. induced in the arma- 
mre. Since the two machines have exactly the same speed, terminal pressure 
ind number of wires on the armature, it follows that the generator must be 
nore strongly excited than the motor, or, to put it more correctly, the 
nachine with the weaker excitation will run as a motor and drive the other 
nachine as a generator. If 

k-A^! is the flux per pole in the motor, 
N %t the flux per pole in the generator, 
i,, the armature current of the motor, 
i,, the armature current of the generator, 
*i — r, — 1#, the current supplied from external source, 
E t , the back E.M.F. of the motor, 
E %1 the E.M.F. of the generator, 
hen for the motor (see Section 63) we have 

nd for the generator 



n 
60 



Z.lQ- + h.Ba, 



A 

(10 



ft-Vl*a-£.^,,^.*.iO- , -i;.-R a . 
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Adding these two equations, we get 

2e = £.(N l + N i ).~.z.l0r>+i,.R a . 
If we neglect the very small quantity i . R a , we have 

P ± z 10 -^ 2g 
a'60' s#lu N t + N t ' 

The speed is thus inversely proportional to the sum of the fluxes JV, 

and i\T a , If we substitute this value of - , ^r . * . 10* -6 in the above equation 

for the generator, we get 

N % .2e . p 

; _ N*-N X e 

Hence, while the speed is proportional to v „ , the generator current 

is proportional to xr ■ - »/ ■ Both the exact speed and the exact current 

strength at which we wish to test the machines can therefore be obtained 
by suitably adjusting the excitation of the two machines. The product e\, 
obtained from simple observations, is equal to the total losses occurring in 
the two machines. 



\ 
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CHAPTER IX. 

1 Direction of rotation of motors.— 68. Torque, speed and output of a D. 0. motor.— 64. Motor 
with constant excitation. — 65. The starting and regulation of a shunt motor. — 66. Principle 
of aeries motor. — 67. Example. — 68. The regulation of a series motor. 

62. Direction of rotation of motors. 

Direct-current motors are identical in construction with direct-current 
generators. Since the same machine may act at one moment as a motor and 
t the next as a generator, much of what has been said concerning generators 
an be applied to motors. We must consider, however, the mechanical 
haracteristics of motors, such as the direction of rotation, the speed, the 
orque and the output, and we have specially to investigate the manner in 
rhich these mechanical characteristics depend on the electrical and magnetic 
elations. 





Dynamo 

Fig. 172. 

To determine the direction of rotation we have only to remember that, to 
otate the armature of a dynamo delivering current, it is necessary from the 
ninciple of the conservation of energy that mechanical work is done. The 
urrent induced by the motion tends to stop the motion, owing to the opposing 
orce exerted on the conductor by the magnetic field. If the dynamo repre- 
ented in Fig. 172 be rotated in a clockwise direction, the current will flow 
rom front to back under a north pole and in the opposite direction under 
. south pole. The magnetic field exerts a force on the conductor, the direc- 
ion of which can be found by the left-hand rule. Pointing the first finger of 
he left hand in the direction of the magnetic field and the second finger 
.long the current, the thumb indicates the direction of the motoring force on 
he wire. In this case, however, this is unnecessary, as we know from Lenz's 
aw that the force will be opposed to the motion which induced the current. 
Hiis opposing force is shown by a dotted arrow. We may imagine that 
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the machine is continually seeking to act as a motor, but never succeeds, as 
the driving force of the prime mover overcomes the motoring force. 

This latter force has full play, however, if we shut down the engine and 
supply the armature current from some external source. We assume that 
the current in both field and armature is still maintained in the original 
direction (Fig. 173). It is evident, therefore, that the motor shown in 
Fig. 173 will rotate in an anti-clockwise direction as indicated by the arrow, 
We conclude, therefore, that with similar magnetic polarity and similar 
direction of current in the armature, a machine runs as a motor in 
the opposite direction to that in which it was driven as a generator. 
The same result is obtained by simultaneously reversing both the magnetic 
polarity and the armature current, 

The student must be careful, however, not to make the mistake of 
assuming that any machine running as a generator will run, as a matter 
of course, in the opposite direction as a motor. We were careful to point 
out that both the magnetic polarity and the armature current were un- 
changed in our example, in which the rotation was reversed. We must now 
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Fig. 174. Fig. 175. 

turn to the special cases of shunt and series motors and see whether this 
supposition is correct. 

In the series machine field windings and armature are connected in series. 
We assume that the series machine shown in Fig. 174 is driven in a clock- 
wise direction as a generator and that the right-hand brush is positive. We 
now use the same machine as a motor without changing the connecti* 
any way. From what has been said above it is evidently immaterial, as far 
as the direction of rotation is concerned, how we connect the motor terminals 
to the mains. The simpler plan, of course, is to leave the connections as 
they were (Fig. 175). The motor current is then reversed both in field and 
armature. The result is the same as if the current had remained unchanged 
in both. Hence, if the connections of a series generator remain un- 
changed, it will run as a motor in the reverse direction, i.e. against 
the brushes. 

If, however, we wish the machine to run in the same direction, we roust 
reverse the field connections. The direction of the current in the field 
windings will then be the same both as a generator and as a motor, and the 
magnetic polarity will remain unchanged. 

We shall now consider the case in which a machine which has beefl 



ning as a aeries motor is driven in the same direction and used as a series 
ierator. This case is of practical importance, since series motors are 
ked by being cut off from the supply mains and loaded as generators 
means of a resistance connected between their terminals. The kinetic 
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Fig. 176. Fig. 177. 

rgy of the tramcar, for example, is thereby converted into electrical energy 
I dissipated as heat in the resistance, and the car is rapidly retarded. 
w the E.m.f. induced in the motor armature is opposed in direction to the 
tor current (Section 1>3). When used as a generator the direction of 
at ion is unchanged and the field is the remanent magnetism of the motor 
d, and therefore in the sauie direction. The e.m.f. in the generator is 
tv in the same direction as in the motor and produces a current in the 
xjsite direction to the motor current. This current would weaken the 
aanent magnetism instead of strengthening it and the machine would 
use to excite. Hence, it is necessary to reverse the field connections when 
ng the motor as a brake. 

In the shunt motor, however, the relations are very different. A glance 
Figs. 176 and 177 shows us that the current in the field windings is in 
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Fig. 178. Fig. 179. 

to same direction, whether the machine be used as a motor or as a generator, 

the connections remain unchanged. The armature current, on the other 

Uid, is reversed. Had the current remained the same in both armature 

id field, the direction of rotation would have been changed, but, as it has 

reversed in the armature, the direction of rotation of the motor will be 
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the same as that of the generator. Hence, a shunt dynamo will run as a 
motor in the same direction, i.e. with the brushes; similarly a shunt motor 
can be run as a generator in the same direction without altering the con- 
nections. 

We have finally to consider the reversal of the direction of rotation o^ 
motors. Were we merely to change the connections with the supply mains, 
we should reverse the current in both armature and field windings, and the 
direction of rotation would be the same as before. We must evidently reverse 
the connections of either the field or armature, but not of both. As a rule it 
is the armature current which is reversed (Figs. 178, 179). 



63. Torque, speed and output of a D.C. motor. 

An example was worked out in Section 25, showing how the turning- 
moment or torque could be calculated from the flux, the number of armature 
wires and the armature current. We must now find a general formula for 
the torque of a motor. Let 

H be the strength of the field in the air-gap, 
L the length of the armature in cms., 
D the diameter „ „ „ „ 

z the number of wires on the armature periphery, 
the angle subtended by the pole, 
/ the current in each wire in absolute units, 
i a the external armature current in amperes. 
Then, from equation (32) on page 53 the force exerted on each armature 
wire under a pole by the magnetic field is 

H.I.I dynes. 
The total number of wires under the 2p poles is 

z . 2p . # 
360 ' 
The total force is therefore 

/-*./.*N^«u~ 



and 



3U0 



,<W) 



To convert this into kilogrammes we must divide it by 981,000. The 
radius at the armature is 

D 

metres. 



r = 



2.100 

For the torque in metre-kilogrammes we have, therefore, 

* f 360 ' 2. 100*981,000* 

Now the total Mux per pole N is equal to the product of the strength of 



the field in the gap and the area of the pole face, or 



N = 



360 



.«*)- 



Torque, speed and output of a B.C. motor 191 

Substituting this value, we have 

*- e i5Fir- 1 ^ (97) - 

This equation applies equally to all machines, bipolar or multipolar, series 
or parallel wound. If, as before, there are 2a parallel paths through the 
•rmature, we have 

10.2a" 
Equation (97) then becomes 

K'-l'iSm- 1 ****** (98) - 

For series winding a= 1 and for parallel winding a=p. This formula 
^ gives the total torque exerted on the armature. The useful torque is less 
-than this by an amount necessary to overcome the friction. 

The full meaning of these formulae for the turning-moment only becomes 
I- apparent when we exchange the two sides of the equation. In their above 
Conn the equations state that the torque exerted by the motor is proportional 
to the product of the magnetic flux and the armature current. When a 
motor is working and has reached a steady condition, it exerts a torque 
exactly equal to the resisting torque due to the load on the motor. We are 
tiros led to the important conclusion, that the product N . t a automatically 
i ' ^adjusts itself to the load on the motor, so as to exert the requisite torque. 
^VVe do not send a current of an arbitrarily fixed strength through the motor 
Md allow the motor to exert a corresponding torque, whatever it may be. 
This is only the case before the motor moves, when the current is not sufficient 
to exert the necessary starting torque. As soon as the motor reaches a uni- 
form steady speed, equation (98) must be satisfied and the current must adjust 
*te strength to suit the torque given by the load. 

We have yet to answer the question as to how it comes about that the 
horrent in the armature is just that corresponding to the load, and neither 

* ttkore nor less. There is no apparent regulator by means of which the current 
\ ^Bn be varied, since the armature has a negligible resistance. We have, 

however, in the motor a back electromotive force which, like the governor 
o£ a steam engine, is dependent on the speed. It is immaterial whether 

* *tt»e machine is rotated as a generator by means of external forces, or as 
*■ motor by means of forces within the machine itself. In both cases the 
**mature wires cut through the lines of force, and thereby induce electro- 
**fcotive forces in themselves. A motor is therefore not only similar to a 

- generator in construction, enabling the same machine to be used first as 
***e one and then as the other, but, while running as a motor, the machine is 
^ Continually generating an e.m.f. and tending to act as a generator. By 
"*~~ applying the right-hand rule it can be seen that this induced e.m.f. is in 
\ *lle opposite direction to the terminal pressure and current, and it is for 
^lus reason that it is often referred to as the back E.M.F. of the motor. 

The back e.m.f. is, of course, proportional to the speed, and it is this 
which governs the adjustment of the current to the exact strength 
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necessary for the torque. If, when the motor is running, its load is suddenly 
increased, the torque which it has been exerting is no longer sufficient to 
overcome the load. The speed of the motor drops, with the result that 
the lines of force are not cut so rapidly and the back e.m.f. is therefore 
decreased. The terminal p.d. is then able to send a larger current through 
the armature. This decrease of speed and consequent increase of current 
goes on until the current is large enough to exert a torque corresponding 
to the new load. 

Inversely, if the load be decreased, the torque exerted by the motor is 
too large. The motor therefore speeds up and increases the back E.M.F. 
until the current is choked down to a value corresponding to the torque 
required for the new load. When the motor has settled down again to a 
steady speed, the torque exerted by it is exactly equal to the resisting 
torque of the load, and not slightly larger than it, as many beginners are 
apt to imagine. Due allowance must be made, however, for the torque 
necessary to overcome friction at the motor bearings, etc. 

The speed can be found from equation (79) on page 120, according to 
which 

E-£.N.~.z.lO-* volts. 
a 60 

The back electromotive force E is determined by the armature current, 
for the applied terminal pressure e must exceed the back e.m.f. by an amount 
necessary to drive the current through the resistance of the armature, that 
is, by i n . R a volts. We have then 

e=E + i a .R a ....+ (99). 

From these two equations, we have 

E . 60 , 10» (e-ia.R a ).6QAW 

pla . N . z 



n — 



.(100). 



p/a . N . z 

It is evident from this formula that a change of load, and therefore of 
armature current, does not cause merely a momentary change of speed, but a 
permanent change. The variation of speed with change of load is, however, 
very small in many cases. 

We must now find the formula for the output or power of the motor, 
that is, the rate at which it does mechanical work. We have purposely 
postponed this until after the consideration of the torque, although in 
practice the capability of a motor is always expressed in terms of its output 
and not of its torque. To get a clear idea, however, of the action of 
a motor it is absolutely necessary to consider the torque first, since the 
output depends on the product of two variables, viz. the torque and tht» 
speed. 

Now, if M t be the turning-moment in metre-kgs. and 



= 2tt 



60 



be the angular velocity, we know from mechanics that mechanical work is 
being done at the rate of if, . to metre-kgs. per second. To obtain the power 



in watts we must multiply this by 981 (see Section 41) ; in this way we get 

P = M t .o>. 9*81 = M t . 2tt. ^ . 9*81 watte (101). 

If M t be expressed in foot-pounds, the figure 9'81 becomes 1'36. 
It is important to find the output as a function of the electrical quantities. 
For this purpose, we multiply equation (99) by i a and get 

e.i a = E.i a ^i^.R a (102). 

The product e.i a is the total power transmitted to the armature, while 
i a a . R* is the power dissipated as heat due to the armature resistance. Hence, 
the remainder E . t a must represent the power transformed into a mechanical 
form. This will include both the useful output and the power wasted in 
the bearings and in the iron of the armature. 

It is possible for us now to compare the two expressions found for the 
output. Equating them, we have 

£.i a = if £ .27r.^.981 (103). 

If we substitute for E and M t the values found for them in equations (79) 
and (98), we shall find that both sides of our equation are identical. 

When we consider the relation between the output and the armature 
current, we see at once that for a very small current, and consequently a very 



<a 




ia/? 




Fig. 180. Fig. 181. 

small torque, the output will be small. With increasing load the output 
increases, until with very large loads the speed drops so much that the 
output is decreased. To find when the output is a maximum, we must 
differentiate the equation 

P = E.i A = e.i a -i a *R a , 
and equate the result to 0. We have thus 

dP 



■-'/. 



or 



e - 2t a . R a = 0, 



For this case we have also i* . R a = E. 

The same result is obtained from Figs. 180 and 181, in which the side 
of a square is made to represent the terminal pressure e, and is divided into 
two parte, one equal to the ohmic drop i a . R a and the other to the back 

t. bl 13 
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e.m.f. R a being constant, the area of the shaded square is proportional 
to the power i a *R a wasted in heating, while the area of the shaded rectangle 
is proportional to * a . E and represents the mechanical output. This shaded 
rectangle is small both for small (Fig. 180) and for large (Fig. 181) values 
of t # . It has its maximum area when it is a square, Le. when i a . R a — E. 
This is therefore the condition for maximum output, as we have already 
found. On account of the large armature current, this case lies far outside 
the limits of practical working. It would evidently be very bad practice 
to waste half of the energy in heating the armature wires. 



64. Motor with constant excitation. 

We shall consider in this section a motor in which the field winding 
is connected directly to the constant pressure supply mains. In the first 
place we shall also assume that the armature is connected directly across the 
mains (Fig. 177). 

The total torque exerted by the motor is given by equation (98) on 
page 191 as 

p iV . z .it 



*'"5'fc 



9-81 



. 10"* metre-kgs. 



mtt-kgs 
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Fig. 182. Fig. 183. 

Since the magnetising current, and therefore the flux 2V, is constant in 
the present case, the total torque must be proportional to the armature 
current i a . Plotting the armature current horizontally and the torque Si 
vertically, we get a straight line passing through the origin (Fig. 182). 

The useful turning-moment M u is less than M t by an amount necessary 
to overcome the resisting torque due to friction, hysteresis and eddy currents. 
If the no-load current in the armature is io, the useful torque is proportional 
to the difference i a — V If we plot the useful torque in Fig. 182, we get 
another straight line parallel to the first and cutting the horizontal axu 
at the point v 

For the speed, we have from equation (100) on page 192 

n = =-; if revolutions per minute (10U 

p/a .N.x r 

Since the flux is still constant, the speed is proportional to the back 
E.M.F. (e— t . R a ) t The drop of speed from no-load is therefore proportional 
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to the pressure drop i a . R*, and therefore also to the current t a . If then we 
plot the armature current horizontally and the speed vertically, we get the 
slightly falling straight line in Fig. 183. Since the ohmic pressure drop 
in the armature is always small, the motor with constant excitation has 
almost a constant speed from no-load to full load. 

The output in h.p. on the pulley, the so-called brake horse-power (b.h.p.), 
can either be found from the useful torque and the angular velocity, in which 

case we get cs — oX~» or i*> can De found from the back E.M.F. and the 

7o . oil 

useful current i a - i a , in which case we get E . (i m - i\). 

If i is the sum of the armature current i a and the field current i g , the 
total power supplied to the motor is t . e watts, and the overall efficiency is 

E . (l'« - 4) (e - l'« . R n ) (V. - %\) 



7J = 



.(105). 



e . i e . (i a + i t ) 

It is evident that at no-load, that ia, when t„ = i\, the efficiency must 
be nil. This is also the case when the load on the motor is so large that 
it cannot start even with the largest possible current 

e 



'In " 



R, 



The feet that such a current would burn out the armature does not 
concern us at the present moment. The important point to notice is that 
there must be some intermediate load for which the efficiency is a maximum. 
To find the most efficient armature current we multiply out the numerator 
of equation (105) and get 

_ g » U — *a' « R» — * ■ U + %m • *o * -R« 

v ~~ «-(«.+ 1.) 

We now differentiate this with regard to i« and put the result equal 
to 0. For the sake of simplicity we neglect the constant factor e in the 
denominator. 

dy _ (e - 2t«. R* + \\ . R m ) Q' + i t ) - (e . i m - i a % . R a - e . j> + 1» . t' fl . Rq) 

% (*. + v 

This expression will vanish when the numerator vanishes. If we multiply 
the numerator out and put it equal to 0, we get 

ia* . R a - e . i, - e . x\ + i t . R a . (2t. - x\) m 0. 
The meaning of this equation becomes clearer when we remember that, 
owing to the smallness of the magnetising current, the right-hand term is 
so small as to be practically negligible. We get then as the condition for 
maximum efficiency 

i a '.R a = e.i $ +e.i 9 -e(i t +i ) (106). 

Now i g + 1, is the total motor current at no-load. Hence, the efficiency 
is a maximum when the ohmic heating of the armature conductors is equal 
to the constant losses both in armature and field, including the friction. In 
other words, the efficiency ia a maximum when the losses dependent on the 
load become equal to those independent of the load. The decrease of friction 
<lue to the small decrease of speed with increasing load is quite negligible. 

13—2 
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In order to make the above considerations clearer, we shall apply them 
to a numerical example. 

We shall consider a bipolar motor (p = 1, a = 1) having the following 
constants : 

6=110, N=2A0* t *=300, 

i*. = 3, i,= l, t„=2. 

We have then 

p N . z . i* 



n = 



a'27r.9'81 
0*1 (i.- 
(« - t„ . Ra) . 60 . 10 8 



10" 



-W.fc. 

- 0*lz a - 02, 

= 1100-31;. 



p/a . N . z 

If the normal current for which the armature is designed, is 10 amperes, we 
obtain a total full load turning-moment of 1 raetre-kg. of which 0'8 metre-kg. 
is available at the pulley. The speed at full load is 1070. The drop of speed 
from full to no-load is 30 in 1100, or roughly 3 per cent. 

For an armature current of 10 amperes, the overall efficiency will be 

= (e-t a .fla).(i„-to) 107 . 8 _ n . 7 

V fl.0a+'-) " 110.11 

To find the conditions at maximum efficiency, we must first find the 
constant losses. These are 

e . i 4- e . i t — 330 watts. 

For maximum efficiency, the armature copper loss must also be equal 

to 330 watts, that is, 

/330 
iV . ^a = 330 or i fl = a / — = 33 amperes. 

V V O 

Adding the field cun*ent of 1 ampere, we get a total current of 34 amperes 
and a motor input of 

e.i= 110. 34 = 3740 watts. 

If we subtract from this input the total losses which are 2 . 330 watts, 
we obtain the output 3740 - 660 = 3080 watts, and the overall efficiency 
is therefore 

= 3080 



3740 



- 0*825. 



QQQQ 

The output on the pulley is then -fTa- 41 B.H.P. The percentage drop 

of speed from no-load is equal to the percentage pressure drop in the arma- 
ture, that is, 03 . 33 in 110 or 9 per cent, (see page 194). 

It is interesting to determine how the efficiency varies when the load 
is varied over a large range. If we assume that the load is reduced to about 
half of that corresponding to maximum efficiency, so that the armature current 
is 17 amperes, then we have 

E= e - i a . R a = 110 - 17 . 0*3 = 105 volts, 

t = i a + t, = 17 + 1 = 18 amperes, 

ia — io = 17 — 2=15 amperes. 
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The overall efficiency will then be 
V = 



105.15 



= 0*8. 



e.i 110.18 

In the same way, if the load is about doubled, so that the armature 
current is 66 amperes, we have 

E = e - t a . R* = 110 - 66 . 0'3 « 90 volts, 
i = t. + t, = 66 + 1 = 67 amperes, 



*« -»i 



66 - 2 = 64 amperes. 



Under this heavy load, the efficiency will be 
£.(t -to) 90.64 



V- 



= 0-78. 



e . i 110 . 67 

Hence, we see that a large variation in the load has very little effect 
on the efficiency. It is therefore unimportant to design a motor to have 
its maximum efficiency at full load. To reduce the drop of speed as much 
as possible the normal load should be below the point of maximum efficiency, 
while a motor which is to work, as a rule, on very light loads, and only have 
its full load at intervals, should be designed to have its maximum efficiency 
at a small load. 

We pass now to the consideration of a motor the field winding of which 
is connected directly across the constant pressure supply, but the armature of 
which has an adjustable resistance in series 
with it (Fig. 184). We make the striking 
discovery that, whether loaded or running 
light, the current is in no way affected by 
a change in the adjustable resistance. If, 
however, we turn to equation (98), on page 
191, we see that the armature current must 
be determined entirely by the load, since 
the magnetic flux is constant. If the load 
on the motor remains constant, the arma- 
ture current will remain constant, however 
much the series resistance may be varied. 
On suddenly decreasing the resistance there 
is, it is true, a momentary increase of the *\g* 184. 

armature current. This causes the motor to exert a greater torque than 
that required to overcome the load, with the result that the armature is 
accelerated and rims permanently at a higher speed. This increase of speed, 
however, causes an increase in the bark k.m.f., which reduces the armature 
current to its former value corresponding to the load. The only way to vary 
the armature current of a constantly excited motor is to vary the load. 

The speed, on the other hand, is very dependent on the resistance R 
in series with the armature. The applied terminal pressure e has now to 
<>nie the back E.M.F. and cover the pressure drop in both the armature 
and the resistance R. We have then 

e m E + t B . R a + i a . R f 
or E ~ e - ta . jR a - i a . R. 
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In this equation e and R a are constant, and i a is also constant so long as 
the load remains unchanged. It follows, therefore, that a change in the 
value of R will produce a large effect on E and consequently on the speed. 

This becomes much clearer if we neglect the small drop of pressure in 
the armature, and assume that the pressure across the brushes is exactly 
equal and opposite to the back e.m.f. On this assumption, a voltmeter 
connected across the brushes will indicate directly the back E.M.F. We find 
then that, on varying the value of R } the speed ia almost directly proportional 
to the pressure across the brushes. The accuracy is greatest when the 
pressure drop in the armature is as small as possible, that is, at no-load. 
In the numerical example which we have worked out above, the speed, when 
running light with a P.D. of 110 volts between the brushes, is found from 
equation (104), on page 194, to be 

(110-03. 2). 60. 10» 

2.10V300 = 1 ° 94 - 

If a resistance of 275 ohms be connected now in series with the armature. 
the no-load current of 2 amperes will be unaltered. The drop of pressure in 
this resistance will therefore be 27'5 . 2 = 55 volts and the pressure read on 
the voltmeter across the brushes will be reduced to 110 — 55 = 55 volts. The 
speed will therefore be 

(55 -0-3. 2) .60. 10 s 



n = 



2.10V 300 



= 544. 



The speed is thus almost exactly a half of what it was when the P.D. 
between the brushes was 110 volt*. The speed is therefore practically pro- 
portional to the P.D. between the brushes when the motor is running light. 
The same relation is approximately true when the motor is loaded. We are 
thus led to the interesting conclusion that, in a motor with constant excita- 
tion, the current depends only on the load, while the speed depends only on 
the P.D. between the brushes. Hence the speed can be regulated to any 
desired extent by altering the P.D. applied to the brushes. 

There are, however, two errors which we must be careful to avoid. In 
the first place, it is very important to notice that in the above experimcold 
the adjustable resistance was in the armature circuit only and had no effect 
on the field. If the armature and field windings are connected direr' 
the same terminals, and the resistance connected in the common external 
circuit, an alteration in the resistance may, under some circumstances, have 
very little effect on the speed. If, for example, we double the terminal 
pressure of both armature and field, the magnetic flux may be nearly doubled, 
if the iron be only slightly saturated. In the formula 

^.CO.IO* 



n = 



pja.N .m 

both the value of E in the numerator and the value of N in the denominator 
would then be doubled, leaving the speed n unchanged. If, on the other 
hand, the magnets are highly saturated, the motor will behave more like * 
constantly excited one and doubling the terminal pressure will cause the 
speed to increase nearly 100 per cent. 
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The other point on which we must be quite clear is that speed regulation 
by means of a series resistance is only possible when an attendant can stand 
by the regulating switch, as on a tramcar, for example. Apart from the 
large loss of power in such a resistance, there is the disadvantage that every 
change of load causes a change of current and therefore a change in the 
amount of pressure lost in the resistance. The result is that the pr> 
across the armature terminals and the speed of the motor are subjected to 
large variations. It is possible, for instance, for a motor to be running light 
with so much resistance in series with its armature that it comes to rest 
when the load is put on. 



65. The starting and regulation of a shunt motor. 

The shunt motor is really no more than a constantly excited motor. It 
possesses, therefore, all the fundamental characteristics which we have found 
for this type of motor in the previous section. The current is proportional 
to the load and the speed is practically constant from no-load up to full load. 
This latter property makes the shunt motor specially suitable for driving 
lines of shafting and machine tools, where constancy of speed is required. 
As we have already studied the principles of the motor, we need only consider 
here the more important points in connection with their starting and regu- 
lation. 

The primary object of the starting resistance is to protect the armature 
from a dangerously large current. At the first moment of starting, the 
armature is at rest and there is consequently no back E.M.F. If the armature, 
with its comparatively small resistance, were connected directly across the 
full pressure of the supply mains there would be an enormous rush of current. 
A starting resistance must therefore be put in series with the armature, of 
such a value that the current is limited to a permissible strength with regard 
to its heating effect on the armature. There are also mechanical reasons for 
limiting the turning-moment exerted at starting, especially when there are 
heavy masses to set in motion. A further reason is the large pressure drop 
and consequent unsteadiness of the lamps in the neighbourhood, when the 
supply mains are suddenly called upon to carry a large current. 

When the motor has been set in motion, the back e.m.f. increases with 
the speed and limits the current to a value corresponding to the load. The 
starting resistance can therefore be gradually cut out as the speed increases. 

ll" it is required to regulate or vary the speed of a shunt motor, it must 
be done by altering the resistance of the shunt field circuit. This is clearly 
seen by applying equation (104) on page 194 to the case of a motor running 
on no-load. We have then 

^ g.60.10 8 
~ pi a . N . z " 

If resistance is put in the field circuit, and the magnetising current and 
the flux N thereby reduced, we see from this equation that the speed n must 
tw'JIWMI. This is also evident when wo consider that the motor must run 
faster to produce the same back K. M. F. in the weaker field as it formerly did 
in the stronger field. 
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If the load remains the same, this weakening of the field will naturally 
affect the armature current. Since the load or torque is proportional to the 
product N . i„, a weakening of the field must cause a corresponding increase 
in the armature current. To make this clearer we shall go back to our 
example in which the terminal pressure e = 110 volts, the armature resist- 
ance i2 a = 03 ohm, the number of wires £ = 300 and the flux iV=a2.10* 
lines. For an armature current i a of 10 amperes, we have for a bipolar 
motor, from equation (104) on page 194, 



n — 



(e-i a . R a ) . 60 . 10* _ (110 -10. 0-3). 60. 10" 

2. 10-. 300 



= 1070. 



p/a .N .* 

If now, without changing the load, we reduce the magnetic flux 20 per 
cent., the armature current must increase in the same proportion, viz. 0'8 ; 1. 
We shall then have 

A T = 0-8.2.10* = 1*.10», 



*■ — nZ ~ 12*5 amperes. 






The product N .x a has remained unchanged but the armature current has 
increased. As this will cause an increase of pressure drop in the armature, 
the back e.ilf. will decrease. This will naturally affect the speed and make 
the. actual increase less than we should otherwise expect. In the above 
example, for instance, we have weakened the field by 20 per cent, and should 
therefore expect the speed to increase in the ratio 0*8 : 1, that is from 1070 to 

= 1338. As an actual fact, the new speed attained on weakening the 

field is 



n = 



(110 -125. 3). 60.10* 



= 1328. 



T6. 10". 300 
same time that there is a limit to the 




This indicates at the 
obtained by weakening the field. The effect of the pressure drop in 
armature may become so great that, on further weakening the field, the 
speed is decreased. This is, of course, an absolute necessity, since we should 
otherwise be led to the conclusion that the loaded motor would run at an 
infinite speed when the field circuit was broken and the flux reduced to zero. 
As a matter of fact, the motor remains stationary in such a case, since one of 
the two factors that produce the torque has vanished. Hence, there must be 
a certain value of N, or of i ar for which the speed at a given load is ■ 
maximum. We can find this critical value of % a from equation (103) on 
page 193, in which we equated the mechanical and the electrical power. We 
have then 



E.im-e.ia-if.Rt 
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As one of the conditions of our experiment is that the load be kept 
constant, M t is a constant, and we can put 

n = c.(e,i a -t a *Ra), 
where c is merely a coefficient. 
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Fig. 185. F^ 3*5, 

electromotive force induced by the sodden wwirtgi */ lift usmns t&r>sgb 
the highly inductive circuit. The motor +*n be *wjv;e*e*5 'jtf «j*rk>ywi ; r by 
opening the external circuit and leaving th* fieic vja&fz&i wr^w t£*e arma- 
ture (Fig. 185). H»e motor will a>/w dwzi skra'jj Watti*; vf it* cj^et** 
energy, and will act as a dynamo sending a jp*c.v*L-r 4&**&k:*% mrtwl 
through the field windings in the same <HT*f,-&A t xj a* 'udrjtH. Tub feA will 
gradually diminish as the motor aLowt down. 

It is, however, very dangerous to adopt t&e pilazi, s&vwrj ;u pjg. I %£ of 
switching off in the external circuit,, sine* t&e solving are. of tta parting 
resistance is left in such a position that a dangervu« s&MrVsir^h »o~jW 
result on again closing the switch. It is impossdbi* V> pstace the irtutiug 
resistance in the external circuit, as shewn in Fig; 1V* ; tix*>* the Kl>. between 
the brushes at the moment of starting w/uld onJy be i«. /£«, which is m 
small that there would be practically no field current and no magnetic flux. 
The motor would therefore not start 

The unbroken connection of field and armature, which we have seen Uj be 
necessary for sparkle— switching, can, however, be arranged by connecting the 
field across the free ends of the armature and starting resistance as shown in 
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Fig. 187. When the arm is in the middle of the row of contacts, the right- 
hand half of the resistance is acting as starting resistance while the left-hand 
half is in series with the field winding and is weakening the field. This 
arrangement has the great advantage of the permanent connection of field, 
armature and starting resistance in series, thereby making it possible to 
switch off the motor without any dangerous sparking, especially if the switch- 
arm is moved rapidly from the running position, right across the contacts 
and off at the left-hand side before the motor slows down appreciably. We 
have the disadvantage, however, of the starting resistance being normally in 
series with the field winding and causing a small but unnecessary loss due to 
the heat continually being generated in the resistance. 

This loss can be diminished by connecting the field to some intermediate 
point of the resistance, as shown in Fig. 188. This brings with it, however, the 
disadvantage of a weak field at the first moment of starting and is really a 
compromise between Figs. 186* and 187. Since the self-induction of the field 
winding causes the growth of the field to be gradual, it is an advantage to 
apply the full P.D. of the mains at the first moment so as to hasten the 
growth of the flux as much as possible. 




Fig. 187, 



Fig. 188. 



Fig. 189. 



These disadvantages are overcome in the arrangement shown in Fig. 189, 
in which the field circuit is connected at once to the full P.D. of the mains 
and remains so connected by means of a short contact arm which moves over 
a segment. The longer contact arm, which is virtually a prolongation of the 
short one, moves over the contacts of the starting resistance. This arrange- 
ment does not give quite so sparkless a break as that shown in Fig. 187, 
since, at the moment of switching off, the field current is supplied by the 
armature and, having to pass through the starting resistance, is suddenly 
reduced. This sudden reduction of the current through the inductive field 
windings causes a spark. 

This is even more pronounced in the arrangement shown in Fig. 190. 
The "off" position of the switch-arm is on the extreme left; on moving the 
arm to the right, the field is switched on to the full pressure of the mains, 
and the resistance w x is in series with the armature. As the motor runs up 
to speed the switch-arm is moved to the right, until it finally stands on the 
right-hand contact of w t and on the right-hand end of the left-hand segment 
If now we wish to increase the speed, the arm is moved still further to the 
right, putting resistance u>, into the field circuit and supplying the armature 
directly through the right-hand segment. 







* * ▼ « 








nectodin 

dlfffir'iAiap* KIBE "VlftSC 

b* daocnpti 
for very large —BBt, nd t&* aanmzm 
of energy la* as baa is tie saranr 

wheal mcton are oatgamaJh " bsmg 
started, more apecaJhr wbea Isrrr 



hare tobexta b«ml. F<r 



this reason some cfetttaealh " operated V-^ 

hoisting plants fcr anei bare bees *^£- 1^& 

started by means of a battery of aenacub»cs connected across the *arf4y 
mains. By means at a battery switch, tbe battery is divided into groups Mid 
only a fraction at tbe total nresscre applied to tbe motor armature at starting 
As the speed increases tbe back E.&.F. at tbe motor also increases and tbe 
applied p.d. is gradually i ncrease d by means of tbe battery switch. Tbe 
battery acta also as a buffer and equalises tbe load on tbe supply station to a 
certain extent. 

Another method of starting a motor and regulating its speed conveniently 
over a wide range is to employ a motor-generator set. In the Ward-Leonard 
arrangement, for instance (Fig. 191), an auxiliary shunt- motor is driven off 
the mains, and coupled to it is a separately excited generator. This set runs 
at a practically constant speed, but the excitation of the generator can bo 
varied over a wide range. It is made yerv weak when starting the main 
motor, the 'armature of which is supplied directly from the generator. By 
gradually increasing the excitation of the generator, the motor is brought tip 
to full speed and can then be switched over on to the mains. 

If, however, the supply is alternating, the main motor must be a di root- 
current motor and cannot then be switched over on to the supply mains. In 
this case the motor-generator must be capable of transmitting the full power 
continuously and not merely during starting. Although this transformation 
from A. a to D.c. appears to complicate the plant, it is often necessary from 
other considerations, since a low-speed hoisting motor is less difficult to 
construct as a D.c. than as an A.c. motor. 

It is specially advantageous to fix a heavy flywheel between the auxiliary 
motor and the generator in the above arrangement. This is generally known 
as the Ilgner system and has been largely adopted within the last two or 
three years. When the load is heavy, as when starting to hoist, the flywheel 
gives up a part of the energy stored in it, whereas at light loads or no-load 
energy is restored to the wheel by its acceleration. The flywheel, thoreforo, 
acts as a buffer and equalises the load on the station. 
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The auxiliary motor must, of course, be so constructed that the flywheel 
can act in this way. Its speed is therefore made to drop considerably as the 
load increases. In an induction motor this can be attained by increasing the 
rotor resistance, and in a direct-current motor, by compounding it with a few 
series turns so arranged that they strengthen the shunt field (see Section 66 
for the effect of the series turns on the speed). 

One method of starting large motors, which is of considerable int< 
depends on the use of an auxiliary generator, the e.m.f. of which is at first 
opposed to the supply pressure, but afterwards acts with and is added to it 
The machine I in Fig. 192 is the hoisting motor, constructed for a pressure 
of 1,000 volts. Machines II and III constitute a motor-generator set. both 
machines are for 500 volts and the set runs at an approximately constant 
speed. The supply pressure is also 500 volts. We shall confine ourselves to 
a description of the method of starting the hoisting motor; a complete 
understanding of the various changes involved can only be obtained by 
applying Kirchhoffs rules to the circuit. 

Before starting, motor I is at rest and merely acts as a supply lead 
motor II. The latter drives the machine III as an unloaded dynamo, since 
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the field of III is adjusted until its e.m.f. exactly counterbalances the pressure 
of the supply mains. By slightly weakening the field of motor II its speed 
is increased by a small amount. This increase of speed increases the E.M.F. 
of machine III and enables it to act as a loaded generator and supply a 
current \ x . This increases the load on motor II and causes its current to 
increase to i s . This is exactly similar to the Hopkinson method of t- 
two similar machines, which was described on pages 185 and 186. 
current ^ Hows round to motor II and the mains supply the losses 

The field of motor II is weakened until the current t 3 reaches such a 
value that the main motor I, which is separately excited, starts. For a 
given value of the excitation of II there is a fixed speed of motor I, corre- 
sponding to a certain distribution of the supply pressure between the two 
machines I and IL We can also see that, by further weakening the field of 
II, its speed may decrease, since the decrease in its P.D. may more than com- 
pensate for its weakened field. This is what actually happens, with the 
result that the E.M.F. of generator III diminishes and with it the current i,. 

Finally, the field of motor II is reduced to zero. Its back E.M.F. has 
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disappeared and the fall p.d. of 500 volta is applied to the motor I. The 
speed of the motor-generator set fidb so low that the pressure of the mains 
overcomes the K. M.F. of HI and reverses the current i l . Machine III is now 
a motor driving the other machine IL We now reverse the field current of 
II so that it acts as a generator. Its K.M.F. is added to that of the mains, 
and its field is gradually strengthened until its tH.r. is 500 roha. In this 
way the P.D. applied to the main motor I is gradually increased to 1,000 volts. 
It has then reached its full speed and one half of its input is supplied 
directly from the supply mains and the other half indirectly through the 
motor HI and the generator IL The whole power most, of course, come 
ultimately from the supply mains. 



66. Principle of the series motor. 

The behaviour of the series motor is not nearly so easy to understand as 
that of the shunt motor since the magnetic field of the former is not constant 
but varies continually with the load. The field winding is in series with the 
armature, and the armature current, which in conjunction with the field pro- 
duces the torque, is at the same time the magnetising current which produces 
the field. If the load on a series motor be increased both the armature and 
field current is increased. The larger torque is seen from equation (98) on 
page 191 to be due to the growth of both of the active factors N and i m . 

If the motor is working below the knee of the magnetisation curve, that 
is, with unsaturated iron, doubling the current causes the field to be doubled 
and the torque, in accordance with the above equation, to be quadrupled. 
Inversely, if the load be quadrupled the current is only doubled. 

The speed of a series motor is given by equation (104) on page 194, via. 

(e-U.Ra). 60. 10* 
n = . 

To 



To avoid complicating the formula, we shall let R m represent here the 
combined resistance of armature and field. If the load and therefore also the 
armature current be increased, the numerator of the above expression will be 
but slightly altered, since the combined resistance of armature and field is 
always very small. The denominator, on the other hand, will be considerably 
changed, since the flux varies with the current. The speed will therefore 
decrease as the load is increased, since with the strengthened field a smaller 
speed will suffice to produce a back E.M.F. nearly equal to the supply 
pressure. 

The large torque with a relatively small current and the variable speed 
make the series motor specially suitable for cranes and traction purposes. 
When starting, the torque exerted by the motor must exceed the resisting 
torque due to the apparent load, in order to accelerate the masses which h.n<* 
to be brought op I i. It is thn ability of the series motor to provido 

^eavy starting torque with a comparatively small current that makes it 
so invaluable for the above purposes. 
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The series motor possesses, moreover, special advantages in respect of the 
variations of load which the continually changing slope of the track puts upon 
the tramcar motors. The large torque required when running up an incline 
is produced with a relatively small demand on the power station. 

This is only possible, of courso, because of the corresponding decrease of 
speed mentioned above.. The matter is quite clear, apart from the above 
considerations, if looked at from a mechanical point of view. Power is the 
product of force and speed. If then the series motor exerts a large pull with 
a small current and consequently with a small supply of power, it is evident 
that its speed must be small. The generators and motors may therefore be 
constructed for a reasonably small output and the load on the station will not 
be so irregular as it would be with shunt motors on the cars. The variable 
speed of a series motor must therefore be considered a great advantage and 
it is an important point in the interests of the power station that a heavily 
loaded car goes very slowly uphill. 
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Fig. 193. Fig. 194. 

We must now investigate more fully the behaviour of a series motor 
under various conditions. For this purpose we first determine the magnet- 
isation curve by running the motor as a generator by means of another motor. 
If the speed be maintained at a constant value n, and the generator be loaded 
by means of different external resistances, we shall obtain a set of corresponding 
values of the current i a and the terminal pressure e„. From these we can cal- 
culate the E.M.F. of the series generator by means of the equation 

-# Q = «o + *o- -Ho. 

where R a includes both armature and field. As in Section 58, the E.M.F. is 
plotted as ordinates and the external current, which is, at the same time, both 
armature and field current, as abscissae. This curve is the characteristic 
of the series machine. By dividing the values of E by the constant 
p.n*. z.10-* 



we get the magnetic flux N which is produced by the cor- 
Curve N only differs from curve E, in 



a. 60 
responding magnetising current i a 
the matter of scale (Fig. 193), but is, unlike curve E 9 , independent of speed. 

If it is impossible to make the experiment in this manner by running the 
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motor as a generator, it can be run as a motor at a constant terminal pressure 
with variable mechanical load on the brake. The flux can be calculated from 
the observed speed and current by means of equation (104) on page 194: 

Jr _ (e-V rt ,i? q ),60.10'> 

P 
-.s.n 

a 

When wc have found the flux corresponding to each value of the current 
i^, the two are multiplied together and the product N . i a set up as ordinates. 
In this way we obtain the curve M t in Fig. 194, which represents the torque 
to some scale not yet determined. At the beginning the curve M t is convex 
to the base, Rhowing that the torque increases more rapidly than the current. 
As saturation sets in, however, the curve straightens out and gradually 
approximates to a straight line through the origin, corresponding to an 
increase of torque proportional to the increase of current. 

The curve of magnetic flux N enables us, moreover, to find the speed 
corresponding to any condition of load at any terminal pressure. For this 
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purpose we draw a horizontal line at a height above the base line equal to 
the terminal pressure e. In Fig. 195 this pressure is 500 volts. Through 
the point where this line cuts the vertical axis we draw a straight line sloping 
down from the horizontal at an angle a, where 

tan a= i? a . 

In measuring the tangent we must, of course, measure the ordinate on the 
scale of volts and the abscissa on the scale of amperes, and we must also 
remember that R a includes both armature and field winding. The difference 
between the horizontal and the inclined line at any point is equal to i a . tan a, 
that is to i a .R a , which is the ohmic pressure drop in the motor. The 
ordinates of the inclined line are therefore equal to the back E.M.F., which we 
denote by E. If now we divide each value of E by the corresponding value 
of N, we obtain a figure proportional to the speed (see equation (104) on 
page 194). In this way we obtain the curve n in Fig. 195. 

It is evident from this curve that a series motor will race if the load be 
removed. The speed, in fact, may reach such a value that the motor will fly 
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pja.no.t 2.450. 944 

From these values of the flux and the corresponding values of the currvnt. 
the torque exerted on the armature can be found from equation (98) on 
page 191, and we get 
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1 (r* - 0*307 . 10-» . N . i m mkg. 



to pieces owing to excessive centrifugal forces. The speed drops rapidly as 
the load is increasod so long as the iron is comparatively unsaturated, but as 
saturation sets in the speed approaches an approximately constant value. 

To find the total efficiency we must subtract the losses due to heating of 
conductors, hysteresis, eddies and friction from the motor input and divide 
the remainder, which is the output, by the input In the shunt motor the 
losses, other than copper loss, were determined in a simple manner by finding 
the power required to run the motor at no-load and assuming that these 
losses were the same at all loads. This was justified to a certain extent 
because of the constant excitation and speed. In the series motor, however, 
such an assumption would be palpably incorrect since both magnetisation and 
Bpeed are variable. 

The efficiency can be determined approximately by assuming that the 
torque M n required to overcome the friction and iron losses is constant at all 
loads. This assumption is not very incorrect if we consider the efficiency of 
the motor alone and exclude any reduction gear. By subtracting this constant 
torque M from the values of M t we obtain the dotted curve M u of useful 
torque in Fig. 196. 

The output P u is given to a certain scale by the product of the useful 
torque and the speed. To obtain the efficiency this output must be divided 
by the input e . i ft . In this way we obtain the curve ij, the ordinates of which 
are equal to the efficiency. It is seen that the efficiency is small at low loads, 
but increases with increasing load until it reaches a maximum, beyond which 
it decreases owing to the large copper loss in armature and field windings. 



67. Example. 

We shall now determine the speed, torque and efficiency of an actual 
motor, the details of which are given in Kapp's well-known "Dynamo Con- 
struction." The motor is a 4-pole tramway motor made at Oerlikon in 
Switzerland. The armature has a series or 2-circuit winding arranged for a 
terminal pressure of 500 volts. The internal resistance of the motor is 
2*75 ohms and the number of wires on the armature is 944, so that R^ = 2*75 
and gm 944. The motor was driven as a series dynamo at a constant speed 
n 9 of 450, and the characteristic so obtained is given by the first two columns 
in the following table. 

The magnetic flux corresponding to each value of the current is found 
from equation (79) on page 120, as follows; 
^.eo.io 8 # .60, 10* 
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To calculate the speed of the motor we must know its back electromotive 
force E. This is given by the formula 

E = e-i a .Ra = 500 -275. i a . 
The speed can then be found from equation (100) on page 192, viz. 
E. 60.10 8 J£.60.10" 010 ina E 

a 

The results of these calculations are given very clearly in the following 
table and they are represented graphically by the curves in the previous 
section. 

Generator Motor and Generator 
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By means of these figures we can determine the speed at which a tramcar 
of given weight will ascend a given incline, as well as the current taken in 
doing so. 
Let 

W be the weight of the car in metric tons (1 metric ton = 1,000 kgs.*), 
f the tractive coefficient, i.e. the force in kgs. required to move one ton 
at a steady speed on the level, 

and 8 the slope or gradient in parts per thousand, 

then the pull required on the level will be W.f. On the slope, the weight 
AB (Fig. 197) acting vertically downwards can be resolved into two com- 
ponents one normal to the surface and the other A 0, which has to be directly 
overcome by the tractive pull. We have from the figure 

A0 = AB. sin^. 

g 
If we substitute for sinS- its value - __ . and for AB the weight of the car in 

kilogrammes, we have 

T. K. 14 
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The pull on the car must therefore be given by the formula 
J"« JT./+ !F.«-F(/+ff)kg» 
If the radius of the car-wheels be r metre, the torque on the axles 
must be 

F.r= W(f + s).r met.-kgs. 

If the gear is such that the motor runs k times as fast as the car axles, the 
torque of the motor, by bhe conservation of energy, must be a kth part of that 
on the axles. If we assume, further, that the gearing has an efficiency t;, we 
obtain the following formula for the total torque of all the motors on the car: 

&.17 k.7j 

In our present example the radius of the wheels was 0*39 metre and the 
ratio of the gearing 4*9. If we assume that the weight of the car is 8 tons 
and the tractive coefficient 12 kgs. per ton, we have 

- .. 8 . 0-39 . (12 + s) 0*635 . (12 + s) 
4*9.7; V 




or 



In our case, as is almost universal, each car was provided with two motors, 
so that each motor had to produce half the required torque. Hence, for each 
motor, we have 

-, XM t 0*318(12 + *) 

3f '-"2~ = ~ n ' 

* = 3-14.7/. M t -12. 

This gives us the slope up which the car can run steadily for the given 
torque on each motor. 

As a rule the efficiency 77 of the gearing, including the friction and iron 
losses of the motor, can be taken as 08, but in the present case it was 
accurately determined in each case and is given in the table below. In the 
same table we have the calculated slopes up which the car can run with the 
given strengths of current. The torque exerted by the motor has been taken 
from the table on page 209. A negative value of the slope denotes running 
down hilL 

We have yet to calculate the speed at which the car runs in anv given 
case. To obtain the revolutions per hour of the car wheels we must multiply 
the revolutions of the motor per minute by 60 and divide by the gear ratio k. 
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If the revolutions per hour made by the car wheels be multiplied by the cir- 
cumference of the wheels in metres and divided by 1,000, we get the speed of 
the car in kilometres per hour. Calling this speed S, we have 



8 



n.60 2r.<7r 1 , 

nr'W kms - perhour - 



If we assume the radius of the car wheels to be 0*39 metre and the gear ratio 
& to be 4*9, the above equation becomes 

8 = 0-03 . n kms. per hour. 
This formula has been employed to calculate the last column but one in the 
following table. The values of n have been taken from the table on page 209. 
The current % in the last column is the total current taken by the car, which, 
as the two motors are in parallel, is equal to twice i a . 
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Fig. 198. 

In Fig. 198 the total current taken by the car and the speed at which it 
runs, are plotted as ordinates on a base representing the slope or gradient. 
It is more customary in England to refer to a slope of 50 °/ 00 or 5 per cent, as 
a rise of 1 in 20. 

68. The regulation of series motors. 

The speed of a motor is given by equation (100) on page 192, viz. 

(e-i>..R a ).60.10» . .. 

n » * -=^ — =rr revolutions per minute. 

p/a.N.z r 

In this equation e represents the terminal pressure of the motor. A 

method of regulating the speed of a series motor, which suggests itself at once, 

is by regulating the terminal pressure by means of the starting resistance. 

The current corresponding to the load on the motor causes a fall of potential 

14—2 
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in the resistance, thus reducing the p.d. between the armature terminals. 

We may look at the matter from another point of view and let e represent 

the BUpply pressure of the mains. Putting in an external resistance iJj 

increases the total resistance from R a to B a + R lt and the above equation 

becomes 

fi ie-i fl (fl a + it 1 )1.60.10 i 

p/a .N.z 

It is quite immaterial which of these two ideas we adopt. In the one 
case we imagine the positive terra in the numerator to be decreased, while in 
the other case we imagine the negative term to be increased. Both lead to 
the same result, viz. a fall of speed. 

Although this method of regulating the speed is the one generally 
adopted, it is very wasteful, since the power saved at the motor by de- 
creasing its speed is all dissipated in the regulating resistance. Another 
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Fig. 199. 

method which is occasionally resorted to is that of altering the excitation. 
As we have already seen when considering the shunt motor, the speed is 
increased by decreasing the value of N in the denominator of the above 
equation. We cannot here, however, weaken the field by putting resistance 
in series with the field winding, since such resistance would be in series with 
the armature and would merely lower the P.D. between the brushes. By 
putting a resistance in parallel with the field winding, as shown in Fig. 199, 
a part of the armature current is shunted and takes no part in the ex- 
citation. 

If we assume, for the sake of simplicity, that the resistance connected in 
parallel with the field winding has the same resistance as the field winding, 
and that the magnetic rlux is proportional to the magnetising cum 
appears at first sight that the magnetic flux has been halved, and the speed 
consequently doubled. This, however, is not the case, for we have seen, when 
considering the shunt motor, that with a constant load a weakening of the 
field leads to an increase in the armature current. To determine the strength 
of the armature current that Hows when the field winding is shunted, we 
must first draw the characteristic curves of the motor without the resistance 
(Fig. 200). The ordinates of the curve M t are equal to the product of the 
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corresponding values of the flux N and the current t a . In Fig. 201 we have 
the same curves for the motor when the field winding is shunted. The flux 
curve is exactly the same as before, but the numbers along the base have 
been doubled, since the same flux is still produced by the same magnetising 
current, and therefore by double the armature current. The curve M t in 
Fig. 201 is obtained, as before, by multiplying together the flux N and the 
current i a . We can then see from these two figures the values of th< k flux 
and current for the same turning-moment or load. From Fig. 200, for 
example, we find that a torque of 14 met.-kgs. requires a current of 
15 amperes and a flux of 31 .10* lines. For the same load, after the field 
has been weakened, Fig. 201 shows a current of about 19 amperes and a flux 
of 25 . 10* lines. If we neglect the small ohmic pressure drop, the speed is 
inversely proportional to the flux. In the present case, therefore, the speed 
has been increased in the ratio of 31 to 2'5, or 24 per cent., by putting an 
equivalent resistance in parallel with the field winding. 
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Fig. 200. 



Fig. 201. 



This method of varying the speed by shunting the field current necessi- 
tates a certain loss of energy in the shunt. This loss is small, but can be 
avoided by adopting a method due to Sprague, in which the field coils are all 
connected in series at starting. At full speed they are connected in parallel, 
90 that each magnet coil carries only a part of the armature current. The 
speed can be economically varied over a considerable range by this method. 
Two steps in such an arrangement are shown in Figs. 202 and 203. 

The regulation of the speed of series motors by weakening the field is 
now seldom resorted to. From what we saw in Section 54 concerning the 
effect of cross-magnetisation, it is evident that an undue weakening of the 
main field must give rise to sparking at the commutator. Moreover, there is 
the danger of the magnetic flux not being the same in each of the several 
motors on a car. This may result from differences between the magnetic 
reluctances of the motors, or from faulty contacts due to the coutinual 
operation of the switching gear, which would cause the current to divide 
unequally between the various parallel paths. The effect of such differences 
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can be seen clearly from the following example. A tramcar has two motors 
connected in parallel, the pressure e across the brudies is 500 volts and the 
armature resistance of each motor is 1 ohm. If the current in one motor is 
15 amperes, the back electromotive force can be found as follows: 

£=500-15.1-485 volte. 

We shall now assume that the magnetic mix of the second motor is 5 per 

cent, less than that of the first motor. As the two motors are on the same 

car they must necessarily run at the same speed. The back E.M.F. of the 

second motor is therefore 5 percent, smaller than that of the first, and we 

have in this case 

£=485.0-95 = 460 volts. 



To find the current in the second motor, we have 
. e-E 500- 460 

tfl " R a " " 1 



« 40 amperes. 




Fig 202. 



Fig. 203. 



The total current taken by the car is 40 + 15 = 55 amperes, and of this 
total only 15 amperes flow through the more strongly magnetised motor, 
while 40 amperes pass through the weakly magnetised motor. The latter 
does almost three times as much work as the former. It is not difficult to 
calculate the conditions under which the bock e.m.f. of one motor becomes 
equal to the terminal pressure, so that its current and input are both zero. 
It is possible, however, to go still further, and find a speed at which the 
E.M.F. of the strongly excited machine is greater than the supply pressure, 
and the machine works as a generator supplying power to the other motor. 
The latter has then not only to drive the car, but also to drive the other 
machine as a loaded generator. The result is that the armature of the under- 
excited motor becomes over-heated and is rapidly destroyed. 

It may also occur that the armature resistances are unequal. This would 
also be very disadvantageous in the Sprague arrangement. 




As a result of these difficahksw speed ugwlstinsj of series motors is rarvlv 
carried oat by shunting or re-arranging the fieid windings. The general 
method now adopted is the simple ni'iHsmi 1 in series with the motor. The 
armature is always in series with its own 6eld winding, so that the armature 
current of any motor is identical with the magnetising current of that motor. 
At starting, both the current and power taken by the car can be greatly 
reduced by connecting the motors in series. Each motor then acts as a 
resistance in series with the other (Fig. 204) and the pressure across each 
motor is only half that of the mains. The current taken by the oar is only 
that of a single motor; this is a most important point, since the current 
taken to start a car is very great. When a certain speed has been reached, 
the motors are connected in parallel (Fig. 205 1 It would appear at first 
sight as if we had again encountered the difficulty of an unequal distribution 
of current and work, if by any chance the internal resistances or field strengths 
were not exactly equal If, for example, one of the armatures in Fig. 205 had 
a larger resistance than the other, its current 

would apparently be smaller than that of the other motor. Since, however, 
its flux and back E.M.F. would be thereby simultaneously reduced, the in- 





Fig. 204. 



Fig. 2Vb. 



equality is almost entirely neutralised. Suppose, for example, that the 
following figures refer to one of the motors : 

<r = 500, iV=3.10\ I* = 20, -R a =*2, 
while the resistance of the other is so different that its current is 18 amperes 
and the magnetic flux, found from the characteristic for a magnetising current 
of 18 amperes, is 29. 10" lines. We shall now calculate the resistance x of 
the second motor. Since both motors run at the same speed, we have from 
equation (100) on page 192 : 

(500 - 20 . 2) . 60 . 10 8 (500 - 18 . g).60.10» 



n = 



£ .3.10*.* 



£.2-9. 10". * 
a 



From this we get x = 3*05 ohms. 

Hence we see that an increase in the resistance of 50 per cent, merely causes 
the current to decrease from 20 to 18 amperes. Similarly, a difference in 
the magnetic rlux will cause a very small difference in current (Figs. 206 and 
207). We may assume that the gap between armature and poles is greater 
in the second motor, thus causing its characteristic curve, which shows the 
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relation between magnetising current and flux, to lie lower than the corre- 
sponding curve of the first motor. For the sake of simplicity the values of 
the flux in Fig. 207 are taken 10 per cent, less than those in Fig. 206. If 
now we draw the speed characteristics under the assumption that the terminal 
pressure is the same and the internal resistance is negligible, we find that it 
lies higher in the second case. For any given speed, such as that shown by 
the dotted horizontal line, we see that the second motor takes a larger 
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current. The difference is, however, very small and never reaches the values 
obtained above for the Sprague arrangement. The motor having the larger 
magnetic reluctance develops a smaller e.m.f. and thereby enables a larger 
current to flow through it. This larger current, however, passes round the 
magnets of the same motor and makes up to some extent for its gTeater 
reluctance, so that the difference in the flux cannot become very con- 
siderable. 




€9. The instantaneous value of the induced s.m.p. — 70. The electrolytic mean or average value 
of an alternating current. — 71. Alternating current power and r.h.b. current. — 72. Vector 
diagrams. — 73. The e. m. r. of self-induction. — 74. Ohm's law for alternating current*. — 
75. Resistance and inductance in penes.— 70. Resistance and inductance in parallel. — 
77. Effect of phase difference on i.e. power.— 78. Effect of capacity.— 79. Resistance and 
capacity in series. — 80. Circuit containing resistance, inductance aqd capacity. — 81. Self* 
induction and capacity in parallel. 

69. The instantaneous value of the induced E.M.F. 

When a coil of wire is rotated about a diameter in a uniform magnetic 
field, electromotive forces are induced in it which change periodically both 
in strength and direction. The axis about which the coil rotates should be 
at right angles to the direction of the field, as shown in Figs. 208 and 209, 
where a rectangular coil is wound on a non-magnetic cylind er. The dotted 
lines represent the lines of force, the large circle the non-magnetic cylinder, 





Fig. 209. 

and the smaller circles the sides of the coil in section. In Fig. 208 the coil 
is at right angles to the lines and the magnetic Hux threading the coil is a 
maximum. The motion of the conductors on the cylindrical surface is, at 
the given moment, parallel to the lines of force and no E.M.F. is induced in 
them. We shall take this position, in which there is no induced E.M.F., as 
our starting point or origin. In Fig. 209 the coil has moved through an 
angle a and is cutting obliquely through the lines of force, so that an e.m.f. 
is being induced in the coil. If we assume that the lines of force pass up 
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the page and that the cylinder is rotated in a clockwise direction, an applica- 
tion of the right-hand rule shows the direction of the induced e.m.f. to be as 
indicated in the figure. 

The e.m.p. induced in the coil is greater the more rapidly the lines of 
force are cut, that is, the less obliquely the coil cuts through them. The 
E.m.f. will therefore reach its maximum value when the lines are cut at 
right angles, that is, when the coil is vertical and is threaded by no line 
of force. On rotating the coil still further the instantaneous value of the 
E.M.F. decreases and reaches zero when the coil is once more horizontal At 
this moment the direction of the induced E.m.f. in the coil is reversed. So 
long as the wire is on the upper half of the drum it cuts the lines from left 
to right, but when it passes over to the under side of the drum it cuts them 
from right to left. Hence, the induced E.M.F. varies both in magnitude aud 
in direction. 

If H be the strength of field in lines per sq. cm., 

N the maximum flux through the coil, 

v the constant peripheral speed in cms. per sec., 

n the revolutions per minute, 

D the diameter of the drum in cms,, 

L the induced length of the coil-side, 
and z the number of wires connected in series (if the coil consist of a 

single loop z' m 2), 
then for the instantaneous value of the induced e.m.f. we have equation (62) 
on page 78, according to which 

E=H.l.v.lO~* volts. 
For I, which is the total length of induced wire, we must put L.z'. With 
regard to the speed v with which the lines are cut, it ia evident from Fig. 209 
that it is merely the horizontal component of the peripheral speed t; f . The 
same lines would be cut if the conductor moved horizontally with a speed p 
equal to w sin a. Now 

Making these substitutions in the above equation, we have 

E^H.L.z'.D.Tr.-, sin tx. 10-. 
bU 

The product D . L is equal to the area of the coil in square centimetres 
and H is the number of lines per sq. cm. Hence the product H.D.I t 
equal to the total flux N passing through the coil when it is perpendicular 
to the field. 

We have, therefore, 




H-*.N.%.* 



10~ B . sin a 



.(107> 



The instantaneous value of the E.M.F. is therefore proportional to the 
sine of the angle which the plane of the coil makes with the initial p<>- 
When a = 0, E'±*0, and when a = 90°, sina=l and the k.m.f. has its 



The instantaneous value of the induced E. M.F. 219 

maximum value, as we have already seen. The value of this maximum 
K.M.F. is seen from equation (107) to be 

j& — -^.Jr.gg./.IO-" (108> 

Equation (107) can now be written in the form* 

E^E ma ana (109X 

For values of a between and 180°, sin a is positive, whereas for values 
between 180° and 360° it is negative. This is in agreement with the fact 
already mentioned, that the K.M.F. changes its direction in the horixontal 
position of the coil, corresponding to o = 180°. If a curve be drawn, having 
the values of the angle a tor abscissae and the corresponding instantaneous 
values of the induced elm.f. for ordinate*, the well-known sine curve is 
obtained We can, however, introduce the time t as the variable and ex- 
press the E.M.F. as a function of the time. If m be the angular velocity 




Fig. 210. 

of the coil and t the time taken to reach its present momentary position, 
the angle a> . t is identical with the angle a, and we may write equation (109) 
in the form 

£»£„„. sin(«».f) illOX 

If the abscissae of our curve be made to represent the time t instead 
of the angle a, we merely alter the scale and obtain the curve shown in 
Fig. 210. This shows clearly how the tier, varies from moment to moment. 
The time t, of a complete revolution corresponds to the angle 2w. During 
this time the E.M.F. passes through both a positive and a negative maximum, 
and returns to its initial value ready to pass again through the same cycle. 
The time thus taken to go through a complete cycle is called the period, 
or the periodic time. A common value of the periodic time in alternating 
current practice is a fiftieth of a second, so that the current or E.X.F. passes 
through 50 periods or cycles per second. It is then said to have a frequency 
or periodicity of 50. Some American engineers call a half-period an alter- 
nation, and speak of a current with a frequency of 50 m having 6,000 
alternations per minute. 

If the drum on which the eofl is wound be made of iron and it be rotated 
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between the poles of an electromagnet in the usual way (Fig. 211), the 
induced e.m.f. will not be a sine function of the time. The lines of force 
now pass perpendicularly across the gap, so that they are no longer cut 
obliquely according to a fixed trigonometrical rule. It is possible, however, 
by suitably shaping the pole-tips, to make the gradation from the neutral 
zone to the strong field under the pole very gradual, so that we may assume 
that the field strength is distributed round the armature according to the 
sine law. Its maximum value will be under the centre of the pole and 
it will gradually decrease on either side towards the neutral zone, in the 
centre of which it will be zero. The induced E.M.F. will again be a sine 
function of the time, and will be given by equation (107). As before, N 
represents the maximum flux passing through the coil. This is here the 
same thing as the flux leaving the north pole of the field magnet. 

For multipolar machines with p pairs of poles, the equation must 
slightly modified. As in direct current armatures each coil will span a pol* 
pitch, the wire which passes under the centre of a north pole crossing at the 





end and coming up under the next south pole (Fig. 212). The number of 
lines of force cut in one revolution will be p times as many as in a bipolar 
machine with the same value of N. The E.M.F. induced in the coil will 
be p times as great, and we get the following general formula 



E = w.N 



60 



.*'. 10" - . sin a. 



The product p . — is equal to the number of cycles per second, 
generally represented by the sign n», which is derived from the sine wave. 
If we substitute the frequency ** for p . -^r in the above equation, we get 
B*nr.ir.~.M'.lQ-*.ana (111). 



Similarly 



!■:. 



~ 7T 



JV\~. 



io- 



.(112). 



These formulae are equally applicable to two-pole or multipolar machines. 
The angle a has not, however, the same meaning in both cases. In the 
four-pole machine in Fig. 212, a movement of the wire from the neutral axis 
to the middle of the pole represents a geometrical angle of 45°. The E.M.F. 
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increased, however, from to its maximum value, so that sin a must 
its maximum value 1 for the position under the middle of the pole, 
is evident that we cannot, in such a case, put sin a equal to sin 45\ 
difficulty could be avoided by putting sin (p . a) instead of sin a in the 
tion, in which case a would always represent the geometrical angle, 
is, however, an unnecessary complication \\Y .shall assume in all that. 
ws that a degree is not the 360th part of a complete revolution, but 
e 360th part of a complete period or cycle. A complete cycle thus cor- 
responds to an angle 2ir. The angle tt represents half a period, that is, 
the time taken for a wire to pass from the middle of a north pole to the 
middle of the adjacent south pole. A rigid adherence to this assumption 
■will make a mistake in applying the above, or similar, equations impossible. 

*70. The electrolytic mean or average value of an alternating 

current. 

We have seen in the previous section that the induced electromotive 

varies as a sine function of the time. If we assume that the circuit 

itains only ohmic resistance and is free from self-induction, we can deter- 

tine the current at any moment by dividing the electromotive force at that 

tent by the constant resistance. Hence, by simply altering the ordinate 

le, the sine curve of E.M.F. may represent the alternating current. The 

itaneous value of the current is therefore proportional to the sine of 

le angle o which the plane of the coil makes with its initial position, and 

may write 

» = W 8m *• 

In order to determine the mean value of the current experimentally, the 

of the coil are connected to a two-part commutator, in the manner 

ly described in Section 43. The current in the external circuit is then 

ilsating, but always in one direction, and we are said to have rectified the 

Itemating current. If this current is passed through a copper voltameter, 

»e quantity of copper deposited in a given time is a measure of the quantity 

electricity which has passed through the circuit. To find the mean value 

the current, we must divide the mass m of the deposit in milligrammes 

the time t and by the electrochemical equivalent of copper 0328. We 

lus have 

m 



" 0-328.* 
This average value of the current may thus be called the electrolytic 
lean. To determine it graphically, we plot the time t as abscissa and the 
it i as ordinate. After a time t, reckoned from the initial position, 
le value of the current is given by the equation 

* = L sin a = *„>„ sin (<u . t). 
For an infinitely short interval of time dt, the current may be assumed 
be constant. Since the current is defined as the quantity of electricity 
ig per second, the product t . dt, which is represented by the narrow 
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vertical strip in Fig. 213, is equal to the quantity of electricity passing in 
the time dt. The total quantity passing during the whole period t } is equal 
to the sura of all such elemental strips, that is, to the shaded area in the 
figure. The average value of the current is found by dividing this area 
by the time t x . If a rectangle of equal area be drawn on the same babe, 
the height of this rectangle gives the required mean current. 

An approximate value can be obtained by finding the mean of the values 
of sin 0, sin 10°, sin 20°, and so on up to sin 90°, and multiplying it by i^. 
To obtain an accurate value of the mean current, we must determine the 
area of the shaded area (Fig. 214) corresponding to half a period. The 
integration is simplified by plotting angles as abscissae. The area of the 
narrow vertical strip in Fig. 214 is 

t . da = i ma . sin a . da. 

To find the whole area we must integrate, or add up all the strips, between 
the limits and w. This gives us 




Fig. 214. 



By dividing this area by the base tr we get the average height or av< 
current. Hence 

<r --- w - 0636 . t^ (113). 

Hence, on the assumption that the current is a simple sine function of 
the time, its average value is to the maximum value as 2 : n or as 7 : 11 
Similarly for the electromotive force, we have 



«.-! 



E^ = 0-636 . E m 



(114) 



These average values of the alternating current and pressure are, how. 
little used in electrical engineering, since they cannot be used to calculate 
the power. The reason for this will be clear after reading the next section. 






71. Alternating current power and root-mean-square curren 

As we have just mentioned, the power cannot be obtained by multiplying 
together the mean values of the current and pressure. We must find the 
momentary value of the power by multiplying the momentary value of the 
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current, by the value of the pressure at the same instant. The same result 
is obtained by squaring the momentary value of the current and multiplying 
by the resistance. Hence, for the power at any instant, we have 
P = ««„ - sin a . i nMZ . sin a = (*„,„ . sin a) 1 . R. 

These values of P are found for various moments during the period, and 
plotted as ordinates in Fig. 215. As power is the work done per second, 
the area of the small strip P , dt must represent the work done during the 
interval dt The whole shaded area must represent the total work done 
during a period. If this be divided by the time ^ in which the work is 
done, we get the mean work per second, that is, the mean power. This 
is given by the height of a rectangle of the same area and on the same base 
as the shaded figures. This height is found to be exactly half of the total 
height of the curves. 

The same result is obtained by calculation. This is simplified, as before, 
by plotting the angle a as abscissa (Fig. 216). The area of the narrow strip 




Fig. 215, Fig, 216. 

in Fig. 216 is equal to P . da. Substituting the value of P found above, we 
find the total area of the figure as follows : 

T P . da = j* ^ . R . si n' a . da, 

but / sin 1 a . da = h — = sin a . cos a = a » 

hence, the shaded area in Fig. 216 is equal to 

*\n« . R] sin* a . da = »*„„ . R . J, 

To obtain the mean power we must divide this area by the base w. 
We thus get 



P = 



B 



(115). 



If the circuit contain no self-induction, we can put 

Etui* m W* • R, 
and equation (115) becomes 



'm*l • "mux 



(116). 



It is interesting to obtain this result in another way, which requires 
no higher mathematics, but which, at the same time, does not give one such 
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an insigbt into the reasons for the result, as is obtained from a careful stu< 
of the above. We assume that a two-pole machine has a drum cont 
two independent windings at right angles to each other. Both windings are 
connected to equal external resistances. When the plane of one coil makes 
an angle a with the zero position, the other will make an angle 90 + a with 
the same position, and the momentary value of the total power of the two 
windings together is 

B WM . r m%x . [sin* a. 4 sin* (90° + a)] - ^ . i^ . (sin 1 a + cos 1 a). 
Since sin 1 o + cos* a is always equal to I, it follows that the power «f 
the two coils together is always constant and equal to E mtx . i wa . This n 
the mean power of the two coils, and that of each will therefore be a half 
of this, viz. 



P- 



K 



' : m« = 04.05 £«„. w 



as found above. Had we calculated the power by multiplying together the 
average values of the current and pressure, the result would have been 

2 F 2 

7T 7T 

This is 20 per cent, smaller than the real average power. 

We must now define and calculate the values of current and 
which can be applied directly to the calculation of the power, 
purpose we write equation (115) in the following form: 

p ^mn 

V2 
i 



^.R 



The expression 



certain 



-— ? in this equation represents a 

of current which, if squared and multiplied by the resistance, gives 
the mean power. This strength of current is called the effective or 
root-mean-square value of the alternating current. This is the current 
strength which is meant when speaking generally of the strength of an 
alternating current. We shall represent it by the letter i. Although this 
letter also represents the instantaneous value of the current, confusion be- 
tween the two is almost impossible. We have therefore 



j _ 2fig_ 0707 
?1 



ma i 



,1171 




Wc can therefore define the effective value of an alternating c 
in the three following ways : 

(1) as that value which, squared and multiplied by the resistance, gii 

the mean power ; 

(2) as the root of the mean value of the squares of the momentary 

values of the current; 

(3) in true sine waves, as 0707 of the maximum value of the current. 

Since we found the electrolytic mean to be ^ of the maximum 
effective value is to the average value as 11 : 10, or more accurately a* 
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ir : 2^. If, therefore, we wish to calibrate an ammeter for alternating 
currents by rectifying the alternating current and passing it through a copper 
voltameter, it will be necessary to multiply the average current, as calculated 
from the deposit in the voltameter, by 1*1 in order to obtain the correct 
value of the effective current which should be indicated on the scale of 
the ammeter. Those instruments, however, in which the deflecting force 
is proportional to the square of the current at any moment, will give the 
same deflection with direct current as with an alternating current of the 
same effective value. They take up a position corresponding to the mean 
value of the squares of the alternating current, and, if calibrated with direct 
current, indicate correctly the effective value of the alternating current. 

To this class belong those instruments in which a current-carrying coil 
attracts or deflects a small piece of soft iron. The force exerted at any 
moment is proportional to the product of the momentary value of the current 
and that of the magnetism induced in the soft iron. For low values of the 
saturation the force will be therefore proportional to the square of the current, 
and we should expect the instrument to read correctly both direct and alter- 
nating currents. As, however, no iron is entirely free from hysteresis and 
remanent magnetism, these instruments are not suitable for very accurate 
work even with direct currents. With alternating currents the hysteresis 
causes the reading to be lower than that obtained with a direct current 
of the same effective value. 

Hot-wire instruments, on the other hand, have exactly the same scale 
for all currents. In this type of instrument a platinum or platinum-silver 
wire is heated by the passage of the current and thereby caused to elongate. 
This elongation is magnified, and transmitted to the pointer of the instru- 
ment. Since the wire possesses a certain thermal capacity and the pointer, 
etc., a certain inertia, the instrument is unable to follow the rapidly pulsating 
current, and consequently takes up a position corresponding to the mean 
power dissipated as heat in the wire, The readings on the scale correspond 
to effective currents, that is, the currents which, if passed steadily through 
the wire, would produce the same heating as the alternating current. It 
follows that the instrument must be equally applicable, to both direct and 
alternating currents. 

The same holds true for dynamometers, in which the current flows 
through a fixed and a moving coil connected in series. It was seen in 
Section 32 that currents flowing in the same direction are attracted, while 
currents in opposite directions are repelled from each other. Since the 
current is reversed simultaneously in both coils, the turning moment exerted 
by the fixed on the moving coil will act always in one direction. The 
deflection, being proportional to the product of the currents in the two coils, 
is proportional to the square of the current In consequence of the inertia 
of the moving coil, the pointer takes up a position corresponding to the 
mean torque, and therefore to the mean of the squares of the current. The 
scale can be marked so as to read directly the effective current. This is, 
as before, that continuous current which gives the same deflection as the 

T. E. 15 
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periodically varying current. The same scale can evidently be used both for 
direct and alternating currents. The same is naturally true for volt meters. 



72. Vector diagrams. 

The sine curve represents very clearly the changes occurring in the 
current or in the electromotive force during a period, and we shall often 
make use of it in our further studies of alternating cunvnt phenomena. 
The vector diagram is to be preferred, however, when we wish to determine 
rapidly the relations between the various currents and electromotive forces 
in an alternating current circuit. In Fig. 218 the line OE represents E mkt 
to a certain scale, and rotates about the point with a constant angular 
velocity a> = 2w •**. If we are considering a bipolar machine, the vector will 
rotate at the same rate as the armature. The direction of rotation is im- 
material, but we shall always assume it to be clockwise. In its initial 
position the vector will lie horizontally to the left of 0. The angle a which 




Fig. 217. 



Fig. 218. 



it makes with its initial position at any moment is equal to the angle mad* 
by the plane of the coil in Fig. 217 with its zero position. The projection of 
OE on the vertical axi3 is evidently equal to OE. sin a, that is, to E ams . sin a 
Hence, the instantaneous value of the electromotive force is equal at 
every moment to the projection of the radius vector upon the vertical 
axis. 

To make the matter still clearer, a sine curve representing half ■ perW 
has been added in Fig. 218 to show the connection between it and the I 
diagram. The radius of the circle described about point as centre tf 
equal to the maximum ordinate of the sine curve. The instantaneous valur 
OA in the vector diagram is equal to the ordinate BD in the sine curve 
Finally, the arc subtending the angle a at unit radius in the vector diagram 
is equal to the abscissa CD in the Bine curve. 

Electromotive forces of different magnitude and of different phase can be 
very conveniently compounded and their resultant determined by means of 
the vector diagram. When we speak of electromotive forces being of different 
phase we mean that they are out of step, as it were, and do not attain their 
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maximum values at the same moment. On the armature in Fig. 219, for 
example, there are two coils consisting of a different number of turns and 
displaced by a certain angle from each other. Coil / possesses the greater 
number of turns and will therefore have a greater maximum e.m.f. than 
c«iil //. Two circles are drawn about the centre (Fig. 220), one having a 
radius 0E^= E Xta%x and the other a radius 0E 2 = E tmmx , and the vectors 
0E X and t)E t are drawn in directions corresponding to the positions of the 
coils / and // on the armature. As in the case of forces, we find the 
resultant OR by completing the parallelogram 0E l RE i . At the given 
moment 

OA is the instantaneous value of the B.M.F. in coil /, 

t/XJ ,, ,i >> t, i, * ■* i 

and OC is the projection on the vertical of the resultant OR, From the 
similarity and equality of the shaded triangles it follows that 

0C=0A+0B. 




J 

Fig. 219. 

Now, OC is the instantaneous value of an e.m.f. represented both in 
magnitude and phase by the vector OR. Thus the sum of the instantaneous 
values of the electromotive forces in the two coils is equal at every moment 
to the instantaneous value of the resultant. It follows that electromotive 
forces can be compounded by the parallelogram law in exactly the same way 
as mechanical forces. 

To make this important result still clearer, we have represented in 
Fig. 221 the moment when the resultant E.M.F. has its maximum value. Its 
vector lias vertically, while the vector of E : lies a little to the left and that 
of E % a little to the right of the vertical. If we consider the wires con- 
stituting the adjacent coil-sides on one side of the armature, we can see that 
the maximum resultant E.M.F. will be induced when the wires as a whole lie 
under the middle of the pole. In this position, however, the wires of cuil I 
lt^ just before the pole middle, while the wires of coil 77 lie just beyond it, 
exactly as we have found from the vector diagram. 

In a similar manner we may consider the moment when the coils lie in 
the neutral zone and the resultant e.m.f. is nil (Fig. 222). One coil-side 
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is under the influence of the north pole while the other is under the influence 
of the south pole, and the opposing electromotive forces induced in the two 
coils exactly neutralise each other. We arrive at the same conclusion from 
a consideration of the vector diagram in which the resultant OR is horizontal 
and its projection on the vertical axis is 0. The vector OE x lies above the 
abscissa axis while the vector OE % lies below it. The projection of QE X is 
therefore positive and the projection of 0E. 2 negative, and since they oppose 
each other, their resultant vanishes. Here again, the directions of the vectors 
correspond with the geometrical positions of the coils. Such considerations 
as these diminish, to a certain extent, the difficulty experienced by the 
student in grasping the idea of difference of phase and in the application of 
the parallelogram of forces to electromotive forces. 




Fig. 221. Fig. 222. 

We can, however, go a step further and substitute effective values of the 
electromotive forces instead of maximum values. This will simply alter the 
scale of the vector diagram without altering the angles. The length OR will 
then represent the effective value of the resultant. In a similar way we cad 
find the resultant of two currents flowing in parallel paths, but differing in 
magnitude and phase. Such a compounding of electromotive force* or 
currents is called a vectorial or geometrical addition. 

73. The electromotive force of self-induction. 

It was seen in Section 35 that the electromotive force E $ , induced by a 
change of current in a coil of self-induction L, is given by the equation 

di 



where 



E t =—L.-r A volts, 
at 

l- * 4 "-*-"-* . 10- henries, 



For the angular velocity of the radius vector we have 

6) = 2tt . ** , 
so that i = i MX . sin a = i^^ . sin (wt). 

Differentiating, we have 
di 



dt 



cos (tot) . a> « i max . o> . cos a. 
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Introducing this into the above formula for E ft we get 

K, --Zw.i^.cosci (118). 

The E.M.F. of self-induction is thus a cosine function and by plotting it as 
ordinates with cither the angle a or the time t as abscissae we obtain a cosine 
curve. This is identical in form with the sine curve, but is displaced 90° 
from it. The relations found for the sine function can therefore be applied 
here, so that the effective value of the e.m. f. of self-induction is 0*707 of the 
maximum value. 

From equation (118) it can be seen that the maximum value is reached 
when cos a = —1, that is, when o= 180°. Its value will therefore be 

If both sides of this equation bo multiplied by 0*707, the maximum values 
of E.M.F. and current will be converted into effective values, and we can write 

Eg = Lw . t. 
Hence, the effective value of the e.m.f. of self-induction is given by the 
product, of the coefficient of self-induction, the angular velocity of the vector 
and the effective current. 

A coil purposely made so as to have a large self-induction is called a 
choking coil. Such a coil is shown in Fig. 227, and consists of an iron core 
bent into a ring with a small air-gap and wound with insulated copper wire. 
If the magnetic flux density is kept small, the reluctance of the iron may be 
neglected and only the air-gap need be considered in calculating the self- 
induction. 

We shall assume the following data for the choking coil : 

Length of magnetic path in air-gap I = 6 cm. 

Cross-section of path normal to the flux A = 12 sq. cms. 

Number of turns in coil S — 200. 

Effective value of current i= 10 amps. 

Frequency ** = 50. 

Then, since the permeability of the air is 1, we have 

, &4ar.&.u.A 1|fc _ lo .200M.12 1A . nm , 

£ *z — u io-« = 125 jr-s . 10 * = 001 henry. 

/ Ob 

We have also 

ta m 2tr *+* = 314. 

Hence, for the electromotive force of self-induction, we have 
Eg = Lw .*- 0*0i . 314 . 10 - 31'4 volts. 

We shall see presently that a voltmeter connected across the terminals of 
the choking coil will read almost exactly 31*4 volts, showing that the coil 
acts like a resistance in causing this drop of pressure. 

In order to design a choking coil, however, the formula needs to be modi- 
lied, as we might otherwise choose a value of cross-section for the iron or a 
number of turns for the coil which would lead to a very unsuitable flux- 
density in the core. In Section 29 we found the following relation between 
the maximum current and the maximum flux-density : 
B „ 0-4nr.fl.t„, H .g 

-D«*« = M ■ XI in*. = j 

I 
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*/2i t and solve the 



,(119). 



If we introduce the effective current by putting i t 
equation for t, we get 

~178.S. M 'j 

This equation is of great importance in the calculation of the magnetising 
current of a transformer. Here, however, we shall merely use it to get the 
equation for the induced e.m.f. into a convenient form. If we substitu 
L, to and i in the equation E t = L . to . » the values just found for them, 
we get 

E, = 444 . B mikI .A.^.S. IQr*. 

Since the product B mxx ,A gives the total flux N embraced by the coil, 
we may write 

-£, = 4-44iv\~.,SM0-« (120). 

From the two equations (119) and (120) a choking coil can be designed 
when we have chosen a suitable value for the magnetic flux-density. It, far 
example, an E.M.F. of 30 volts is to be induced by a current of 10 amperes at 
a frequency of 50, we may proceed in the following manner. The flux- 
density is taken at 5,000 lines per sq. cm. and the path in the iron is 
neglected, so that we need only consider the length / of the air-path. The 
cross-section of the iron is assumed to be 15 sq. cms. We have then 
N = B m „ . A = 5,000 . 15 = 75,000. 

From equation (120) we have 

a;. 10* 30.10 8 



s = 



= 180. 



4-44. N.~ 4-44.75,000.50 
Putting the number of turns S equal to 180 in equation (119) we get 
1-78 . S.fit.i _ 1'78 . 180 . 1 . 10 



/ = 



0*64 cm. 



B mmx 5,000 

This is the length of the air-gap. The cross-section of the path across 
the air-gap has been taken as equal to the cross-section of the iron. As a 
matter of fact, however, the lines of force do not pass straight across the gap, 
but curve round from pole to pole, being driven outwards by the lateral 
pressure which we have seen to exist between the lines. The cross-section 
of the path across the gap is therefore considerably greater than the cross- 
section of the iron. The presence of the piper or varnish insulation between 
the sheet-iron stampings of which the core is built up will still further 
increase this effect. The above coil will consequently cause a greater drop 
than 30 volts when carrying 10 amperes. 

Having considered the magnitude of this e.m.f. of self-induction, we must 
now turn to its phase. We saw above that the curve is a cosine curve and is 
consequently displaced 90° from the sine curve of the current. This will be 
made plainer if we determine the magnitude and direction of the E.jlf. of 
self-induction at several critical moments during the period 

The current curve is represented by the thick black line in Fig. 223. 
When a«0, sina = 0, but cos a = 1. This is the moment when the current 
passes through zero and the E.m.f. of self-induction has its negative value, as 
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seen from equation (118) on page 229. The current curve is steepest at this 
point, which means that, although there is no current at the moment, yet the 
rate at which the current, and with it the mix, is changing is then a maxi- 
mum. That the E.M.F. induced in the coil is negative follows at once from 
the fact that it opposes the growing current and tends to keep up the dying 

■ current. 
When the angle a is equal to 90° we have sin o = 1 and cos a = 0. The 
current is then a maximum and the induced K.M.F. is equal to 0. At the 
moment when the overeat is a maximum, the current curve in Fig. 223 is 
parallel to the base, and for an instant both current and flux are constant* 
There is therefore no cutting of lines at this moment and the dotted curve 

>must pass through the base line at the point representing a m 90°. 
By finding the various points on the curve E 9 in this manner, the whole 
curve can be drawn, with the result that the e.m.f. of self-induction is found 
to lag 90° behind the current. This point should be carefully noticed, since 
one might easily come to the conclusion that, as the curve E t in Fig. 223 is 







Fig. 223. 



further to the right than the curve i, the E.M.F. is therefore ahead of the 
current. This conclusion is quite wrong, for we see that the curve E, reaches 
ixiroum value at a time when the curve i has already passed its maxi- 
mum. Hetice the k.m.f. of self-induction lags behind the current by a 
quarter of a period or by an angle of 90°. 

This is made c lea rer by a consideration of the vector diagram in combi- 
nation with the laws of self-induction already found in Section 35. The 
diagram is shown in Figs. 224, 225 and 226 for three successive moments. 
Wli.'n the current vector pisses through the horizontal position (Fig. 225), 
its projection on the vertical, and therefore also the instantaneous value of 
the current, is equal to 0. The E.M.F. of self-induction is a maximum at this 
BKMDOBt and its vector must consequently be vertical; moreover, since it 
lags 90* behind the current, it must be vertically downwards. 

We shall DOW consider the relations a moment earlier and a moment 
later. In Fig. 224 the current is decreasing and its vector lies below the 
horizontal so that its projection is in the same direction as that of the 
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electromotive force It,. The E.H.F. id thus in the same direction 
decreasing current, which agrees exactly with what we found in Section 

In Fig. 226 the current has passed through its zero value and is increas- 
ing. The projection of its vector is now above the horizontal and therefore 
in the opposite direction to the projection of the E. M. F. which has hardly 
changed. The self-induced E.M.F. is thus opposed to the growing current, as 
was found in Section 35. 




Fig. 224. Fig. 225. Fig. 226, 

If now we agree to consider the magnetic flux as having the same sign as 
the current producing it, there will be no difference of phase between the 
magnetising current and the flux. The current curve will then represent to 
a certain scale the number of lines threading the winding at any moment. 
Hence, the self-induced E.M.F. lags not only 90 3 behind the current, but also 
90' behind the magnetic flux, through the variation of which the E.M.r. is 
induced. 




74. Ohm's law for alternating currents. 

We shall now consider the circuit represented in Pig, 327, in which an 
ohraic resistance R is connected in series with a choking coil, the resistance 
of which is so small compared with its self-induction that it can be neglected 




Fig. 227 



We have to determine the magnitude of the current which flows round the 
circuit under the joint influence of the terminal pressure e of the generator 
and the self-induced E. m.f. of the choking coil. In addition to the magnitude 
of the current, its phase relation with regard to the terminal pressure should 
be considered. 

To simplify the problem wo shall first consider it in the reverse form, 
viz. what terminal pressure will be required to drive a given current 



ma 
res 



through the external circuit? In the 6rst place we determine the mo- 
mentary value of the ohmic pressure drop by multiplying the momentary 
value of the current by the resistance. This ohmic pressure drop is plotted 
aa ordinates and gives the heavy black curve in Fig. 228. Since it must 
have its maximum value at the same moment as the current, it must be in 
phase with it. The curve i.R* differs from the current curve merely in the 
matter of scale. 

The ohmic pressure drop must be provided by the combined action or 

ultant of the terminal pressure, which is at present unknown, and the 
electromotive force E„ the curve of which lags 90° behind the curve t. R. 

B proceed now to determine the value of the terminal pressure for a few 
characteristic points during the period. 
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Fig. 228. 



At the origin there is momentarily no current, although the E.m.f. of 
self-induction has at this very moment its maximum negative value. It is 
evident, therefore, that its effect is exactly neutralised by an equal and 
opposite terminal pressure OF. The current can only vanish when forward 
and back pressures exactly neutralise each other. 

At the moment A, on the other hand, the terminal pressure has not only 
to overcome a considerable e.m.f. of self-induction, but has now to cover a 
large ohmic pressure drop. The terminal pressure must therefore be equal to 
the sum of these two, and will be represented by QA. 

At the moment B there is no E.M.F. of self-induction, and the terminal 
pressure has merely to provide for the ohmic pressure drop HB. The curves 
►f terminal pressure and ohmic drop will therefore cross at the point H. 

Finally, at the moment C, the self-induced E.M.F. is just sufficient to drive 
the diminishing current through the resistance without assistance from the 
generator, the terminal pressure of which is therefore zero. The curve e cuts 




In a few of the figures the ohmic resistance is denoted by the letter m instead of R. 
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the horizontal axis at the point C. In this way we obtain the thin fu 
curve in Fig. 228, the data for which are as follows: 

i « 10 amperes, R = 10 ohms, aL = 628. 
The maximum value of the ohmic pressure drop is found as follows: 
W • R - V2 . 10 . 10 = 141'4 volts, 
while for the maximum value of the self-induced E.M.F. we have 
E tVM m toL . i m „ « 628 . n/2 . 10 = 888 volts. 
The maximum value of the terminal pressure of the generator is found 
from Fig, 228 to be 167 volts. 

An examination of the figure leads to the following important 
elusions : 

1. The curve of ohmic pressure drop does not reach such a high value 
the terminal pressure curve, that is, the current is smaller than one would 
expect from the terminal pressure and the given resistance. The formula 
e = i.R is therefore not applicable to alternating current circuits containing 
self-induction. 

2. The sum of the maximum values of the ohmic pressure drop and the 
self-induced e.M.f. is greater than the maximum value of the terminal 
pressure. The sum of the first two is 230*2 volts, whereas the latter is given 
by the figure as 167 volts. This fact is illustrated in a striking manner by 
connecting three voltmeters as shown in Fig. 227. One is across the machine 
terminals, one across the resistance, and the other across the choking coiL 
The following effective values will be read on the three instruments: 

* = V2 = 72- 118 ' 
i'.i2 = 10.10= 100, 
E, = a>L.i = 6*28, 10 = 62-8. 
Thus, the sum of the two separate pressures i. R and E $ is greater than 
the total pressure e. This result seems quite contradictory to the ideas which 
we have formed in connection with direct currents. It must be carefully 
borne in mind, however, that this is only true of the effective or maximum 
values, and not of the instantaneous values at any moment. For the latter 
the total pressure is the algebraic sum of the separate pressures, 

3. The curve representing the ohmic pressure drop or the current lags 
behind the curve of terminal pressure by the angle ^ which is represented in 
Fig. 228 by the distance CD, The current reaches its maximum value a 
short time after the pressure has passed through its maximum value. The 
angle corresponding to this interval is known as the angle of lag. When the 
current is ahead of the pressure, that is, when the current reaches its maximum 
a short time before the pressure, the current is said to lead by a certain angle 
which we call the angle of lead. 

The striking phenomena occurring in a circuit containing self-indue 
are brought out very clearly in the vector diagram. Instead of the current 
vector we may consider the vector of the ohmic pressure drop t . R, which is 
in phase with, and proportional to, the current. In Fig. 229 it is passing 




Fig. 229. 



through the zero position and the vector of the E.M.F. of self-induction points 

vertically downwards. Since the current is equal to at this moment, the 

E.M.F. of self-induction must be exactly neutralised by an 

equal and opposite component of the applied terminal 

pressure. This component — E t is therefore drawn vertically 

Upwards from 0. The resultant terminal pressure e is 

given by the hypotenuse of a right-angled triangle, the 

sides of which are equal to the e.m.f. of self-induction 

and the ohmic pressure drop respectively. 

It is seen that the terminal pressure has a double 
duty to perform, viz. to overcome the ohmic resistance 
on the one hand, and counterbalance the e.m.f. of self-induction on the other. 
Although the E.M.F. of self-induction is sometimes acting with the current 
and sometimes against it, we must always look upon it as a back e.m.f. 
which must be overcome by a component of the applied pressure. This is 
specially evident in the case shown in the figure, for the whole terminal 
pressure is momentarily engaged in counterbalancing this back e.m.f. of 
self-induction. 

Several of the characteristic points noticed in connection with Fig. 228 
are even more evident in the vector diagram. The terminal pressure e is 
greater than the pressure i.R required to overcome the ohmic resistance, 
while the sum of the component pressures i.R and E % exceeds the total 
pressure e. As before the current lags behind the terminal pressure by an 
angle <f>. It is to be observed that this angle must be measured between the 
hypotenuse of the right-angled triangle and the side representing the ohmic 
pressure drop. 

From the vector diagram we can easily determine the equation expressing 
the relation between current and pressure in an inductive circuit. It is 
evident from Fig. 229 that 

+-(i.R?+£f. 



By substituting for E $ its value L<o.i and transposing we get 



t = 



.(121). 



This may be called the Ohm's law for alternating current. It emphasises 
the fact that self-induction causes an apparent increase in the resistance of a 
circuit, since the denominator is increased from R to ViJ* + (wL)*. 

This increased resistance is represented graphically by the hyjtotenu.se of 
a right-angled triangle, the sides of which are equal to the resistance R and 
the quantity a>L respectively. Since this triangle (Fig. 230) is similar to the 
corresponding pressure triangle in Fig. 229, it follows that the angle between 
its hypotenuse and the side R is equal to the phase difference or angle of 
lag ^, and we have therefore 

tane/> = ^ (122). 



The quantity *JR? + (a>Z) 8 is called the apparent resistance or, more 
generally, the impedance, while the quantity <oL is known as the reactance or 
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inductive resistance. The quantity toL can only be looked upon and treated 
as a resistance if its dimensions are those of resistance. It would otherwise 
be quite impossible to add /P and (<oL)*. Now the dimension of the 
coefficient of self-induction is simply a length, and that of angular velocity 
is the reciprocal of time, so that 

the dimensions of reactance are L . T~ l . 

These are, however, the dimensions of velocity, which were seen in Section 40 
to be also those of resistance. Moreover, sine*; a henry is equal to 10* absolute 
units and an ohm is also equal to 10* absolute units, the product a>L must 
give the inductive resistance directly in ohms. 

With the help of equation (121) we are now in a position to calculate the 
current for any given values of e t R and coL. We are no longer compelled to 
follow the reverse course and find the terminal pressure for an assumed value 
of the current. We shall assume the same data as already used on page "234, 
viz. 

e = 118, .ft = 10, m/, = 6*28. 





H 

Fig. 230. 

From equation (121) we have 

118 



Fig. 231. 



10 amperes. 



VIP +6*88* 

For the phase-lag of the current behind the terminal pressure we have 



ta n ^ = f = 0- 6 28. 



7T 



This corresponds to an angle of 32° 10' or ■= . This is in evident agreement 
with the length CD in Fig. 228 which was drawn for the same conditions. 



75. Resistance and inductance in series. 

We shall now consider the case in which two parts of a circuit are con- 
nected tn series, each part containing both ohmic and inductive resistance, as 
represented in Fig. 232. The total pressure e is, in this case, the hypotenuse 
of a right-angled triangle, one side of which is equal to the sum of the 
pressure drops i . R x and x.iC, due to the ohmic resistances, while the other 
side is equal to the sum of the inductive pressure drops E $l and E s . At the 
same time, however, the total pressure e is the geometrical sum of the 
terminal pressures ej and « 3 of each half of the circuit. The triangle of 
pressures can be drawn for each half of the circuit. The terminal pressure 4 
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of the left half forms the* hypotenuse to the sides t . i^ and E Bt , and makes an 
angle fa with the current vector or side t . H,, the tangent of which is given 
by the equation 

for, a g », w ^i 

In a similar manner the terminal pressure e t of the right-hand half of 
the circuit forms the hypotenuse to the two sides t.iil, and E^, and makes 
an angle fa with the current vector, the tangent of which is given by the 
equation 

The phase-lag of the current behind the terminal pressure e of the whole 
circuit will lie somewhere between fa and fa. Hence, although the current 
in all parts of a series unbranched circuit must necessarily have the same 
phase, the pressure differences between various parts of the circuit generally 
differ in phase (Fig. 233). 

/r 




%itu 



fcbW 



Fig. 232. 

The circuit made up of an alternating current generator working on an 
external circuit containing both resistance and inductance is similar to that 
just considered. As an example we shall assume the following data: 

Terminal pressure of generator *= 2,000 volts, 

Current t = 50 amperes, 

Armature resistance R a = 1 ohm, 

Self-induction of armature Z = 0'04 henry. 

Frequency *^= 50, 

Phase-lag in external circuit cos<£ = 0'8. 

We wish to determine the pressure drop in the generator and the electro- 
motive force induced in the generator, both as regards its magnitude and its 
phase. For the construction of the diagram shown in Fig. 234, we have the 
following values ; 

».i? a = 50.1 = 50 volts, 
£.i or «n»i = <aL,i = 004 . 2 . 314 . 50 . 50 = 628 volts. 

From these two values we find the internal drop of pressure OF as the 
hypotenuse of a right-angled triangle, one side of which is equal to the ohmic 
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resistance drop, while the other side is equal to the e.m.f. dno to the armature 
self- induction- We thus get 

0F= V50 1 + 628 B = 630 volts. 
We now find the ohmic resistance drop in the external circuit, thus: 

t . R - e . cos $ = 2,000 . 0*8 = 1,600 volts. 
If cos <f> = OS we know that sin <ft = 0'6, so that the inductive drop in the 
external circuit can be found in the following manner : 

fit*. = * . sin <f> = 2,000 . 0*6 = 1 .200 volte. 
The total ohmic resistance drop in the whole circuit is equal to 
i. R* + i. R = 50 + 1.600 = 1,650 volts, 
and the total inductive drop is equal to 

^•lot. + -£.««. - 628 + 1,200 = 1,828 volte. 
From these two values we find the E.M.F. of the machine E x as the 
hypotenuse of a right-angled triangle, one side of which is equal to the sum 





Fig. 233. Fig. 234. 

of the resistance pressure drops, while the other is equal to the sum of the 
inductive pressure drops. We thus have 

E x = v / l,650 a + l,828 a = 2.460 volts. 
The angle <f> t by which the current lags behind the E.M.F. of the generator 
can be found from the equation 

2(i.i2) 1,650 



cos<k 



- 0-67. 



ft 2,460 

Neglecting secondary effects, we can say that the terminal p.d. on open 
circuit will be equal to the electromotive force E Xt On loading the generator 
the pressure drops from 2,460 to 2,000 volts, i.e. 460 volts, whereas the 
pressure required to drive the current through the armature was seen to be 
0^=630 volts. This apparent contradiction is due to the fact that tat 
pressure drop OF in Fig. 234 is subtracted geometrically and not algebraically 
from the E.M.F., to obtain the terminal pressure e. 

The drop of 460 volts which we have found between no-load and full load 
represents 18'6 per cent, of the no-load pressure. This is approximately lh* 
usual figure found in practice and is, as we have seen, almost entirely i 
the internal self-induction of the machine. This brings out very clearly the 
detrimental action of the self-induction in increasing the apparent intentfl 
resistance of an alternating current generator 
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76. Resistance and inductance in parallel. 

the case illustrated in Fig. 235 two branches are connected in parallel, 
h containing both ohtnic and inductive resistance. The terminal pressure 
i exactly the same both in magnitude and phase for each branch. Thia is 
e even if one or both of the branches contain either ohmic or inductive 
[stance alone, instead of each branch being partly non-inductive and partly 
uctive as shown in Fig. 235. We have now to determine the magnitude 
I phase of the total current, and the current in each branch, from a know- 
ge of 0, it,, o)Z„ i£, and <oL,. The line 00 in Fig. 236 is drawn to 
resent the terminal pressure e and a semicircle is described upon it. OA 
drawn so as to make an angle <£ x with 00. This angle is given by the 



... 



tan^. 






The line OA represents the ohraic pressure drop in the upper blanch of 
;. 235, If we divide this by the resistance i£, we get the current i,, which 
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: 



Fig. 235. Fig. 236. 

represented by the length OC. In a similar manner the line OB is 
at an angle $? with the diameter, where 



tan <£>, = 



ath. 

"37 



e line OB represents the ohmic pressure drop in the lower branch, and 
dividing it by the resistance R, we get the current t,, which may be 
resented by the length OD. The resultant OJ of i, and i* gives us the 
A current t both in magnitude and phase. If the vector i be produced to 
st the semicircle at F, the length OF represents the ohmic drop, and the 
fth FO the inductive drop of a single coil or piece of apparatus which 
Id replace the branched circuit of Fig. 235. The total current lags behind 
terminal pressure by the angle F00. 

>77. EfFect of phase difference on A. C. power. 
the current is not in phase with the pressure, the instantaneous value 
he power is positive whenever the pressure and current are momentarily in 
same direction (Fig. 237). On the other hand, the power is momentarily 
ative whenever the current and pressure are in opposite directions 
j. 238). By the direction of the pressure we mean the direction from the 
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resistance drop, while 
self-induction. We thus get 



other side is equal to the E.m.f. due to the armature 



OF = V50" + 628 a « 630 volts. 
We now find the ohmic resistance drop in the external circuit, thus: 

i . R = e . cos <f> = 2,000 . 0*8 ■ 1,600 volts. 
If cos <f> = 0*8 we know that sin <p = 0'6, so that the inductive drop in the 
external circuit can be found in the following manner: 

ft •«. - « . sin <f> - 2,000 . 06 = 1,200 volts. 
The total ohmic resistance drop in the whole circuit is equal to 
» . R+ + j . R = 50 + 1,600 = 1.650 volts, 
and the total inductive drop is equal to 

fti ol . + ft«L « 628 + 1,200 = 1.828 volts. 
From these two values we find the E.M.F. of the machine E x as 
hypotenuse of a right-angled triangle, one side of which is equal to the 
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Fig. 233. Fig. 234 

of the resistance pressure drops, while the other is equal to the sum of the 
inductive pressure drops. We thus turn 

E x = Vl,650» + 1,828 s = 2,460 volts. 
The angle fa by which the current lags behind the e.m.f. of the gen 
can be found from the equation 



cos fa = 



l (i.B) 



1(650 -0fi7 
2"S60 = ° 67, 




Neglecting secondary effects, we can say that the terminal P.D. on open 
circuit will be equal to the electromotive force E x . On loading the generator 
the pressure drops from 2,460 to 2,000 volts, i.e. 460 volts, whereas the 
pressure required to drive the current through the armature was seen to be 
0F=6%0 volts. This apparent contradiction is due to the fact that the 
pressure drop OF in Fig. 234 is subtracted geometrically and not algebraically 
from the e.m.f., to obtain the terminal pressure e. 

The drop of 460 volts which we have found between no-load and full load 
represents 18*6 per cent, of the. no-load pressure. This is approximately 
usual figure found in practice and is, as we have seen, almost entirely due 
the internal self-induction of the machine. This brings out very clearly t 
detrimental action of the self-induction in increasing the apparent internal 
resistance of an alternating current generator 
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76. Resistance and inductance in parallel. 

In the case illustrated in Fig. 235 two branches are connected in parallel, 
each containing both ohmic and inductive resistance. The terminal pressure 
e is exactly the same both in magnitude and phase for each branch. This is 
true even if one or both of the branches contain either ohmic or inductive 
resistance alone, instead of each branch being partly non-inductive and partly 
inductive as shown in Fig. 235. We have now to determine the magnitude 
and phase of the total current, and the current in each branch, from a know- 
ledge of e, .ft,, &>£,, Rt and «£ 3 . The line 00 in Fig. 236 is drawn to 
represent the terminal pressure e and a semicircle is described upon it. Oil 
is drawn so as to make an angle <f> t with 00. This angle is given by the 
formula 



. 



tan^,= 



Ri ' 



The line OA represents the ohmic pressure drop in the upper branch of 
[Tig. 235. If we divide this by the resistance R^ we get the current ij, which 
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Fig. 235. Fig. 236. 

nay be represented by the length OC. In a similar manner the line OB is 
irawn at an angle fa with the diameter, where 

Theli 



tan fa = 






ie line OB represents the ohmic pressure drop in the lower branch, and 
by dividing it by the resistance ft, we get the current t,, which may be 
represented by the length OD. The resultant OJ of i x and i, gives us the 
x>tal current i both in magnitude and phase. If the vector i be produced to 
neet the semicircle at F, the length OF represents the ohmic drop, and the 
length FO the inductive drop of a single coil or piece of apparatus which 
»uld replace the branched circuit of Fig. 235. The total current lags behind 
jhe terminal pressure by the angle FOO. 

77. Effect of phase difference on A. C. power. 

If the current is not in phase with the pressure, the instantaneous value 
»f the power is positive whenever the pressure and current are momentarily in 
,he same direction (Fig. 237). On the other hand, the power is momentarily 
legative whenever the current and pressure are in opposite directions 
238). By the direction of the pressure we mean the direction from the 
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resistance drop, while the other side is equal to the K.M.F, due to the armature 
self-induction. We thus get 

OF = i/SO 1 + 628" ■ 630 volts. 
We now find the ohmic resistance drop in the external circuit, thus: 

iJ = e.co8^ = 2,000 . 08 = 1 ,600 volte. 
If cos <£ - 0*8 we know that sin <f> — 0*6, so that the inductive drop in the 
external circuit can be found in the following manner : 

S ttA = * • sin <t> = 2.0°° .06 = 1 .200 volts. 
The total ohmic resistance drop in the whole circuit is equal to 
t . R a + i . R = 50 + 1 ,600 = 1 .650 volts, 
and the total inductive drop is equal to 

%M + E »« = 628 + 1 « 200 ■ 1 - 828 volts - 

From these two values we find the E.M.F. of the machine E x as the 

hypotenuse of a right-angled triangle, one side of which is equal to the sum 





Fig. 233. Fig. 234. 

of the resistance pressure drops, while the other is equal to the sum of the 
inductive pressure drops. We thus have 

E x = Vl .650" +1.828' = 2,460 volts. 
The angle tf> x by which the current lags behind the E.M.F. of the generator 
can be found from the equation 

S(i.R) 1.650 



COS 0, = 



067. 



E> 2,460 

Neglecting secondary effects, we can say that the terminal p.d. on open 
circuit will be equal to the electromotive force E x , On loading the generaUM* 
the pressure drops from 2,460 to 2,000 volts, i.e. 460 volts, whereas the 
pressure required to drive the current through the armature was seen to be 
0^=630 volts. This apparent contradiction is due to the fact that the 
pn Mm drop OF in Fig. 234 is subtracted geometrically and not algebraically 
from the E.M.F., to obtain the terminal pressure e. 

The drop of 460 volts which we have found between no-load and full load 
represents 18'6 per cent, of the no-load pressure. This is approximately the 
usual figure found in practice and is, as we have seen, almost entirely due 
the internal self-induction of the machine. This brings out very clearly 
detrimental action of the self-induction in increasing the apparent inl 
resistance of an alternating current generator 
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76. Resistance and inductance in parallel. 

In the case illustrated in Fig. 235 two branches are connected in parallel, 
;h containing both ohmic and inductive resistance. The terminal pressure 
is exactly the same both in magnitude and phase for each branch. This is 
true even if one or both of the branches contain either ohtnic or induct iw 
resistance alone, instead of each branch being partly non-inductive and partly 
inductive as shown in Fig. 235. We have now to determine the magnitude 
and phase of the total current, and the current in each branch, from a know- 
ledge of e f J3,, coL lt iE, and a>L t , The line 00 in Fig. 236 is drawn to 
•ant the terminal pressure e and a semicircle is described upon it. OA 
is drawn so as to make an angle <£, with 00. This angle is given by the 
formula 

tan <fc = -jg- . 

The line OA represents the ohmic pressure drop in the upper branch of 
Fig. 235. If we divide this by the resistance i^ we get the current h, which 
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may be represented by the length OC. In a similar manner the line OB is 
drawn at an angle <f>* with the diameter, where 



tan <f> t ■ 






The line OB represents the ohmic pressure drop in the lower branch, and 
by dividing it by the resistance R^ we get the current i^ t which may be 
represented by the length OD. The resultant OJ of t, and ij gives us the 
total current i both in magnitude and phase. If the vector t be produced to 
meet the semicircle at F, the length OF represents the ohmic drop, and the 
length FQ the inductive drop of a single coil or piece of apparatus which 
could replace the branched circuit of Fig. 235. The total current lags behind 
the terminal pressure by the angle FOG. 

77. Effect of phase difference on A. C. power. 

If the current is not in phase with the pressure, the instantaneous value 
of the power is positive whenever the pressure and current are momentarily in 
the same direction (Fig. 237). On the other hand, the power is momentarily 
negative whenever the current and pressure are in opposite directions 
(Fig. 238). By the direction of the pressure we mean the direction from the 
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resistance drop, while the other side is equal to the K.M.F. due to the armature 
self-induction. We thus get 

0F= Jbty + 628 s = 630 volts. 
We now find the ohmic resistance drop in the external circuit, thus: 

i . R = e . cos <£ = 2,000 . 08 = 1,600 volts. 
If cos 4> = 0"8 we know that sin <f> = 0'6, so that the inductive drop in the 
external circuit can be found in the following manner : 

# feit . = e . sin <f> = 2,000 . 0'6 = 1,200 volts. 
The total ohmic resistance drop in the whole circuit is equal to 
i . E a + i . R = 50 + 1,600 = 1,650 volts, 
and the total inductive drop is equal to 

E,i»t. + £,. It . = 628 + 1,200 = 1,828 volts. 

From these two values we find the e.m.f. of the machine E x as the 

hypotenuse of a right-angled triangle, one side of which is equal to the sum 





cos <£, *= 



= 0-67. 




J% tnc E s tat 

Fig. 233. Fig. 234. 

of the resistance pressure drops, while the other is equal to th«» sum of 
inductive pressure drops. We thus have 

E s = VX650* + 1,828* = 2.460 volte. 

The angle ^, by which the current lags behind the E.M.F. of the gen 
can be found from the equation 

2 (i_.R) = 1 ,650 
E, " 2,460 

Neglecting secondary effects, we can say that the terminal P.D. on open 
circuit will be equal to the electromotive force E x . On loading the generator 
the pressure drops from 2,460 to 2,000 volts, Le. 460 volts, whereas tlw 
pressure required to drive the current through the armature was seen to be 
0^=630 volts. This apparent contradiction is due to the fact that the 
pressure drop OF in Fig. 234 is subtracted geometrically and not algebraically 
from the e.m.f., to obtain the terminal pressure e. 

The drop of 460 volts which we have found between no-load and full loftd 
represents 18*6 per cent, of the no-load pressure. This is approximately the 
usual figure found in practice and is, as we have seen, almost entirely doe f> 
the internal self-induction of the machine. This brings out very clearly the 
detrimental action of the self-induction in increasing the apparent internal 
resistance of an alternating current generator 
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In the case illustrated in Fig. 235 two branches are connected in parallel, 
i containing both ohmic and inductive resistance. The terminal pressure 
exactly the same both in magnitude and phase for each branch. This is 
i even if one or both of the branches contain either ohmic or inductive 
stance alone, instead of each branch being partly non-inductive and partly 
active as shown in Fig. 235. We have now to determine the magnitude 
phase of the total current, and the current in each branch, from a know- 
re of 6. i£,, w/,,. Rt and &>/,.. The line 00 in Fig. 236 is drawn to 
resent the terminal pressure e and a semicircle is described upon it. OA 
Irawn so as to make an angle <£, with 00, This angle is given by the 
nula 



tan<£ t = 



#7 



The line OA represents the ohmic pressure drop in the upper branch of 
k 235. If we divide this by the resistance i^ we get the current h, which 
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Fig. 235. Fig. 236. 

represented by the length OC. In a similar manner the line OB is 
at an angle fa with the diameter, where 



tan <j>, m 






The line OB represents the ohmic pressure drop in the lower branch, and 
dividing it by the resistance R, we get the current t,, which may be 
resented by the length OD. The resultant OJ of i, and i, gives us the 
il current % both in magnitude and phase. If the vector t be produced to 
3t the semicircle at F, the length OF represents the ohmic drop, and the 
gth FQ the inductive drop of a single coil or piece of apparatus which 
Id replace the branched circuit of Fig. 235. The total current lags behind 
terminal pressure by the angle F00, 






77. Effect of phase difference on A. C. power. 

the current is not in phase with the pressure, the instantaneous value 
^he power is positive whenever the pressure and current are momentarily in 
i same direction (Fig. 237). On the other hand, the power is momentarily 
jative whenever the current and pressure are in opposite directions 
By the direction of the pressure we mean the direction from the 
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positive terminal or terminal of high potential to the negative or low potential 
terminal. We shall not consider the internal electromotive forces, but onlv 
external potential differences. When we speak above of power being positive, we 
mean that the apparatus or part of the circuit under consideration is absorbing 
electrical energy and transforming it into some other form such as thermal or 
mechanical energy. When an apparatus has a negative power it is generating 
electrical energy at the expense of energy in some other form. In a dynamo. 
for example, the current flows from the negative terminal to the positive, that 
is, against the terminal pressure, and the power is therefore negative, or. in 
other words, electrical energy is being generated. In the motor the current 
flows from positive to negative and the power is positive, that is, the motor ■ 
absorbing electrical energy. We are thus led to the conclusion that a simpl* 
alternating current generator in which the current is out of phase with the 
e.m.f. does not act continuously as a generator, but, twice in each period, 
takes electrical energy from the circuit and is driven for a moment as & 
motor. 




Fig. 237, 



Fig. 238. 



The same rule can be applied to any apparatus to which electrical energy 
is supplied. If, at any moment, the current flows in the direction of the 
terminal pressure, i.e. from + to — , electrical energy is being absorbed, but if 
the current is flowing in the other direction, i.e. from — to +, the apparatw 
is acting momentarily as a generator and returning electrical energy to the 
circuit. 

Fig. 239 refers to a coil or other apparatus in which the current i lags by 
an angle <f> behind the terminal pressure. This lag is due to the self-induction 
of the coil. The time is plotted as abscissae and the current and p.r»» 
ordinates. The angle <f> by which the current lags behind the P.D. corresponds 
to the time AB. 

A curve is now plotted giving the momentary values of the power found 
by multiplying together the corresponding values of current and p.d. 
values of the power are positive during the intervals 0A and BC, but negative 
during the shorter intervals AB and CD, as shown by the dotted cur. 
which represents the rapidly changing power to a certain scale. The W* 
enclosed between this curve and the horizontal axis represents the energy 
supplied to the apparatus. This area lies partly above the axis and ptfdy 
below. The mean power is found by subtracting the area below the lite 
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rom the area above the line, and dividing the difference by the time. It is 
evident that the power supplied to the apparatus is less than we should 
jxpect from multiplying together the pressure and the current as read on 
ruitable instruments. 

In order to calculate the mean power, we shall imagine the curves to be 
plotted to a base representing the angular movement of the vector, instead of 
■he time. If the strength of the current at a given moment be i^^ . sin a, 
he terminal pressure at the same moment will be &»., . sin (a + <f>), and the 
nomentary value of the power will be equal to their product, thus 

1 P« W'W-sin*-8in(a + ^). 

We may imagine this power to remain constant over the infinitely small 
ngle da, so that the area of an infinitely narrow vertical strip will be 
P. da = e mMx .% uta .mn a . sin (a + ^) . da. 




Fig. 239. 

The mean value of the power is obtained by integrating this expression 

stween the limits and it and dividing the resulting area by the base w. 

i this way we get 

1 [ w 
P-_J e mMX .t mMX .aiiia.aia(a + <t>).da. 

Tow, sin (a + <f>) = sin a . cos £ + cos a . sin </>. 

ubstituting this value for sin (a + <f>\ we have 

P — — I ^max • *m»x ■ sui* * • cos <f> . da + — I tf mu . t MI . sin a . cos a . sin <f> . da. 
Since j sin a . cos a m 0, the second integral vanishes and we have 



7T 



. cos A I sin 8 a . da. 
Jo 

We saw on page 223 that I sin 8 a . da =£ , wherefore 

Jo 2 



P =s — . e m ., . C... . cos <j> . -= 



'nui * ""max 



T. B. 
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This may be written in the following form 



4m 

V2 



in 1 1 _ » 



Since the maximum values divided by V2 arc equal to the R.M.8, or 
effective values, we have 

P = e.i.co9<£ (123) 

The law that the power is equal to the product of current and pressure 
is therefore only applicable to instantaneous values and not t 
values. In any case where there is difference of phase, the true power is 
found by multiplying the apparent power by the cosine of the angle of phase 
difference. For this reason cos<J> is generally called the power-factor. This 
designation is the more suitable since the curves of current and pressure 
depart in practice more or less from the sine form and rob cos <£ of the exact 
meaning which we have attached to it in the case of pure simt-curv.^. The 
power-factor is then generally defined as the ratio of the actual power, a* 
indicated on a wattmeter, to the apparent power, as calculated from the 
current and pressure. Thus 



C08 <£=* 






In the example considered in Section 75, for example, the terminal pres- 
sure e of the generator was 2,000 volts, while the current i was 50 atnperea. 
The apparent power in this case is 2,000 . 50 = 100,000 watts. Since, how- 
ever, the power-factor was given as cos $ = 08, the true power is only 80 per 
cent, of this, or 

P = e . i . cos <£ = 100,000 . 08 = 80,000 waf I 

The power transmitted to the generator from the steam engine corre- 
sponds to the load of 80,000 watts only, K» that no direct loss is entailed by 
this reduction of output from 100,000 to 80,000 watts. On the other hand, 
however, both the operation of the generator and the efficiency of the whole 
system are adversely affected by the phase displacement or lag of the current. 
The output of 80,000 watts is only maintained by a disproportionately great 
K.M.F., which has to overcome the back E.M.F. of self-induction, in addition to 
the resistance. The generator must therefore be capable of working at a 
higher pressure, a part only of which is applicable to the external load. 

This is perhaps more evident if we imagine the whole load to consist of 
resistance and self-induction. We have then 

P = t*.R. 
which may be written in the form 

It is evident from Fig. 229 that i.R may be replaced by e.cos$, 
giving us 

P = e . cos <p . t. 

This shows us clearly that, in calculating the actual power or output. *• 
must only consider the component e . cos <f> of the total pressure a, that is, the 
component in phase with the current. 
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There \b still another point of view from which we may consider this 
aquation. We may look upon the power P = e.*'.cos<£ as the product of 
the pressure e and the component i . cos 
jf the total current. This component is 
squal to the projection OC (Fig. 240) of the 
rorrent vector i upon the pressure vector e. 
Hence, the true power is found by multiply- 
ing the pressure by the component of the 
•urrent in phase with it. 

This component 0C =i. cos <£ is called 
the watt-component of the current, or the 
snergy-component, while the component 0D 
it right angles to it is called the wattless 
iurrent. Since a generating station works 
it a constant terminal pressure, this last 
method of imagining the current to be divided into two components is the 
more convenient, and is the one generally adopted, although it would be 
more in accordance with the real nature of the case to resolve the pressure. 

We saw above that the lag of the current behind the pressure had the 
effect of unduly increasing the necessary e.M.f. for a given load and current. 




Fig. 240. 




Fig. 241. 

We might now express this in another way and say that the current must be 
very large for a given load and pressure, since only a component of the 
current enters into the calculation of the output. This increased current 
necessitates a greater cross-section of copper in generators, cables and motors, 
>r else increased losses due to heating. Every effort is made therefore to 
reduce the self-induction of generators and motors to a minimum. 

The effect of phase difference on the power or output of a generator is 
clearly illustrated by the following interesting experiment (Fig. 241). A 
variable non-inductive resistance is connected in series with a highly induc- 
tive coil across the terminals of an a.c. generator. The terminal P.D. of the 
snerator is maintained constant. The output of the generator is measured 
>y means of a wattmeter. When the rheostat handle is over to the right and 
ibe resistance consequently large, the current and therefore also the power 
ill be small. As the rheostat handle is turned to the left, the resistance is 
and the power increases as one would expect. Beyond a certain 

16—2 
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point, however, the wattmeter reading decreases in spite of the increased 
current caused by cutting out the resistance. The reason for this is evident, 
ii* ire turn to Fig. 229 on page 235, in which the area of the triangle is equtil 
to half the product of the base and height. The area is therefore equal to 
\e . cos <f> . roL . i. Since, in our case, mL is constant, the area is proportional 
to e . » . cos <f>, and is therefore a measure of the output of the generator 
With a constant hypotenuse e, the triangle has a maximum area when the 
other two sides are equal, that is, when the resistance R is equal to the 
reactance tvL, and the angle of lag is 45\ The output is then a maximum 
fur the given terminal pressure and inductance. 

If the rheostat arm be put right over to the left, the current naturally 
increases still further, while the wattmeter reading falls almost to zero. This 
is explained by the fact that the resistance of the circuit is almost entirely 
inductive, so that the angle of lag, as found from the equation 



tan <f> = 




Fig. 242. 

is almost 90°. The power-factor cos <f> is therefore nearly 0, and the output 
consequently very small in spite of the large current. The latter is almost 
entirely wattless. 

In order to show this in a graphical manner, we have drawn in Fig. 242 
the sine curves for a circuit containing much self-induction, but little ohmic 
resistance. The curve of ohmic pressure drop is so flat that it could almost 
be neglected in finding the curve of terminal pressure. The latter has little 
to do beyond counterbalancing the back K.V.F. of self-induction. The curve* 
is consequently nearly 180° out of phase with the curve B, of aelf-indw 
and therefore almost 90° ahead of the current, By forming the products of 
the momentary values of pressure and current, we find that the power is 
positive from to A, and negative from A to B. Since these two wtemk 
are almost equal, the resultant mean power is very small. It would vanish 
entirely if the winding of the coil had no resistance and the iron were free 
from hysteresis. 
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thai a choking coil can be used to 



cause a luge drop of pressure without absorbing very much power. They 
have been hugely e mp l oye d as steadying resistances in series with ic arc 
lamps. Their employment b limited, however, owing to the disadvantage, 
pointed out above, of loading the station and mains with wattless current. 
If the pressure has to be reduced considerably, it is far preferable to use a 
small transformer m&*mA of a choking coiL 

A further use to which choking coils have been put is in connection with 
the series running of a number of glow lamps on high pressure mains. Each 
lamp has a small choking coil connected in parallel with it, through which 
the current passes when the lamp breaks, thus enabling the other lamps in 
series with it to continue burning. If the broken lamp were short-circuited 
the current through the whole circuit would be increased and the other 
lamps endangered. This does not happen if choking coils are used instead of 
short-circuiting devices. When the lamp is burning, the current divides 
between the lamp and the coil, but on the lamp breaking, the whole current 
passes through the coil, with the result that the total current is slightly 
reduced. This reduction of current is hardly appreciable when the number 
of lamps in series is very large, and it is further limited by making the 
choking coils so as to have a variable coefficient of self-induction. When the 
lamp breaks, the whole current is forced to pass through the coil and the 
rlux is thereby increased. This increase in the magnetic flux causes an 
increase in the back E.M.F. and consequently a decrease in the current. It 
however, the iron core of the choking coil is already highly saturated, a large 
increase in the current has but a small effect on the nux and therefore also 
on the back E.M.F. 

Choking coils are sometimes used in connection with the parallel running 
of alternators. We saw in Section 35 that self-induction acts as a Burl of 
electrical inertia, opposing sudden variations of the current. There is often 
a danger of heavy currents surging backwards and forwards between two or 
more alternators when connected in parallel (see Sections 10G and 108). 
These currents can be largely prevented by connecting choking coils between 
the generators and the common bus-bars at the switch-board. The ad- 
vantage gained in this way will more than compensate for the small pressure 
drop in the coils. The power lost in such a coil is very small, as the current 
is nearly 90* out of phase with the terminal pressure of the coil. 






78. Effect of capacity. 

A condenser consists essentially of two metal plates separated from each 
other by a thin sheet of insulating material. If the two plates are connected 
to the terminals of a battery or dynamo, the one plate becomes charged 
positively and the other negatively. Although this way of looking at the 
matter agrees with the general ideas of frictional electricity, it is hardly in 
accordance with the supposition of Maxwell that the electric current is due 
to the motion of positive electricity only. The two ideas can be brought into 

sement, however, by assuming that the negative plate is charged by the 
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flowing away of positive electricity instead of the flowing into it of negative 
electricity. We thus have a current round the circuit at the moment of 
charging; this current flows from the positive terminal of the generator to 
the condenser, and from the negative terminal of the condenser back to the 
generator. This current flows until the condenser is fully charged, that is, 
until the back E.M.F. of the condenser is equal to the P.D. applied to it. A 
certain quantity of electricity will have to flow into the positive plate (and 
out from the negative plate) in order to charge the condenser to the given 
back electromotive force E t . 

The effect of capacity in A.C. circuits is of great practical interest flO 
account of electric cables acting as condensers. To simplify the problem as 
much as possible, we shall assume that the cable has neither ohmic resistance 
nor self-induction. For the instantaneous value of the terminal pressure of 
the machine we have 

« = e mu . sin a = e mht . sin (tot). 

If this pressure increases by an amount de in the succeeding interval 
we have 

de — ff mar » cos (<ot) . to . dt. 

The quantity of electricity dQ 4 which passes into the positive plate of the 
condenser during this interval is proportional to the increase of pressure dt 
and to the capacity of the condenser (see page 101). The ca]»amy K mart 
be expressed in units corresponding to the ampere and volt, i.e. in farads. 
We have then 

dQ t = K . de= K . e mAX . cos (o>t ) , w . dt 



Now, 



dQ, , 



= K 



cos a. 



I is the rate at which electricity flows into the condenser in 

coulombs per second, i.e. in amperes, during the short interval dt. It is the 
instantaneous value i of the condenser current, and can be 
follows : 

dt 

Hence, the current is a cosine function of the angle o which the terminal 
pressure vector makes with its zero position. When a = 0, cos a = 1, and tJw 
current has its maximum value 

Hum ~ K • <° • e n 

By dividing both sides by \/2 we obtain the effective value of the current, 
which is therefore given by the equation 

i= K.w.e (125) 

Since the terminal pressure of the machine and the back e.m.k. of the 
condenser are exactly equal and opposite to each other at every moment, 
they must be numerically equal, so that we may write the above equation id 
the following form : 

*-i^-sr=7* "'- 

We see then that there is another pressure in the circuit in addition to 
the generator pressure, viz, the back E.M.F. of the condenser, which has tob« 
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overcome by the generator. We must now determine the phase of this new 
electromotive force. 

The thin full-line curve in Fig. 243 represents the terminal pressure of 
the generator. The abscissae represent the angular displacement of the 
vector e from its initial position. On the assumption that the circuit 
contains neither resistance nor self-induction, we saw above that the current 
is proportional to the cosine of the angle a. It will therefore have a positive 
maximum when a = and will vanish when ot= 90°. In this way we obtain 
the heavy line curve * for the current. Since we have seen that the back 

RF. of the condenser is directly opposed to the terminal pressure, the 
ed curve E c must represent the former. The current curve i lags 90° 
behind the back-pressure curve E e , but is 90° ahead of the terminal pressure 
curve 6, 

It is necessary, however, to check this mathematical result by considering 
the relation between current and pressure at several characteristic moments 
during the period. The curve e cuts the axis at the point and is steepest 

i 

Fig. 243. 

at this point. This is the moment at which the terminal pressure is changing 
most rapidly, and at which the quantity of electricity passing into the con- 
denser per second has its maximum value. The current has therefore its 
maximum value. So long as the terminal pressure continues to increase, 
that is, during the interval OA, the current will have the same direction as 
016 pressure, and the ordi nates of both are positive. 

When the terminal pressure reaches its maximum value at the moment A> 
it is constant for a moment and the current into the condenser ceases. When, 
however, the terminal pressure decreases, it is overcome by the back e.m.f. 
of the fully charged condenser, and a current is driven back through the 
generator in opposition to its terminal pressure. This continues during the 
quarter period AB, in which the ordinates of current and terminal pressure 
are of opposite sign. Hence, the relative positions of the curves in Fig. 243 
are quite correct, and we see clearly why the current curve is 90 u ahead of 
the curve of terminal pressure, or why the back E.M.F. of the condenser is 90° 
ahead of the current, 
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79. Resistance and capacity in series. 

We assumed in the last section that no ohmic resistance was interposed 
between the generator and the condenser, so that the terminal pressure of 
the condenser was identical with that of the generator. It*, however, a resist- 
ance R lies between the generator and the condenser, the terminal pressure 
e of the generator has to cover the drop of pressure t . R, in addition to over- 
coming the back E.m.f. of the condenser. These two components are shown 
in Fig. 244, in which the thick black line represents the pressure drop i.R, 
while the dotted line represents the back e.m.f. of the condenser leading 90* 
ahead of i . R. 

At the moment there is no back E.M.F., and the terminal pressure e has 
only to supply the drop in the resistance. Its momentary value will there- 
fore be OF. 
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Fig. 244. 

At the moment A there is still a considerable ohmic drop and, in addition 
thereto, a back E.M.F. to overcome. The momentary value of the terminal 
pressure must therefore be GA, 

At the moment B the current is passing through zero and there is 
consequently no ohmic drop ; the terminal pressure HB has only to counter- 
balance the etjual and opposite back E.M.F. of the condenser. 

Finally, at the moment C the ohmic pressure drop is exactly covered by 
the back e.m.f. of the condenser, which is now acting with the current The 
terminal pressure of the generator is therefore equal to 0. 

When the curve e has been drawn in this manner, we find that it lags 
behind the current curve. In Fig. 244 the current is ahead of the terminal 
pressure by an angle represented by BC. The effect of capacity is thus the 
opposite of that of self-induction, in that it causes the current to lead ahead 
of the pressure, whereas self-induction causes the current to lag. 
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80. Circuit containing resistance, inductance and capacity. 

We must now consider the case in which ohraic resistance, self-induction 
and capacity are all connected in series. At the moment represented in 
Fig. 245 the current i is passing through its zero 
value and the vector i . R is therefore horizontal. 
The vector E t of the back E.M.F. due to self-induc- 
tion lags 90° behind the current vector and is there- 
fore vertically downwards. This vector must be 
counterbalanced by an equal and opposite component 
— E, of the terminal pressure of the generator. 
From % . R and — E k we get the resultant 0-1. There 
is another E.M.F. acting in the circuit, howewr, viz. 
the back em. k. E e of the condenser, which is 90° 
ahead of the current and is therefore represented 
by a vector vertically upwards from 0. This must 
be counterbalanced by an equal and opposite compo- 
nent of the terminal pressure. The resultant 0C 
of the vectors 0A and — E c is the required vector 
of the terminal pressure e. Under certain condi- 
tions the terminal pressure e may be much smaller than either the pressure 
E, due to the self-induction, or the pressure E e across the condenser. 

By means of the diagram in Fig. 245 we are now able to calculate the 
current for any given values of the terminal pressure, ohmic resistance, self- 
induction and capacity. From the figure, we have 

BC = E C -E„ 
so that, for the right-angled triangle OBC, we have 

e> = (i.R)*+(E e -E a y. 

From equation (126) on page 246, we have 

i 




- .r. 



Fig. 245. 



E c = 



o>K' 



and from page 229 

E, = 03 L . t. 

By substituting these values in the above equation, we get 
which is equivalent to 



i m 



(127). 



This may be called the general expression of Ohm's law for an alternating 
current circuit, since the denominator is the apparent resistance or impedance 
of the circuit. It is represented by the hypotenuse of a right-angled triangle, 
one side of which is equal to the ohmic resistance, while the other is equal to 

the difference — ~ — mL, We must not forget that IT is to be expressed in 
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farads, so that the value of the capacity in microfarads must be multiplied 
by 10~* before it is introduced into the above equation. 

It is a point of great importance in the above equation that the angular 
velocity <w occurs in the numerator of one of the two terms within the 
brackets, and in the denominator of the other. This indicates that there is 
a value of the frequency for which the two terms will be equal and their 
difference consequently vanish. To find this frequency we simply put 



or 



1 T 
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Q0 



vA' . L 



.(128). 



The frequency at which the difference —jz. — <oL vanishes is therefore 

QUA 



r.> 



.(!«) 



2tt IirsTKTL 

For this value of the frequency, equation (127), which we have called 
general expression of Ohm's law, becomes simplified to the following form : 



i = 



R 



The current reaches its maximum value at this frequency, and is as great 
as if both self-induction and capacity were absent, and the pressure e were 
applied directly to the resistance R. 

Let us consider as an example an alternating current generator with an 
E.M.F. of 10,000 volts and a coefficient of self-induction L of 0*4 henry. We 
shall assume that it is connected to a length of cable, the far end of which is 
open, and which has a total resistance of 5 ohms for the double length. 
The two cores of the cable act as the plates of a condenser, and have ft 
capacity of 2'5 microfarads. A condenser with this capacity may be assumed 
to replace approximately the distributed capacity of the cable, if connected 
between the cores half-way between the generator and the free end of the 
cable. The resistance in series with this condenser will be half that of 
the whole cable, viz. 2*5 ohms. On this assumption the capacity current 
at a frequency of 50 can be found from equation (127); 

10,000 



\A 5 ' + fc 



io< 



- 6-28 . 50 



0-4V 



= S*7 




28 . 50 . 2-5 

This current flows in the cable in spite of the fact that it is open at 
the further end. The current leads nearly 90 c ahead of the pressure, so that 
cos <f> is practically equal to and the power is negligibly small. 

It is interesting to determine the frequency at which the current in this 
example would reach its maximum value. From equation (129) we rind the 
critical frequency, as follows : 

1 1 



2^^ . I 2W2*5 . 10-* . 04 



= 160. 
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At this frequency the denominator in equation (127) becomes equal to 

R and, although the further end of the cable is open, the current reaches 

an enormous value, viz. 

. E 10,000 AAnA 

i = -n = - -_ = 4,000 amperes. 

The P.D. across the condenser is then equal to that across the self- 
induction, and for both we find the following incredible value: 






<oK 



= <*L . i f - 2tt . 160 . 04 . 4,000 = 1*62 . 10" volts. 



The cross-section of the conductor is naturally unable to stand the large 
current, and the insulation would be broken down by the enormous pressure. 
This dangerous condition which arises at the critical frequency is known as 
resonance. The above example is exaggerated on account of the value 
chosen for the self-induction of the generator being much larger than the 
actual value for a practical alternating current generator. For smaller values 
of L the critical frequency is higher than 160. The two characteristic 
peculiarities of resonance are large currents and enormous pressures, in 
spite of open circuits and normally excited machines. 



. 



81. Self-induction and capacity in parallel. 



Fig. 246 is shown a circuit containing two parallel branches, one of 
which consists of a choking coil in series with ohniic resistance, while the 

— & 



-£0£H& 





Fig. 246. 



Fig. 247. 



^ther contains a condenser, also in scries with ohmic resistance. The terminal 
pressure e is common to both branches. Its vector must consequently be 
the hypotenuse of two right-angled triangles, one of which has sides equal 

to i, . R t and a>L , t, , while the sides of the other are equal to 4 . A, and * 

(Fig. 247). The current t, must lag behind the pressure e by an angle <f> lt 
which is given by the equation 
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The current t a , on the other hand, leads ahead of the terminal pressure 
by the angle fa, where 

tan fa = 






A circle is drawn on OG = e as diameter, and a chord OA drawu so as 
to make an angle fa with the diameter. OA represents the drop b 
lower branch due to ohmic resistance, while AG is equal to the inductive 
drop. The chord OB is drawn so as to make an angle fa with OG. OB 
represents the ohmic pressure drop in the upper branch, and EG represents 
the pressure lost in counterbalancing the back e.M.f, of the condenser. TV 
angles fa and fa must naturally lie on opposite sides of the diameter. By 
dividing the chord OA by the resistance J2,, we get 

The current i, is obtained in a similar manner by dividing the chord 
the resistance ii,, thus 

The resultant OJ is found from the components i*i = OC and i, = OD by 

(the parallelogram of forces. The vector OJ represents the resultant current 
both in magnitude and phase. It is noteworthy that its displacement from 
the terminal pressure vector is very small. It is evident that by a suitable 
choice of capacity the displacement between resultant current and termicil 
pressure could be altogether prevented. Unfortunately, however, condensers 
are not robust enough to permit of their employment on a large scale for 
this very desirable purpose. In Section 111, however, it will be shown thai 
an over-excited synchronous motor, the back E.M.F. of which exceeds the 
terminal pressure, resembles a condenser, in that it takes a leading current 
from the mains. Such motors have therefore been used to reduce the dis- 
placement between the current and pressure vectors caused by self-inducti* 
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te electromotive forces induced in a transformer. — 83. The magnetising current. — 84. The 
hysteresis current. — 85. Transformer on non-inductive load. — 86. Transformer on induc- 
tive load. — 87. The effect of magnetic leakage. 

82. The electromotive forces induced in a transformer. 

The principle of the transformer has already been explained in Section 34. 
The magnetic flux produced by the alternating current alternately grows and 
dies away, first in the one direction and then in the other. In so doing, 
it cuts through the turns of two separate windings on the core, and induces 
in them electromotive forces proportional to the number of turns in each. 
We shall consider, in the first place, the conditions existing in the primary 
winding when the transformer is on open circuit, that is, when no current 
is taken from the secondary winding. The primary winding is then nothing 
more than a choking coil, in which the flux produced by the alternating 
;urrent induces a back E.M.F. uf self-induction. We Bhall not, however, make 
use of the idea of self-induction, but shall speak of the induced or back 
jlectromotive force. If N be the highes t value reached by the flux linking 
;he winding, +* the frequency and S t the number of turns in the primary 

iding. then the primary E.M.F. can be found from equation (120) on p. 230, 
>llows : 

^ l *4-44.JV.^.^ 1 . 10"* (130). 

ie external P.D. applied to the primary terminals has, as we have already 
in the fundamental diagram on page 235, a double function to perform, 

to overcome this back E.M.F. and to drive the current through the ohmic 
resistance of the winding. The resistance of transformer windings is generally 
io small that the latter component of the terminal pressure can be neglected. 
.The induced electromotive force E x is therefore almost exactly equal and 
opposite to the terminal pressure e t , and only allows that current to flow 
t h rough the winding, which is necessary to produce the magnetic flux. Since 
the magnetic circuit of a modern transformer consists entirely of iron and 
bas a low reluctance, a very small current suffices to produce the necessary 
flux, so that the no-load current is always very small. 

Whether the secondary circuit be open or closed, the secondary winding 
is cut by the alternating flux, which induces in it an E.M.F. E 2 in phase with 
the primary E.M.F. If the number of turns in the secondary winding be S, z 




re have, from equation (120) on page 230, 



^ = 444.^.^.^.10-* 



(131). 
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The electromotive forces are thus proportional to the number of turns 
in the windings. At no-load there is no secondary current, and the electro- 
motive force E t is equal to the secondary terminal pressure «,. Neglecting 
the primary copper drop, we have 

S-t o* 

Hence, at no-load the terminal pressures are proportional to the number 
of turns in the windings. 

83. The magnetising current. 

Since the unloaded transformer is equivalent to a choking coil, the 
magnetising current is given by equation (119) on page 230, viz. 

i = *-«■' 
* 1-78 . S t . p 

Ann i fi t- ne highest value reached by the number of lines per sq. cm,. 
/ is the length of the magnetic path, and \i is the permeability of th< 
The value of /* is not quite constant during the period, but sine**, in 
to reduce hysteresis loss and magnetising current, transformers are always 
worked at low mix densities, i.e. on the first part of the magnetisation curve, 
the value of fi varies very little, 

Instead of taking the value of /a from magnetisation curves found by the 
ballistic method, we can determine it by actually measuring the magnetising 
current taken by a transformer or annular ring built up of the same iron. 
The maximum flux iVcan be found by equation (130) on p. 253, and the flux 
density B tMX is obtained by dividing N by the cross-section of the iron. The 
permeability can then be found from the following formula: 

;-wh& m 

The value of p found in this way is, of course, the correct one to employ 
in the transformer calculation. It is not, however, exactly the same a» 
the value of ft corresponding to B^ in the magnetisation curve, but is 
a sort of mean value which can hardly be defined, except by means of 
equation (133). 

The curve fi in Fig. 248 has been determined in this manner. It u 
taken from Kapp's " Dynamo Construction," and gives what we may call the 
mean permeability for the values of B^^ shown on the abscissa axis. A* 
one would expect from the shape of the magnetisation curve in Fig. 56 
on p. 62, the permeability increases up to a certain value of i?,^, beyood 
which it decreases. The highest permeability has hardly been reached m 
the figure, which only goes up to a flux density of 7,000. It is easy to &* 
from Fig, 56 that the permeabilit}' BjH would reach its maximum at the 
point where the tangent to the curve would pass through the origin. 

We shall now determine the phase of the various pressures and no-low 
current by means of a vector diagram (Fig. 249). The induced elect n* 
forces lag 90° behind the magnetising current i M . If tne vector i,, is draw* 
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mzontally to the left, tho vectors representing E x and E t must be drawn 
irtically downwards. Since the electromotive forces are proportional to the 
amber of turns, we have 

Hence, the vector of the primary electromotive force represents to a 
irtain scale the secondary electromotive force. This greatly simplifies the 

iagrara. All secondary electromotive forces are therefore multiplied by -^ 

) reduce them to equivalent primary forces, which are then drawn on the 
iagram. 
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Fig. 248. Fig. 249. 

We have seen that the primary terminal pressure e, is almost exactly 
jual and opposite to the primary electromotive force E t . The e, vector will 
lerefore be vertically upwards. The angle between the terminal pressure ^ 
id the primary current i„ is 90°, so that no power is taken by the open- 
rcuited transformer. We have, however, not only neglected the power lost 
i heating the copper, which is very small, but we have also neglected the 
>wer absorbed in continually reversing the magnetic field in the iron. This 
tter loss is by no means negligible, ami we must now investigate this effect 
" the so-called hysteresis of the iron. 

84. The hysteresis current. 

If the power supplied to a transformer on open circuit be measured by 

eans of a wattmeter, it is found to be by no means negligible. This power 

principally absorherl by the hysteresis of the iron. If P h is the power 

easured on the wattmeter, t # the primary current and *i the primary 

trminal pressure, we have 

The primary no-load current lags therefore behind the terminal pressure 
y an angle tf>, while the primary back e.m.f. is, as before, exactly equal and 
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opposite to e,. Now the back K.M.F. must lag 90° behind the magnetic flux, 

by the variation of which it is produced. When, for example, the e.ilp. 

is a maximum, as shown in the figure, the magnetic flux 

must be passing through its zero value, since this is the 

moment when the steepness of the sine curve or rate of 

change of the flux is at its maximum. The vector of the 

flux density B must therefore be drawn horizontally to the 

left. Hence, we are led to the conclusion that the magnetic 

flux density B lags behind the no-load primary current i by 

an angle ft. 

In order to make this clearer, a hysteresis loop is drawn 
in Fig. 251, in which the instantaneous values of the no-load 
current are plotted as abscissae and the values of the flux 
density B as ordinates. If the applied terminal pressure e, 
is a sine function of the time, the induced e.m.f. must also Fig* 250. 
be a sine function. The curve representing the flux density is drawn on 
the right, and since it is merely displaced 90° from the induced E.M.F-.iv 
is also a sine curve. Its maximum value is the same as that of the hysteresis 
loop on the left of the figure. 




Fig. 251. 

A point is found in the sine curve having an ordinate equal to titf 
remanent magnetism OR. This point corresponds to the moment 0' ** 
which the current is consequently zero. 

At the moment A, on the other hand, the flux density has fallen I 
and we must measure off the corresponding current OA from the loop aw 
set it up as the ordinate at the point A. 

At the moment B f the flux density is seen from the right-hand tlgui* 
to be EB t which corresponds on the loop to a current OB. The Utter » 
therefore set up as the ordinate at the point R. 



The hysteresis current 



the flux density and the current reach their maximum values at 
lent C. The point D at which the curve cuts the base line is 
ined by finding the point for which the ordinate DO is equal to the 
int flux density 00 in the hysteresis loop. 

is evident from Fig. 251 that the current is out of phase with the 
;ic flux. The current curve, moreover, is distorted, so that, although 
tirves reach their maximum values at the same moment, they pass 
h their zero values at different times, We are met with the difficulty 
r rotating vectors represent true sine waves, so that we cannot exactly 
it the no-load current by a vector. For practical purposes, however, 
>rted current wave can be replaced by an equivalent sine wave, i.e. 
the same effective value i . The flux wave will lag behind this 
r e of current by an angle </>, which, however, will be less than the 
^presented by O'A in Fig. 251. 

Fig. 252 the current i is resolved into two components, one, ft*, in 
ition of the terminal pressure «,, the other, » M , in 
:tion of the induction, The former is the hysta- 
:nt, while the latter is the wattless magnetising 



tt from the figure that 

|g = to . COS <j>. 

the power absorbed at no-load by hysteresis, 
is equal to e, . ?„ . cos <ft, or, if the copper drop 
leglected, to 2£, . t # . cos <f>. We have then 

kP h = E x . i 9 . cos 4> t 




U* 



A', 



Fig. 252. 
(134). 



then find i^ from the equation 

k-^tf-U" (135). 

physical meaning of this is made plainer, perhaps, by drawing the 
- i h in Fig. 252 equal and opposite to t\. Then the theoretical 
ising current i M is the resultant of the total current t and the 

t-i h , which may be called the demagnetising effect of hysteresis. 
e may consider the current i' to be made up of two components, 
true magnetising current i M and the component *\, which counteracts 
agnetising effect due to hysteresis. If hysteresis could be eliminated 
oad current would be identical with the wattless magnetising current 
ugh the curve would still be distorted from the sine form owing 
ng permeability. 

shall now apply the above results to an actual example. The follow- 
apply to a 36-kilowatt transformer, described by Kapp : 

Cross-section of iron A = 900 sq. cms. 

Length of path in iron I = 100 cms. 

Number of primary turns ... S, = 315, 

Frequency ~ = 50, 

17 
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Primary terminal pressure .,, e y — 2.000 volts, 

Current at no-loud ^ = 0*86 ampere, 

Power taken at no-load P* — 400 watte, 

Weight of iron = 765 kilogrammes. 

We are required to determine the permeability /x of the iron. From 
equation (134) we have 

. P k 400 _ 

^ m T m Vn mnm§mt 

and from equation (135), for the magnetising current, 

V = Vi.'-iA 1 = ^OW-OV =0'3 ampere. 
Before we can determine the permeability we must calculate the maxi- 
mum flux density. This can be obtained by means of equation (130) oo 
page 253, thus 

The permeability can now be found from equation (133) on page 254 
B m „.l 3,180.100 

^ " 1 78 . 5 . S t " 178 . 3 . 315 ~ * 
This is approximately the value given by Fig. 248 for a flux density of 
3,180. The power absorbed per kilog. at a frequency of 50 works out to 

7fi^ = 052 watt. The curve of iron loss per kilogramme in Fig. 248 was 

experimentally determined in this manner. This curve gives a somewhat 
lower value than that just found, viz. 0*42 watt per kilogramme at 50 cycles 
per second. When accurate curves are available, giving the iron loss and 
permeability for the material to be used, the losses and no-load current of a 
transformer can be accurately calculated. This is done by simply working 
backwards through the calculation by which the curves were obtained from 
the experiment. It should be borne in mind that the experimentally deter 
mined iron losses are not entirely due to hysteresis, but contain the eddy 
current losses in the iron. 



85. Transformer on non-inductive load. 

To anyone who has clear ideas of self-induction and of the actt 
choking coil, the behaviour of a transformer on open circuit, as dealt with in 
Section 82, will have presented no difficulties. A clear understanding of uV 
action of a loaded transformer is, however, much more difficult to obtain, h 
is not easy to see that any curront we choose can be taken from the secondary 
winding, and that the primary current will automatically adjust itself to 
a corresponding value. Whereas on open circuit the back E.M.F. prv 
all but a very small current from flowing through the primary winding, tte 
current grows immediately on current being taken from the secondary 
winding. We naturally ask the reason for this sudden increase of primary 
current, or apparent decrease of self-induction of the transformer. IV 
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difficulty is due, to some extent, to the lack of visible connection between 
the two winding's which are so completely insulated from each other. 

The relation between the primary and secondary currents can be easily 
determined from a consideration of the conservation of energy. The supply of 
energy to the primary must be equal to the sum of the energy given out from 
the secondary and the losses within the transformer. If i^ be the resistance 
of the primary winding and R t that of the secondary, we can write down the 
following equation for non-inductive loads, neglecting the small displacement 
by the wattless magnetising current t M : 

ow. the losses are very small, even when compared with a fraction of the 
load. We shall therefore neglect them, and write 

«i • h = «* • H* 

£«*-£ (136). 

Hence, the currents are inversely proportional to the pressures or inversely 
proportional to the number of turns in the respective windings. 

Now, although we have obtained this result from a consideration of the 
principle of the conservation of energy, which we know from experience can 
be applied with perfect confidence, yet the difficulty mentioned above will 
not have been removed. It will remain with us until we study the magnetic 
effect of each winding and draw a diagram showing the magnetomotive 
forces. 

With a non-inductive load, the secondary current is in phase with the 
induced E. M. v. The primary current, on the other hand, is practically in 
phase with the primary terminal pressure, which is almost exactly opposed 
to the induced e.m.f. It is therefore obvious that the primary and secondary 
currents are nearly 180° out of phase, and consequently neutralise each other 
in their magnetic effects. The apparent decrease in the self-induction as the 
load is increased can therefore be explained by the neutralisation of the 
larger part of the primary ampere-turns by the opposing ampere-turns of 
the secondary. 

We have already seen that, if we neglect the ohmic drop in the primary 
winding, the electromotive force E x must be numerically equal to the con- 
stant primary terminal pressure. For the maximum value of the total flux 
we have, then, 

4-44. ~. A,' 
everything on the right-hand side of the equation is constant, the 
axiraum value of the flux must also be constant, quite irrespective of the 
d on the transformer. If an unloaded transformer be suddenly loaded, 
ihe sudden rush of secondary current exerts a powerful demagnetising effect, 
The magnetic flux and back e.m.f. arc momentarily decreased, but the 
primary current instantly rises to such a value that the demagnetising 
effect is neutralised, and the magnetic flux maintained at its no-load value. 
In other words, the combined magnetic effect of the primary ampere-turns 

17—2 
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iiSi and the secondary ampere-turns £,&, ia equal to the effect of the no-load 
ampere-turns *,£,. The vector t^S, in the diagram is the resultant of the 
vectors ijSx and i^S^ 

Before making the diagram, however, we divide all the ampere-turns br 
the number of primary turns S lw The vectors then represent currents 




* -i 



hr 



*f! 



*- J 



Fig. 253. 
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reduced to the primary winding. The diagram of currents in Fig. 253 i* 
obtained in this way, and the vector ^ is the resultant of the vectors t\ am 

-~ ? . (In several of the figures the Greek f is used instead of S.) 

To construct the diagram we must first draw the triangle OA B of no-low 

current from the three vectors t,, i* and t M . If the vector t^ is horizontal, 

S 
vector of electromotive force E t = E t . ~J will be vertically downwards, si 

the induced e.m.f. lags 90° behind the magnetic flux. In Fig. 253 
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Since the load is non-inductive, the secondary current vector must be in 
he same direction as the induced e..\lf. As the diagram is derived from 
he ampere-turns, the actual secondary current must be reduced to an equi- 
aleut current in the primary winding, so that 

.5, 



OC 



ft 



Since the no-load current i» is the resultant of the reduced secondary 
urrent and the primary current, the latter is easily determined by com- 
peting the parallelogram OCAD. We find then that 

OD «*,. 

This primary current vector lags behind the primary terminal pressure 
iy an angle fa, which is exaggerated in Fig. 253 for the sake of clearness, 
»ut which, in reality, is negligibly small. A transformer on a non-inductive \ 
sad is therefore equivalent to a n on-induct ive load in the primary circuit. / 

We must now investigate tluT effect - of the primary pressure drop i,^, 
rhich we have so far neglected. The vector 00 is drawn along the primary 
urrent vector, and made equal to £ , .ft, (Fig. 254). OE' is made equal and 
pposite to OE. The resultant OH of the vectors 00 and OE' represents 
he terminal pressure e, both in magnitude and phase. 

The correctness of the diagram can be checked by means of the principle 

f the conservation of energy. By projecting the vector of terminal pressure 

pon the vector of primary current, we get 

OK = e x . cos <f> lt 

QH=E U 
02) -A, 

It folloWf 

»r, substituti 



ZW-«i-g+i 



X follows from the similarity of the triangles GKH and DBO that 

DB _GK 
OD^GH* 

', substituting the above values, 






h.S, 

8 



+ «A 



. 



By multiplying across, we get 



«, . cos <£, — i', . Rx 



5. 



I jS 

E x . 2i=+^ . i h = e x . h . cos fa -t,». R, 



itting E x .-~ - E z , this becomes 

et.h.cosfa^ Er.u + if.Rt+Et.iK (137). 

The product E % . i, represents the total secondary power, both internal 
Lnd external. The product if . ft, is the power lost as heat in the primary 
vinding, while E } . t* represents the iron loss. The total supply of power is 
.hus equal to the sum of the secondary output and the transformer losses. 
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It is important to notice that the induced back E.M.F. is affected by the 
ohmic pressure drop in the primary winding. If the applied primary pressure 
ej is maintained constant, the magnetic flux decreases as the load comes on. 
The no-load test should therefore be made at a pressure equal to the induced 
E.M.F. when loaded. The flux will then be the same both on open circuit 
and on load, and the no-load triangle OAB will be exactly correct at that 
load, but not at any other load. The difference is so small in actual practice, 
however, that this refinement may be safely neglected. 

We turn now to the efficiency of the transformer on non-inductive load. 
If the secondary winding have a resistance of ft,, the secondary terminal 
pressure e, will be less than the induced e.m.f. E~ by an amount t, . it,. The 
secondary copper loss will be t, 1 . if,, and the real output e, . i,. The efficiency 
on non-inductive load is, therefore, 



v «,.«,. CO80, ^.ij + iV.-fti + H'. •% + />* V 

As this equation shows, the efficiency is very bad on s mall l oads, 
account of the iron loss being relatively so large. With increasing load t 
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Fig. 255. 



Fig. 256. 



iron loss becomes of less relative importance, and as the copper losses 
small compared with the load when the latter is not too large, the efficit 
rises rapidly with the load. It reaches a maximum when the variable copper 
| losses are together equal to the constant iron lass. If the load be increased 
beyond this point, the copper losses, which increase as the square of the 
current, become so important that the efficiency decreases. 

We pass now to a consideration of the most efficient distribution of losses 
between the two windings for a given winding space. 

Since t, = i, ~ t the total loss in the two windings is given by the foll< 
*h 

formula : 

If /, and l* be the mean lengths of a turn in the two windings, we haw 

#,=,, -^ and Bi-p.^. 
By substituting these values in the above formula, we get 

h 



*-*-*-'-(«i;+*y 



.(4 
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vhere A x and A % are the cross-sections of the wire with which the transformer 
b wound. 

"With a flat coil winding (Fig. 255) the turns of each winding have the 
lame mean length, so that 

We may assume approximately in Fig. 255 that, with the omission of 
l constant factor, 

tSj.iltBO.Ii, S* . A % — (b — a) . A. 
he combined copper losses are therefore given by the formula 
in find the minimum value of this expression, we must differentiate it 
vith regard to a and equate the result to 0. This gives us 

1 -o. 



-••S'ly 



■(b)- 







ib-a? 
b 
2' 



a = 



That is to say, the most efficient distribution of space is an equal distri- 
bution. The cross-section of the wire will then be inversely proportional to 
he number of turns, and directly proportional to the current. The current 

tensity will be the same in each winding. If we put a ■ ^ in equation (6), 

ve see that the losses are the same in each winding. 

If the winding consists of cylindrical coils, as shown in Fig. 256, we have 
/,, = (</+ a)*-, 

ly = [d + 2h - (A - a)] . it - (d + h + a) ?r, 
S, . 4 , = fc ( /« - « ), S s .A t = b.a. 
Equation (a) will then take the following form, 

: 



Pz = 



d 4- A -f a d + a 
(A -a) + "^~. 



ty differentiating with regard to a and equating the result to 0, we get 



is is the same equation as we obtain if we equate the two terms in the 
>racket in the last equation for P t , The efficiency for a given winding space 
s therefore, as before, a maximum when the copper losses are equally distri- 
cted. The current density will not be the same in each winding. These 
tabulations, however, art* only rough approximations, since the relative loss 
>f space due to insulation will be much greater in the high pressure than in 
be low pressure winding. A further inaccuracy is caused by the necessary 
ipace between the two windings in Fig. 256. 

As an example, we shall consider a transformer with a primary terminal 
jressure of 2,000 volts, taking a current of 20 amperes, and having a ratio of 
L0 to 1, so that the secondary current is 200 amperes and the secondary 
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terminal pressure at no-load 200 volts. If 3 per cent, of the power is lost in 
heating the conductors, the pressure drop due to resistance will be 3 per 
cent., and this drop must be equally divided between the primary and 
secondary windings. We have then 

1-5 



h ■ -Ki 



t, .R> 



*. 



100 

1-5 
100 

20 

200 



2,000 = 30 volts, 



200 = 3 volts. 



R l = r =1*5 ohms, 



» 0*015 uhm. 



The error introduced by subtracting the drop from the terminal pi 
algebraically instead of geometrically is negligibly small. We have therefore 

£ , , = e,-*H.ii 1 = 1,970 volts, 



*-fi- 



E x 1,970 



10 



= 197 volte. 



and e, = 2r7, — i, . R 2 = 194 volts. 

The drop of pressure between no-load and full load is 200 — 194 = 6 volts 
i.e. 3 per cent. 



86. Transformer on inductive load. 






We pass now to the consideration of the case where the secondary 
terminals of the transformer are connected to a load consisting of both ohraic 
and inductive resistance. If R e 2 be the resistance and aL, the reactance of 
the external secondary circuit, the phase difference between the secondary 
terminal pressure and the secondary current is given by the equation 

The difference of phase between the induced E.M.F. E t and the current 
is given by the equation 

tan <f> - 



R\ + R*' 
Tha vector OE in Fig. 257 is made equal to 



St. 3, 
5 



which is the secondary 



induced e.m.f. reduced to its primary equivalent. A right-angled triangle ia 
constructed on the hypotenuse OE, so that the side OM lags behind 0E by 
the above angle <f>, OM is then equal to the secondary pressure used in 
overcoming ohmic resistance, the part 0L being the internal drop and the 
remainder LM the pressure used against the external ohmic resistance. 
Since the whole diagram is reduced to the primary turns, we have 



0M 



^(-fl'a + ^a). o", 



OZ-vR,. 



£ 
*' 
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Similarly EM represents the equivalent inductive drop in the external 
ircuit, or 



EM = a>L % . in . 



s, 



The secondary terminal pressure is found by subtracting geometrically 
he internal drop OL from the induced E.M.F. OE. We have therefore 




* Fig. 257. Fig. 258. 

The figure shows that the terminal pressure is the hypotenuse of the 
[ght-angled triangle formed by the ohmic and inductive pressure drops in 
le external circuit. 

We must now draw the primary and secondary current vectors. The 
icondary current is in phase with the ohmic pressure drop produced by it. 
Phen reduced to the equivalent primary current, we get 



0C= 



5 



The vector OD must now be drawn so that its resultant with OC is the 
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no-load current OA. Since the no-load ampere-turns are the resultant of 
the primary and secondary ampere-turns, the vector OD must represent the 
primary current both in magnitude and phase. 

The primary ohinic drop OG must be equal to i, . Rj and must be in 
phase with the primary current. Equal and opposite to OE we draw OK* to 
represent the pressure required to overcome the back E.M. F. The resultant 
OH of OG and OB' gives us the applied primary terminal pressure e x . From 
an examination of the diagram we learn the following important facts : 

1. The primary and secondary current vectors are now almost exactly 
opposite to one another, and the no-loud ampere-turns are almost equal to 
the algebraic difference between the primary and secondary ampere-turns. 
Since the no-load current is actually much smaller than shown in the figure, 

the equation t, = i, . ^ ia still very nearly correct. 

2. Since the ohmic drop in the windings is usually very small, the 
terminal pressure vectors e, and r, come almost exactly vertical, that is, they 
coincide in direction with the induced E.M.F. 

3. The angle of lag <k in the external secondary circuit is consequently 
nearly equal to the angle <£, between the primary terminal pressure and 
primary current. Hence, the secondary__p hase d isplace ment reac ts directly 
on ^he primary circuit. 

Thus las! result enables us to look upon the transformer as a single piece 
of apparatus, and to bridge over, in imagination, the separation of the two 
windings. Thus, we speak of the pressure drop and copper loss of the trans- 
former as a whole, as if it had but a single winding. The dotted line joining 
the points G and E in Fig. 257 is parallel with, and equal to, the primary 
terminal pressure «,. Moreover, as the ohmic pressure drops 06? and OL are 
practically in the same straight line, they can be added together to give t 
total drop, and we can write 



j? ^i 



Putting t, equal to 



8 % 



we have 



GL = L .R, + i,.Ri 



It would appear from this equation that the primary current passed 



through the two resistances Ri and R^ . ^ 



in series. 



The latter is tt* 



secondary resistance reduced to its equivalent primary value. After 
coming this total resistance the initial terminal pressure e, is reduced to the 
secondary terminal pressure «j. The transformer is somewhat similar lo* 

generator with an e.m.f. e,, an internal resistance R = R^ + R,.^, and • 

S. 
terminal pressure «, . ~ . To make this quite clear, the corresponding <£*■ 

gram for the generator is drawn in Fig, 258, in exactly the same position * 
it has in the transformer diagram. The electromotive force e x is the hypot*- 
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nuse, the side GM is the total ohmic drop, both internal and external, while 
the other side EM is the external inductive drop. The generator must be 
assumed to have no internal self-induction. 

If, for example, we assume that the transformer considered in the last 
section is connected to a secondary circuit with a power-factor of cos fa *= 0'7, 
and that the primary current i, is 20 amperes, we can find the primary 
terminal pressure which is necessary to maintain a secondary terminal 
pressure of 200 volts. We have 



Rt + R, 



» 



1*5 + 0015 . 100 » 3 ohms. 



The total internal ohmic drop reduced to the primary winding is therefore 

GL ~ », (r, + R % . |Q = 60 volts. 

The drop of pressure in external ohmic resistance, when reduced to the 
primary winding, is found as follows: 

8* 



LM 



e.. cos fa. =r- = 200. 07 

«2 



10 = 1.400 volts. 



The side GM representing total ohmic drop both internal and external is 
therefore equal to 1,460 volts. Since cos<£ a = 0'7, sin^> 3 must equal 0*714, 
and the inductive drop EM is found as follows: 

EM=e t . sin fa.~^ 200 . 0714 . 10 = 1,428 volte. 



or 



For the hypotenuse EG we have vGM* + EM\ 
e, m ^1,460'+ 1,428 s ■ 2,040 volts. 

This then is the primary pressure required to give a pressure of 200 volts 
on the secondary terminals. This, however, is on the assumption that every 
line of force produced by the primary winding passes through the secondary 
.winding and vice versa, so that the two windings have a common field and 
no other. As a matter of fact, there is a partial leakage of lines, which 
increases the drop of pressure due to increasing load. In the following 
section it will be shown that, with these actual relations, we can still imagine 
the two windings to be combined to form, as it were, a single winding. 



87. The effect of magnetic leakage. 

In Section 82 we compared the back E.M.E. induced in the primary 
winding with the E.M.F. of self-induction of a choking coil, Since then, 
however, we have purposely avoided the use of the term self-induction and 
have always spoken of the induced E.M. F, This was necessary because, in 
addition to this useful induced e. m.e., there is, in both windings, a useless 
and harmful self-induction due to magnetic leakage. 

In order to make this clear, we shall consider a very bad arrangement, 
which would never be adopted in practice, viz. a core-type transformer with 
the primary winding on one limb and the secondary on the other (Fig. 259). 
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The lines of force produced on no-load pass, for the most part, completely 
round the iron circuit and thus thread the secondary winding, but some of 
the primary lines pass through the air and constitute the no-load leakage. 
The number of lines threading the secondary winding is therefore smaller 
than the total number threading the primary winding. The E.M.F. induced 
in the secondary winding must consequently be less than that induced in the 
primary winding. We may consider that a part of the primary' terminal 
pressure is used in overcoming the back E.M.F. due to this leakage self- 
induction, leaving the remainder to overcome the back E.m.f. E x due to the 
flux which links both windings. The latter e.m.f. will therefore be smaller 
than the terminal P.D., and consequently the secondary terminal pressure 
will be correspondingly less. The effect of magnetic leakage is, however, 
quite negligible at no-load, as the reluctance of the iron path is so small, 
compared with that of the air, that the leakage flux bears a very small ratio 
to the useful flux. 
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Fig. 260. 



The effect of leakage increases immensely, however, directly the tran*- 
former is loaded. We have seen that the secondary current is almost exactly 
opposed to the primary current. If, at the moment represented in Fig. 260, 
the primary current is flowing inward on the side of the coil which is tunvi 
towards us, then the secondary current will be flowing outward. By applying 
the right-handed screw rule, it is easily seen that the two windings are in 
opposition with regard to the main flux threading the two windings, but art 
acting together with regard to the leakage flux. The primary and secondary 
ampere- turns are in opposition for the iron path, but in parallel for the 
leakage through the air. This causes a rapid increase in the ratio of the 
leakage to the useful flux. 

The increase of leakage with load is explained very clearly if we consider 
the difference of magnetic potential between the points A and B. At uo-load 
(Fig. 259) this difference is only sufficient to drive the magnetic flux through 
the lower iron core. When loaded (Fig. 260) the difference of magnetic 
potential has also to overcome the counter magnetomotive force o 
secondary ampere- turns. This increased difference of magnetic potenti*! 
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drives a larger leakage flux through the air. It is analogous to 
iter through a leaky pipe ; the greater the back-pressure opposing 
ige of the water, the greater will be the quantity of water lost 
Ihe leaks. 

£60 cannot represent the actual distribution of flux, since, in the 
f of the transformer, the leakage lines are shown passing through 
in the opposite direction to the useful lines. The actual flux 
any part of the magnetic circuit 

the resultant of these opposing 
d the actual distribution will be as 

Fig. 261 at any moment when the 
urrent exceeds the secondary current, 
.al distribution changes entirely in 

as well as in magnitude during a 
id since the primary and secondary 
are not exactly 180 c out of phase, 

moments when there is no primary 
but yet a small secondary current 
xiuces a flux distribution the reverse 
hown in Fig. 259 



<-- 



v'*-v 



■'l» 



Iff 



// 



Fig. 261. 

Hence, we see that the leakage at any moment 
ny point is the resultant effect of the instantaneous values of the 
and secondary currents. 

der to reduce the magnetic leakage as much as possible, the two 
are put as close together as possible (Figs. 255 and 256), or even 
*1 and alternate primary and secondary coils sandwiched together, 
however, always a small drop due to magnetic leakage, 
ow the effect of leakage on the vector diagram, we shall neglect the 
load current, and assume that the primary and secondary currents 
tly opposed to each other*. The angle by which the secondary 

i, lags behind the induced electromotive force OE ( = E tt -~\ is 

rbitrarily in Fig. 262. It depends, as a matter of fact, upon the 
between the total secondary self-induction and the total secondary 
sistauce. The pressure drops due to the ohmic resistance of the 
are drawn in the direction of the currents, viz. 






0I = i,. R,. | 



;now from page 231 that the induced E.m.f. due to the self-induction 
je lags 90° behind the current. To overcome that caused by the 
y current, an equal pressure ON, 90° ahead of the current i„ will be 
f. The total pressure drop in the secondary winding will be equal 
esultant OR. The line RE will represent the secondary terminal 
both in magnitude and phase, so that 



RE 






exact diagram will be given when considering the induction motor in Section 134. 
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The effects of resistance and self-induction are greatly exaggeral 
Fig. 262. In reality they are much smaller, so that the terminal 
differs very little from the induced E.M.F. 

A component OP will he required in the primary circuit to ooi 
balance the back E.M. v. due to the leakage of the primary winding. OP will 
be 90° ahead of i x . The resultant OQ of the primary ohmic and in<l 
drops must represent the total primary pressure drop. By compounding OQ 
with the pressure OS*, which counterbalances the back E.M.F. OR, we get tl 
applied primary terminal pressure OH = «p 

We have thus determined the magnitude and phase of all the vectore, 
and we can now determine the equivalent resistance and leakage self-indue- 




Fig. 262. 



Fig. 263. 



tion of a single apparatus to replace, in imagination, the two se] 
windings. For this purpose we join QG and QE, and drop perpendicul 
from R and E on to QG produced. The figure thus obtained is given io 
Fig. 263 and shows the various pressures with which we are concerned. The 
hypotenuse QE is equal to OH, that is, to the primary terminal pressures- 
QU represents the sum of the pressure losses due to magnetic leakage, and 
RU the sum of the ohmic pressure losses. The total drop of pressure id the 
transformer is given by QR, leaving RE for the secondary terminal preasom 
We need hardly mention that the internal pressure drop is in reality much 
smaller than indicated in Figs. 262 and 263. 

It is of great importance that the triangle QRU can be found experi- 
mentally. By short-circuiting the secondary terminals we make RE = 0. 
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the point E falls on the point R. The primary pressure must naturally 
losen so small that the normal current flows in the short-circuited trans- 
Br. This primary pressure is then directly equal to QR. The resistances 
asily measured and the ohmic pressure drop RU calculated from them, 
triangle QRU can then be drawn and the effect of magnetic leakage 
•mined. 

Ve can now construct Kapp's transformer diagram for constant current 
variable external power-factor (Fig. 264). The triangle QRU, which we 
just determined for the normal full load current, is drawn in the position 
n. With a radius equal to 4 two circles are drawn, one with the centre 
id the other with the centre R. For any given power-factor <£» in the 
nal secondary circuit, RE gives the secondary terminal pressure, or 




t, its primary equivalent, while QE or RV is equal to the constant 4. 
difference between them is EV r which gives the fall of secondary pressure 
een open circuit and full load. For any other value of the current, QR 
oe different, so that a new diagram must be drawn, 
lie diagram shows that the fall of pressure between open circuit and 
oad increases as the point E moves to the right, that is, as the power- 
r decreases. 

f the current leads ahead of the terminal pressure, so that the point E 
is over to the left, the drop of pressure may not only disappear, but may 
irned into a rise, so that the terminal pressure increases with the load, 
may occur if the secondary circuit contains condensers or over-excited 
tironoua motors. (See the corresponding diagram in Section 98, also 
ions 79 and 111.) 
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88. Types of alternating current generators. 



Many 



diffc 



very cnrterent types of alternating current generators have been 
proposed and constructed from time to time, but, as in so many things, there 
has been a gradual elimination and standardization, until, to-day, nearly 
every A.C. generator is constructed with an external stationary armature and 
an internal revolving field magnet system. It is important, however, to study 
the various types of machines, and this we shall do, not so much in their 
historical order as in the order of their simplicity. We shaLl deal in a genera! 
way with both single-phase and polyphase machines, but shall reserve the 
consideration of the points peculiar to polyphase generators until we come to 
the theory of polyphase currents. The single-phase machine has a single 






\4¥^/ 




Fig. 265. Fig. 266. 

winding on its armature. The side of each coil may be placed in a single 
hole or slot, as shown in Fig. 265, or distributed between several slots w 
shown in Fig. 266. In both of these cases there is a single coil-side 
each pole. In polyphase machines, on the other hand, the armature carries 
two or three distinct windings, which may or may not be connected, bat 
which are displaced from each other around the armature. For the present, 
we may consider these phases or windings to be entirely disconnected 
quite distinct, so that a two-phase generator is nothing more than a mac 
with two single-phase windings. In Fig. 267, for example, we consider 
the winding 1 and neglect the winding 2. In this way we shall be 
consider single- phase and polyphase machines together. 

External pole machines were formerly made with ring and with 
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In the ring armature shown in Fig. 268 all the coils are wound 
jame direction but are connected up alternately in opposite directions, 
wing arrows on the ends of the coils to show the direction of the 
I E.M.F., and tracing the circuit from coil to coil, we find that all the 
I electromotive forces are added together. 



^&0 v-» 



jr 



? 



O 




Fig. 267. 



Fig. 268. 



ics with external poles and drum armatures (Fig. 265) are still 
small powers and high speeds. There is, as a rule, one coil per pair 
and this coil, as in the d.c. machine, spans an arc equal to the pole- 
In Fig. 265, for example, the wire passes up slot 1 from back to front 
down slot 1' from front to back, and so on. When this coil is corn- 
wound, we pass to the coil 2, 2' by means of the dotted connection at 
:. end of the armature, 
internal pole machine (Fig. 269) is strikingly simple both in principle 
struction, and is the type almost universally adopted. The external 





Fig. 269. 

Three-phase generator of the Sooiete Electricity et Hydraaliquc, Charleroi. 

ionary armature is built up of sheet-iron stampings, secured in a 
frame. The winding is carried in slots or tunnels on the inner 
of the annular ring. These slots are lined with insulating material, 
in machines for high pressures, and pressspahn, or some other such 
in low pressure machines. The winding is similar to the ordinary 
idings, or like that shown on the rotating armature in Fig. 265, but 
ends are brought out to fixed terminals, so that the collection of 
it high pressures by means of slip rings is avoided. The poles, which 
ttely north and south, are fixed on the periphery of a flywheel, 

18 
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which rotates within the ai The magnetising winding on the pole* 

consists either of insulated wire or of bare copper strip wound on edge 
a thin layer of pressspahn between successive turns. The exciting current is 
supplied by a direct-current dynamo or an accumulator battery, and is led 
into the field coils through brushes and slip rings. 

The machines which wen used for the celebrated transmission of power 
from Lautfen to Frankfort in 1891 had a single magnetising coil for all tic 
poles. The jM>le-wln-eI consisted of a cylinder, made in two parts, which WB» 
bolted together, and surrounded by the magnetising coil (Fig. 270). Tbr 
cylinder carries claw-like projections which spring alternately from the right 
and from the left-hand side of the coil, which they partially embrace. The 
lines of force run, for example, from left to right through the cylinder, pas 




Fig. 270. 

(From Kapp'B " Dyiiamomaschlnen. ") 

outward by the claws shown in section, which are therefore north poles, cro» 
the air-gap into the external armature and there divide into two fluxes, B) 
return by the adjacent claws to the left-hand end of the cylinder. A Urge 
number of the lines of force pass, however, from claw to claw without goii;. 
through the armature. The magnetic leakage of this type of machine is con- 
sequently extremely large, and the advantage of a single magnetising coil ■ 
too dearly purchased. 

We have, so far, considered machines with a single ring of poles. In 
machines with disc armatures, however, there are two crowns of poles, *> - 
arranged that unlike pole faces are opposite to one another. Wc shall coo- • 
sider, in the first place, those machines in which the poles of each ring * 
crown are alternately north and south. Such is the case in the old Femfltt - 
type of machine (Fig. 271). The armature consists of a wave-shaped copp'" 
band, which rotates in the narrow gap between the two crowns of poles. Tbe 



Ttfpe& of altermituuj current generator* 



wles shown in the figure lie behind the paper, while a second set of poles is 
rranged in front of the paper so that unlike poles are exactly opposite. This 
nachine shows very clearly how the wire passes down, in front of a ii'iih 
>ole, and up, in front of the succeeding south pole. The winding has quite 
jst its coil-like character and has become a pure wave winding. 

The newer Ferranti machines have the same field system, but the 
rmature is built up of thin disc-like coils. The same construction was 
dopted in the earliest Siemens and Halske alternators. To show the 
ssential similarity of disc and drum windings, a winding is shown in Fig. 272 
rhich is equally applicable to either. For a Ferranti machine the poles have 
imply to be bent round to form an arc of a circle, like Fig. 271, and another 
et of poles arranged in front of them. The figure may equally well 
epresent the development of a drum winding, in which case the opposite 
rown of poles is produced by induction in the armature iron. 

In order that the electromotive forces may be added together, the coils 
nust be connected up alternately in opposite directions, as is shown in 




Fig. 271 



Fig. 272. 



Tig, 272. We notice that we have here the sides of two adjacent coils under 
me pole. The electromotive forces induced in all the wires under one pole 
ire in the same direction and the wires virtually form the side of a coil of 
wice the number of turns. 

There is another type of machine, in which there are also two crowns of 
K>les but in which all the poles on one side arc north poles and all those on 
he other side south poles. The Mordey alternator was of this type and is of 
onsidcrable historic interest. Its magnet system is very similar to that of 
he Lauffen generators already mentioned, but the claws do not pass right 
icross the machine, alternately from left to right and from right to left ; here, 
hey face one another with a small air-gap in between (Fig. 273). On one 
tide we have a row of north poles, and on the other a row of south poles. As 
.his pole wheel rotates, the lines of force cut the thin flat coils of the fixed 
irmature (Fig. 274). The number of these coils is double the number of 
wles on one side. If the coils were as wide as the distance between the 

centres of adjacent poles, the electromotive fori F onfl Mile of the coil would 

Neutralise the electromotive force of the other side, but by winding the coils 
is shown in Fig. 275, so that they span only half the pole-pitch, this is 

jvented. When one side of a coil is in front of a pole and therefore having 

18—2 
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E.M.F. induced in it, the other side i« in the neutral zone between the poles. 
and consequently inactive. In the ordinary drum windings, on the other 
hand, both sides of u coil are simultaneously aetive in producing K.M.F. 
Hence, for the same number of wires on the armature, the same frequency 





Fig. 273. 



Fig. 275. 




Fig. 274. 

(From Kapp'R " DvnRraomaschinen.") 

and the same flux per pole, the E.M.F. of a Mordey alternator is only half that 
of a machine with alternate poles. 

The difference can also be explained in the following manner: is fa 
alternate pole machine, during a complete period, the flux per pole is pMW 
through an armature coil, withdrawn, passed through in the opposite directive 
and again withdrawn. In the Mordey or similar pole type, a period is mid* 
up of a single introduction and withdrawal of the flux. 
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Tie armature coils must, of course, be so connected that their electro- 
ve forces are added together. The adjacent sides of two successive coils 
a common group which is under a pole at the same time. If all the 
are similarly wound, they must be connected up alternately in such a 
ler that, in following round the winding, we pass clock wise round one 
and anticlockwise round the next and so on (Fig. 275). 
'he so-called inductor alternators are similar to the machines just 
ibed, in that there is no reversal of flux, but simply an introduction and 
Irawal of lines through the armature coils. The characteristic feature of 
! machines is that neither the armature winding nor the field winding 
es, the only moving part consisting of masses of iron. These masses of 
conduct the magnetic flux across the gap, first at one point and the next 
ent at another. The flux through any coil on the armature is con- 

fy changing and thus inducing alternating electromotive forces in the 
Machines of this type are specially suitable for running at high 




Fig. 276. 

ihera] speeds. A portion of an inductor generator by the A. E. G. of 
.n is shown in Fig. 276. There are two armatures A and B, built up 
leet iron, and secured by the frame C which acts as the magnetic yoke, 
tie bottom of the annular space, thus formed, the magnetising coil F is 
id. On the left is shown the flywheel which carries a number of iron 
a G. These blocks offer a path of low reluctance to the lines of force, 
h consequently pass, for the most part, through those parts of the 
lure between which the blocks are momentarily situated. The magnetic 
practically rotates with the iron blocks, which are therefore equivalent to 
ing electromagnets. The armature coils must naturally span a distance 
1 to half the pitch of the blocks. 
Vere magnetic leakage entirely absent, the armature wires in the neutral 

Le. between the blocks, would be entirely inactive. As the result of 
ige, however, each coil has opposing electromotive forces induced in its 
sides. If the flux passing across the block is N p while the leakage flux, 

is, the flux which crosses between the blocks, is Nt, then the t:. m.f. is 
ortional to N p — N t . When we take into account that the flux does not 
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reverse, but simply varies between zero and the maximum, it is evident that, 
for N in equation (143) on page 279, we must put 

N = $jq^[i ( 

The great leakage in this type of machine caused it to be given up in 
favour of the alternate pole type. The same was the Btse with the Lauffrn 
type. The chief disadvantage is not so much the additional ampere-tums 
squired to drive the larger Mux through the yoke as the heavy drip oJ 
pressure caused by the increased leakage when the machine is loaded (see 
Section 103). 



89. The mean E.M.F. of a generator 

As a general rule, the armature windings of D.c. and A.c. generators differ 
from one another in that the wires of the D.C. winding are equally distributed 
over the wbole armature, while the wires of a coil-side of an a.c. winding are 
either contained in a single slot or distributed between two or three slote in 
close proximity. The width of a coil-side is therefore less than the width of 
the pole, and, as a rule, even less than the width of the interpolar arc. The 
instantaneous values of the induced electromotive forces in the various wires 
are added together at ever}- moment. To obtain the mean value of the E.SLF, 
induced in the armature, we must multiply the number of wires connected in 
series by the number of lines cut by each in a complete revolution, divide 
the product by the time taken for the revolution, and by 10* to get the result 
in volts. If, then, 

N be the flux per poh-, 

p the number of pairs of poles, and 

/ the number of conductors in series, 
then the change of linkages per revolution will be 2p.N .z\ Since the time 

taken by the revolution is — of a second, we have for the mean or average 

E.M.F. 
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Putting ~*=p. 

this becomes E M = 2iV^/.10- fl volts (14H 

It is interesting to compare this result with that obtained for a series 
wound D.c. armature. Since there are only two parallel paths through the 
armature, a = 1 and equation (79) on page 120 may be written 

t is here the total number of wires on the armature, of which only a 

• z 

are in series, so that z' = ^ . This gives for the D.c. armatun- 



E = p.tf.~.2z , .10-* = 2N~z'.lQ-*. 



The mean E.M.F. of a generator 



279 



This is exactly the same equation as was obtained above for the mean 
E.M.F. of the alternator. 

If an alternate? and a D.C. dynamo have the same total number of wires 
on the armature, the E.M.F. of the former will be double that of the lattor. 
We assume that the D.C. machine has a series armature and that all the 
armature conductors of the alternator are connected in series. The current 
from the alternator will only be a half of that from the D.C. machine, other 
things being equal, since the external current flows through all the wires on 
the alternator armature, while in the n.c. armature the current divides 
between two parallel paths. 



90. The effective E.M.F. with sinusoidal field. 

On the assumption that the flux density around the armature varies from 
point to point in accordance with the sine law, and that the conductors of a 
coil-side are concentrated in a single slot, the maximum E.M.F. is given by 
equation (112) on page 220, viz. 

«L«-ir..y.~.V.l<K 

As the effective or R.M.s. value is equal to the maximum divided by \/2, 
we have 



*J1 



.(142). 



222 
In our case the form-factor is -=- ■I'll 



The ratio of the effective to the mean value is known as the form-factor. 
It depends on the shape or form of the field distribution curve and on the 

type of armature winding. 

We must now pass to the consideration of the effective E.M.F. for other 
cases, differing from the ideal one just considered. We therefore write 
formula (142) in a more general form, viz. 

E = L'.N.~.z'A0-* (143). 

By distributing the oojl-nds between two or more slots the e.m.f. is 
reduced. If the field is sinusoidal it is a simple matter to calculate the 
E.M.F. for each slot from equation (142). The electromotive forces for the 
several slots can then be compounded by the parallelogram or polygon of 
forces, taking into consideration the phase difference due to the displacement 
of the slots around the armature. 

Suppose, for example, that we have a sinusoidal field distribution and a 
double slot winding, that is, one in which the coil-side is laid in two slots, and 
that the distance between these two slots is equal to a third of the pole-pitch. 
The pole-pitch corresponds to an angle of w radians, so that the electromotive 
forces induced in the two slots differ by a phase angle of w/3 or 60°. The 
whole winding may therefore be considered as made up of two parts, and the 
E.M.F. in each part is given by equation (142) as 

E' = 222, N^\. 10^ volts. 

2 

When we compound two eleotaomotive forces E', having a phase difference 
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of 7r/3, we find that the resultant is equal to 2.co8tt/6 . E' = 1*731?'. 
E.M.F. of the whole armature is therefore 

E= Mf = 1 92 . N* aMO" 1 volte. 

A case of special interest is that in which the coil-side is distributed 
between so many slots that the winding is practically equivalent to n smooth 
core winding, in which the wires lie side by side upon the surface. The pole- 
pitch is represented in Fig. 277 by the angle tt. The coil-side has a width 
27 and its centre is displaced from the neutral axis by the an 
the moment, represented in the figure. We shall consider a narrow akma 
of the coil-side of width dif>, displaced from the neutral axis by an angle 
If the total number of wires connected in series on the armature u 
number in the strip d<f> and in all equivalent narrow strips under other pol< 

will be d<f> . =- . The maximum value of the E.M.F. induced in these wires by 

the sinusoidal field is given by equation (112) on page 220 as 

d<b. z 
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Fig. 277. 

The instantaneous value at any moment will be proportional to the 
of the angle <f> between the narrow strip and the neutral axis at that raorat 
The instantaneous E.M.F. of these strips will therefore be 

N ^ z ' . sin <j> . d<f> . 10"* volts. 



dE = 



IT 



■>y 



We see from Fig. 277 that the limiting values of <f> are a — 7 and a + 7, 
and the instantaneous value of the E.M.F. for the whole armature is obtained 
by integrating between these limits, thus 

E = Z- • $ ~* *M0- i T +V sin 6 . dfr 
2 7 /*•» 

Now, 






6in <f> . d<f> = cos (a — 7) — cos (a + 7) = 2 sin a . sin 7, 



so that the previous equation becomes 

E = tt.*^-Y. N~ xM0-> . sin a. 

7 
The momentary value is thus proportional to the sine of the angle beti 
the centre of the coil-side and the neutral axis, and for the maximum xalui 
we have 

BL. = tt . 55* .$„/. 10-" volts. 



The effective E.M.F. with sinusoidal field 281 

This is exactly the same as the maximum value of the e.m.f. in a winding 

with each coil-side concentrated in a single slot, except for the ratio — -. 

The effective E.M.F. will be reduced in the same proportion, so that we get, 
for a distributed winding, the formula 

E = 222?^ . N ~ z' .10r* volts (144). 

7 

As an example, we may consider a three-phase distributed winding, in 

which each coil-side has a width equal to a third of the pole-pitch. We 

have here 

sin 7 = sin ^ = 0*5, 



and from equation (144) 



sin 7 _ 0*5 3 

7 tt/6 it' 



E = 2*22. -.N~z J .lQ-+= 2*12. N~J.10r* (145). 



7T 



For a width of coil-side equal to two-thirds of the pole-pitch, such as 
we have in a creeping three-phase winding, the relations are as follows : 



and from equation (144) 



sin 7 = sin -K = 0* 



E = 2*22. ^?. J\T~*\10-«- 1-84. N^z' .10-* (146). 

irjo 

These equations (145) and (146) will prove very useful to us when we 
come to the consideration of induction motors, but for single and polyphase 
generators other equations will be required, which we now proceed to 
establish. 

91. The E.M.F. of a single-slot winding. 

Instead of assuming, as we did in the previous section, that the field is 
distributed according to a sine law, we shall now assume that the distribution 
is rectangular, having a constant value under the pole, and falling to zero at 
the pole- tip. The induced e.m.f. will then have a similar wave form. As a 
matter of fact, such a distribution of the field is impossible, as there is 
naturally a falling off near the edges of the pole and a fringing from the 
pole into the interpolar space. This results in the E.M.F. curve approaching 
more nearly to the sine form, and gives an effective e.m.f. about 10 per cent, 
smaller than that theoretically calculated. 

The theoretical curve of e.m.f. for a •single-slot winding is shown in 
Fig. 278. The B.M.F. attains its maximum value directly the slot comes 
under the pole, and remains at this value until the slot emerges from under 
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tin-- pole, The time taken by a slot to move through tho angle v is 

1 1 S 

- — second, and to move through tho angle 8 the time taken is s — - — second 

This is the time taken by each wire to cut through the flux N from each 

pole. The rate of cutting is therefore - — ^ , and as there are x' wires in 



series, the maximum E.M.F. will be 







— 



E^ = 2 i. iV ~~ J . lO" 6 volts 



.(147). 



In Fig. 279 we have plotted the square of the e.m.f. from moment to 

moment and constructed a rectangle on the base 2ir with an area equal 

o 
to the shaded areas. The height of this rectangle is -. E* m . By taking 

the square root of this height we find the effective value of the E.M.F., viz. 
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Fig. 278. 



Fig. 279. 



If, for example, the polar arc is J of the pole-pitch, we get from 
equation (147) 

E m „=3N~z'. 10-*, 
and from equation (148) 

E = /? . E^ - 2-45iV ~ z' . 10"* volts. 

If we take into consideration the fact that the actual E.M.F. is roughli 

2 



10 per cent. 



than this, we get, for the ratio - =*«. almost the same 



value as we obtained for the single-slot winding and sinusoidal field. 



92. The E.M.F. of a double-slot winding. 

In a double-slot winding the width of the coil-side 2*y is equal to thv 
pitch of the holes (Fig, 280). We need only consider the case in whiol 
distance is less than the interpolar arc, since this condition is always sal 
in actual machines. If the pole-pitch is *tt and the width of pole &, the 
interpolar arc is tt — £, and we assume that 2y < ir — &. 



The E.M.F. of a double-slot winding 
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The e.m.f. curve is made up of two rectangles, displaced relatively to 
each other by an angle 27. During the time that both slots are simul- 
taneously under the pole, that is, over the angle £ — 27, the E.M.F. is a 
maximum, and, since it is quite immaterial whether the wires are in one or 
two slots during this interval, the maximum E.m.f. is given by equation (147) 
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When only one of the two slots is under the pole, Le. over the angle 27, 
the E.M.F. has half this value. 
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Fig. 280. 




Fig. 281, 



We set up, as before, the squares of the E.M.F. from moment to moment 
(Fig. 281), and calculate the shaded area thus obtained. This is equal to 

2 . 2 7 . (?fsj + OS- 2y) . E' w » 08 - 7)- «"«.• 

By dividing this area by the base ir and taking the root of the quotient, 
we get the effective value of the E.M.F., viz. 
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(149). 



This equation is equally applicable to the windings shown in Figs. 282 
and 283. The portion of winding shown in Fig. 282 is equivalent to a single 
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Fig. 282. Fig. 283. 

coil distributed between two slots per coil-side. The whole armature will 
contain p such coils, whereas the winding shown in Fig. 283 will consist 
of 2p single coils with a separate slot for each coil-side. For the purpose of 
calculation, however, Fig. 283 is to be treated as a double-slot winding with 
p coils on the armature. The winding must naturally be so carried out that 
the current flows in the same direction through two adjacent slots. 

An interesting winding, which is virtually a double-slot winding, is shown 
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in Fig. 284. This is known as a short-coil winding, since each coil spans an 
arc equal to j of the pole-pitch. This arrangement has the advantage of 
allowing three separate windings or 
phases to lie side by side, displaced from 
each other by 120°, without any over- 
lapping or crossing of the coils. The 
fact that each slot is shared by wires 
belonging to different phases is a dis- 
advantage. That the winding of each 

phase is electrically equivalent to thr.se considered above, is to be seen from 
coil I in the figure, since one side of it is under the middle of the pole and 
the other side is displaced by the angle 7r/3 from the middle of the next pole. 
The angle tt corresponds, as before bo the distance from the centre of one 
pole to the centre of the following pole. The electromotive forces induced 
in the two sides of the coil are displaced by a phase angle of 7r/3, so that the 
coil-breadth 2y is equal to 7r/3, and the E.M.F. is to be calculated from equa- 
tions (147) and (149). 



93. The E.M.F. of a treble-slot winding. 

We assume, as before, that the breadth of the coil-side is less than the 
interpolar gap, so that 

27 < 7T - £. 

The curve of e.m.f. is obtained by adding the ordinates of three rectangles, 
displaced from each other by the pitch uf the slots or half the breadth of the 
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Fig. 285. Fig. 286. 

coil-side. For the sake of clearness the rectangles are shown in Fig. 285 m 
having unequal heights. At first, when only one Blot is under the pole, the 
E.M.F. corresponds to a third of the armature wires. This lasts for a time 
corresponding to 7, where 27 is the breadth of the coil-side. Over an equal 
arc 7 the E.M.F. corresponds to -J of the total wires, and over an arc ff - ~i 
it has a constant value corresponding to the whole number of armature win*. 
As the coil-side leaves the pole, the e.m,f. drops in the same way as it row 
when the coil-side came under the pole. The ordinates in Fig. 286 represent 
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the squares of the momentary values of the E.M.F., and the shaded area is 
found to be equal to 

2y • (%)' + 2 7 <| • E^Y + </8 - 2 7 ) . »U 

If we divide this area by the base tt and extract the square root of the 
resultant height, we get, for the effective value of the e.m.f. 
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For E w we have equation (147) on page 282, viz. 
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We may consider as an example a three-phase generator with treble-slot 

winding, or, as it is more often expressed, with 3 slots per pole and phase. 

Since there are 3.3 = 9 slots per pole, the pitch of the slots must be 7r/9. 

Hence y = v/9, and, assuming that the ratio fijir of polar arc to pole-pitch is 

J, we have 

9 9 

4. N~z' .10-*. 



9 9 

E au «=-^.N~S.W 



Then, from equation (150), it follows that 



=vl 



8 1 

9*9 



E m = 2-53. N~s*. 10-. 



94. The E.M.F. of a distributed winding. 

In the foregoing considerations we have always assumed that the breadth 
of the coil-side was less than the polar arc ft. We shall now, however, 
consider a case in which the coil-side is broader than either the polar arc or 
the interpolar gap, so that 

2 7 >£. 
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Fig. 287. 
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Fig. 288. 



Fig. 289. 



At the moment of maximum E.M.F. (Fig. 289) the coil-side will project 
beyond the pole, so that the value of E XMX depends on @ and not on 2y. We 
shall consider, in the first place, the moment when the coil-side is symmetrical 
about the neutral axis (Fig. 287). The electromotive forces induced a 
each pole will exactly neutralise each other. If the coil moves forward 
through the arc o, the E.M.F. induced by the south pole will increase by 
an amount proportional to a. The opposing E.M.F. induced under the north 
pole will decrease simultaneously by the same amount. The total E.M.F. 
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will therefore correspond to an arc 2o. Since the maximum value 
E.M.F. depends on the polar arc f3 t we have, for tin- k.m.f. at any moment. 

E ~ &wu ■ ~5 < 

This applies to the interval between the positions shown in Fig. 287 and 
Fig. 288, i.e. until the coil-side is beyond the influence of the north pole 

If the breadth of the coil-side exceeds the interpolar arc by an amount 5, 
it is evident from Fig. 288 that 

S = 2 T -(7r-£) = 2 7 + £-7r (I 

The distance through which the coil moved during the interval considered 
above is seen from Fig. 287 to have been 5/2. We draw ordinates equal to 
the squares of the e.m.f. from moment, to moment during this interval, and 
calculate the area F t thus produced (Fig. 290) 
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By substituting the limits, we get 
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Fig. 290. 

The second interval to be considered is that between Fig. 288 and 
Fig. 289, when the coil-side is partly under a single pole. If a represent 
now the amount of the coil which is under the pole at any moment, then 
the instantaneous value of the E.M.F. will be given by the equation 

At the beginning of the interval (Fig. 288) a is equal to 8, while at the 
end (Fig. 289) a is equal to £, We must square the values of the E.M.F 
and integrate between the limits a = S and a = y9. In this way we get b 
the area F % in Fig. 290 



F * = f Ei 



a J , E- 
— i . da = — 
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During the third interval the whole pole face is covered with the coil-side 
and the e.m.f. has a constant maximum value. This interval correspond* to 
an arc 27 — ft (Fig. 289). By squaring the E.M.F. we find the area F t in 
Fig. 290, viz. 

F n = E' mu .(2y-ff). 
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If this be divided by mr tad the roo* extracted, the efietira UA is 

obtained; thus 

This equation is baaed on the aaeompdoc that the coil-side is broader 

than the pole face. The valoe of K mu will be smaller than the value given 

n 
by equation (147) on page 282 in the ratio =-, since only this traction of 



the total number of wires on the armature can be under the poles at the 
same moment. For the valoe of £_ to be pat in equation (152), we have 

therefore 

E ma =-.X~M\lfr+ (*t>0) 1153X 

7 

If, however, the coil-side is narrower than the pole face. S mu must be 

found from equation (147). In calculating the effective K.M.F.. moreover, we 

must notice that the "*nmnm E.M.F. depends on the coil-side '2y and not on 

the polar arc fi. The limits of integration for the second interval will be $ 

and 2y, and the third interval will spread over the arc £ - 2y. Proceeding 

in a similar manner to the above, we find that 



^nm is, in this case, given by equation (147). 

If the coil-side 27 is even narrower than the interpolar arc, equation (151) 
will give a negative value for S. It must then be put equal to 0, that is, the 
last term in equation (154) is to be omitted The proof of this foU 
the consideration that there is no area F it and that the limits between which 
the area F t is to be calculated are and 2y. Both these conditions are 
fulfilled by putting B = 0. 

95, The alternating E.M.F. of a closed D.C. winding. 

A very important example of distributed winding is found in the rotary 
rter. This is practically an ordinary D.C. machine with taps taken from 
two diametrically opposite points on the armature winding and connected 
to two slip rings. If the machine is multipolar, and has a parallel wound 
armature, the Donnectiona to the slip rings are joined to every e-quipotciitial 
point on the winding, so that each ring has p connections. 

These machines can be used for the simultaneous supply of both D.C. 
and a.c. current, or for transforming either of than into the other. In tin- 
vast majority of cases, however, it is driven as a motor from the A.C. side. 
and supplies D.c. from the commutator side for the purposes of electric 
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traction. When the coils to which the slip rings are directly connected ore 
in the neutral zone (Fig. 291), the brushes on the slip rings are equivalent 
to those "ii the commutator. The P.D. between the slip rings must, at tins 
momentj be equal to the P.Ds. applied to the D.G. side of the converter. From 
equation (79) on page 120, we have then 

where z is the total number of wires on the armature. Now, the number of 
wires in one branch of the armature winding is =-, so that 




Fig. 291. 




Further, 



n 



The above equation for the maximum E.M.F. on the A.c, side may there- 
fore be written as follows : 

#n»x = 2Ar~*'.10-«. 

We could have found this value directly from equation (153). 

When the coil to which the slip ring connection is made passes under 
a pole (Fig. 292), each branch of the armature becomes the seat of x**> 
opposing electromotive forces, proportional respectively to the area y and I 
The K, m.f. decreases until, when the slip ring connections come under tlw 
mid-points of the poles, it is equal to 0. 

To find the effective E.M.F. of a single-phase converter, we must put 
27 equal to 7r in equation (152) on page 287. If we assume that ft 1 
which, is about the usual value of this ratio, equation (151) on page 2S8 
becomes 

8-27, £_,_? 

7T 7T 7T O 



; 
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From equation (152) we get for the effective value 



'V 7T 37T 



= 0745£* r 



3£V 

nd, substituting the value of E nBZ found above, 

E = 0745 . 2N~ z . 10^ = 1*49 . N «* t . 10"« 
The effective alternating E.M.F. is therefore, in our example, 0745 of the 
.D. between the D.c. brushes, or the D.C. pressure is 1*34 times the A.c. 
sressure. This constant ratio of the pressures is very important. If we 
rish to convert high-pressure alternating current into low-pressure direct 
urrent, we must first transform the high -pressure alternating current to 
Iternating current of a pressure equal to 0745 of the required D.C. pressure, 
i'his is done in ordinary static transformers. Commutation difficulties limit 
he D.c. pressure to about 1,000 volts, generally speaking, and high pressure* 
re not suitable for lighting purposes, except in exceptional cases. An 
lternative to the use of static transformers and rotary converters is the 
mployment of motor-generators, in which the high-pressure alternating 
urrent is supplied directly to an A.c. motor which is coupled to an ordinary 
>.C. dynamo. Rotary converters have been used almost exclusively in America, 
rhereas, on the Continent they are quite the exception. In England, both 
ystems have been largely adopted, and their relative merits are continually 
inder discussion. 



96. The E.M.F. of a creeping bar or wave winding. 

A so-called creeping bar winding for a three-phase generator is shown 
Q Fig. 293, and offers a further example for the calculation of the E.M.F. 
y means of equations (152) and (153). The winding-step is a little more 
r less than the pole-pitch, as in a D.C. series winding, so that, after making 
p steps, the winding returns to a point adjacent to that from which it 
tarted. Space is left between them, however, for the returning wire of 
nother winding. After making 2p steps each equal to y, we shall arrive 
t a wire having a number differing by 2 from that from which we started. 
f / be the wires per phase, the total number of wires will be 3^, and 
r e have 

3*'=2p.y±2, 

3^ ±2 

*T> 

must, of course, be an odd number. If, for example, the total number 
be 30 (Fig. 293), 4 will be 10, and for a 4-pole machine, we have 

30 ±2 




y = 



2.2 



= 8 or 7. 



8 being an even number is not permissible, but could be replaced by 
\ « 7 and y s = 9. The other alternative is y = y, = y 8 = 7, and this has been 
dopted in the figure. Starting from the central point we pass down wire 1 

T. B. 19 
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and come up wire 8, then, passing across the front, we go down wire 15 and 
so on. The winding schemes for the three phases will be as follows: 



1- 8 
15—22 

29— 6 

/ 

13-20 



27 



/ 



II 
11—18 

/ 
25— 2 

9—16 

23-30 

7—14 



m 

21—28 

/ 

5—12 

19—26 

/ 

3—10 



17 



/ 



The six ends could be connected to six slip rings, or. as is more usual 
in actual practice, the three starting points or beginnings of the three 
windings can be connected together within the armature, and the three 




Fig. 293. 

remaining ends taken to three slip rings. This is shown in the figure, where. 
however, only one winding is drawn, for the sake of clearness. If, now, we 
consider the exact position of each wire with regard to the poles, we see 
that wire 8 is equivalent to a wire between 1 and 30, but nearer to 1. 
Similarly, the wires 8, 15, 22 and 29 may be imagined to lie, equally spaced 
between the actual positions of 1 and 29. All the wires of phase I lie 
virtually between 1 and 27, or rather, between 1 and a point 4' equival 
the wire 4. 

The coil-side is evidently equal to two-thirds of the pole-pitch, so thtf 
27/^=* 2/3. If we assume that fijir - 1/2, the coil-side is broader than the 
pole, and we have to use equation (153) on page 287, viz. 



£ 



7T 



7 



N~s.\fr 
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From equation (151) on page 286, we have 



7T W IT 



H-i 



1 

6' 



ind, from equation (152) on page 287, 

Substituting the value found above for •E mui we get 



0-493 E n 



B=*2'll.N«,J.lQ-*. 



97. The E.M.F. of a creeping coil winding. 

The three-phase creeping coil winding shown in Fig. 294 can also be 
sferred to an equivalent distributed winding. The winding consists of three 
arts, belonging to the three phases. It is wound in such a way that each 




ct contains two separate coil-sides. The pitch of the slots is either a trine 
reater or smaller than the pole-pitch. Each phase occupies a third of the 
rmature periphery; phase I is wound in slots 1, 2, 3 and 4, phase II in 
ots 4, 5, 6 and 7, and phase HI in slots 7, 8, 9 and 1. The machine has 

poles, but 9 coils. The number of coils must, in general, be one more or 
■8 than the number of poles. Since in a three-phase machine the number 
* coils must necessarily be divisible by 3, it follows that 2p ± 1 must also be 

visible by 3. 
If we consider phase I we see that the wires are virtually spread over 
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half the breadth of a pole, or a third of the pole-pitch, so that 2»y/w=» 1/3. If 
we assume that fijir m 2/3, we get from equation (151) 

«.!* + *_! l + « 1-0. 
*tr w w o © 

As the breadth of the coil-side is less than the polar arc, we must use 
equations (147) and (164) on pp. 282 and 287 ; thus 

^nI«-2.3.^■^^.lo- < -«8,Jy^« , .lo-•, 

p 



and ^ = ^— \/S - fe _ 12^7^ = jSr ~" \/i _ l ' 

Substituting for E vmt we have 

In actual practice the adjacent coil-sides of two neighbouring coils would 
probably be wound in two separate slots. This type of winding has the dis- 
advantage that an inequality in the strengths of the poles causes unequal 
electromotive forces in the three phases. 

If the various formulae established in this chapter be compared, it must 
be remembered that we have made arbitrary and varying assumptions as to 
the ratio pjw. As already pointed out, the theoretical results will differ 
from those actually obtained, on account of our assumption of a rectangular 
field distribution. 
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CHAPTER XIII, 



'8. The e.m. r. diagram for an A.C. generator. — 99. The ampere- turns diagram for an A.C. 
generator. — 100. Calculation of armature reaction. — 101. Experimental determination of 
armature reaction and armature leakage. — 103. Predetermination of exciting current and 
pressure regulation.— 103. Effect of polar leakage. 

98. The E.M.F. diagram for an A.C. generator. 

If the assumption be made that the coefficient of self-induction of the 
j-mature of a machine has a constant value for all conditions of load and 
ixcitation, the vector diagram is extremely simple. The electromotive force 
S), induced in the armature by the rotating magnetic flux, forms the hypo- 
enuse of a right-angled triangle, one side of which is equal to the total 
nductive pressure drop, both internal and external, while the other side 
s equal to the sum of the internal and external ohmic pressure drops. The 
:tion of the current vector in Fig. 295 is vertically upwards. The self- 





Fig. 296. 

iduction induces an E.M.F. lagging 90° behind the current, which must be 
Dunterbalanced by a component 0A of the E.M.F. OA consists of two 
arts, one -£ #inL lost in the armature, and the other 2?, ext overcoming the back 
-M. F. in the external circuit. The component AB consists similarly of a 
art AD lost in the machine, and a part DB which overcomes the external 
hmic resistance. To find the terminal pressure we must complete the 
ictangle FDA and join OF and FB. The latter represents the terminal 
ressuxe e, for it is the hypotenuse of a right-angled triangle with sides 
to the external inductive and ohmic pressure components. The line 
spresents the total drop of pressure in the generator. We have already 
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seen in Section 75 that this drop cannot be subtracted algebraically from the 
E.M.F., but must be subtracted geometrically, as shown in Fig. 295. 

The angle FED is the phase difference <f> between the terminal pressure 
and the current; it is the angle of lag in the external circuit and could 
be determined by means of an ammeter, voltmeter and wattmeter, suitably 
connected to the main generator leads. The angle <f> lt on the other hand, a 
the angle by which the current lags behind the induced E.M.F. To make 
the meaning of this latter angle quite clear, a pole is drawn in Fig. 2W 
in the position it occupies at the moment of maximum armature current 
Were the angle (f>i equal to 0, the current would be a maximum at the 
moment when the centre of the pole coincided with the armature conductor 
or coil-side. In the present case the current lags behind the E.M.F. so thai 
the pole has got past the conductor by an angle <f> t before the current in uV 
conductor reaches its maximum value. It is, of course, only in a 2-pola 
machine that the actual angle 0, (Fig. 296) is equal to the angle q> t in the 
vector diagram (Fig. 295). If a machine has p pairs of poles, the actual 
angle will only be equal to <fhfp, since one revolution of the generator will 
correspond to p complete periods or revolutions of the vector diagram. 

Before we can construct Fig. 295 we must determine both the open- 
circuit characteristic and the self-induction of the generator armature. The 
characteristic can easily be found experimentally by running the generator 
at normal speed and observing the terminal pressure, while the exciting 
current is varied, either by means of a rheostat or by altering the P.O. of a 
separate exciting dynamo. A curve is drawn with abscissae equal to the 
exciting current or to the ampere-turns per pair of poles, and ordinate* 
equal to the terminal p.d. which, on open circuit, is equal to the induced 

E.M.F. 

The curve obtained in this way is variously known as the magnetisation 
curve, static characteristic, or open-circuit characteristic. Such a curve a 
shown in Fig. 320. So long as the magnetic (lux is small the curve i» 
practically a straight line, since the air-gap forms the principal part of the 
reluctance, and the flux, and consequently the E.M.F., is proportional to the 
exciting current. As the iron becomes saturated, its permeability decreaaei. 
and the curve bends over more and more. 

Having determined the open-circuit characteristic either experimeotalhr 
or by calculation, as described in Section 57, we have now to find the sttf- 
induction. We shall assume that it is independent of the relative position 
of poles and armature winding. That this assumption is hardly justified 
can be seen from Figs. 297 and 298, where the paths of the lines of force art 
indicated for two positions of the rotating field system. We are here co» i 
sidering the flux produced by the armature currents only, and it is evxki 
that the self-induction of the armature is not constant during a period 
Moreover, the phase relation of the current, that is, the angle &, must haw I 
an effect on the self-induction, as it is evidently of some importance wbetfc* 
the current in a coil-side has its maximum value when it is opposite ap* 
or when in the neutral zone. 



The E.M.F. diagram for an A.C. generator 295 



If we neglect these effects, we can find the self-induction of the armature, 
as we would that of any coil or piece of apparatus, by applying an external 
alternating P.D. to the terminals of the stationary machine. The v.\). must 
be of so low a value that the normal full-load current flows through the 
armature*. If we neglect the small resistance of the armature, the applied 
P.D. is equal to the back E.M.F. of self-induction, and the quotient obtained 
by dividing this P.D. by the current is equal to the reactance 2w ~* L. 

By means of the open-circuit characteristic and the self-induction of the 
armature, we can now predetermine the terminal pressure for a given load 
and a given exciting current. The power factor cos <j> of the load must also 
be known. From the open-circuit curve we find the value of E x lor the 
given exciting current, and, with the centre 0, describe an arc with a radius 
OB = E x (Fig. 299). The triangle OCF is made with the base OC = 2tt <*> L . i 





Fig. 29«. Fig. 299. 

and the side 0F—i.R a . To construct the diagram for a given power factor 
cos <f> in the external circuit, a vector is drawn from 0, making an angle <f> 
with the vertical. This indicates the direction of the vector of terminal P.D., 
and a line is drawn parallel to it through the point F. This line cuts the 
circle at the point B. By referring to Fig. 295 we see that FB represents 
the required terminal pressure e, the letters OFB having the same signi- 
ficance in both diagrams. The algebraic difference between OB and FB 
represents the fall of terminal pressure between no-load and full load. In 
order that this difference may be easily seen we have drawn another circle 
with the same radius E u but with the point F as centre. The line FB is 
produced to meet this second circle at 0, and the intercept BG is evidently 
equal to the pressure drop E x — e. The figure shows plainly that this drop of 
pressure increases as the point B moves round to the right, that is, as the 
angle <f> increases. 

The pressure drop has a maximum value when the angle aS is equal to 
90° (Fig. 300). The external circuit will then consist entirely of inductive 
resistance, and the P.D. will be equal to the back E.M.F. of self-induction 

* This ia often a dangerous experiment to carry oat on a large machine, since the alternating 
flax produced by the armature induces very high electromotive forces in the field winding*, 
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the external circuit. The internal pressure drop OF is subtracted 
?braically from the E.M.F. OB, and the terminal pressure FB reaches il 

value. 
If the load consists entirely of glow-lamps, the power factor cos <p will be 
equal to 1, and the current will be in phase with the terminal pressure. The 
diagram for this case is given in Fig. 301, from which it is seen that the fall 

G 





In 



Fig. 300. 

of terminal pressure between open circuit and full load is very small 
a modern generator the pressure will fall about 5 per cent, in such a case, 
while on an external circuit, with a power-factor of 0'75, the drop 
nearly 20 per cent. 




o c 
Fig. 302. 

A case of special interest is that in which the external circuit causes 
current vector i to lead ahead of the terminal pressure vector e by an angle 6 
(Fig. 302). This am occur when the circuit contains condensers or over- 
excited synchronous motors. In such a case the terminal pressure may 
exceed the e.M.f. (Fig. 302). This striking result will be more fully dealt 
with in Sections 107 and 111. We might mention here, however, that the 
back e.m.f. of an A.C. motor may be greater than the applied terminal P.P. 
or even than the e.m.f. of the generator. If, for example, the e.m.k. of the 
generator is 1,000 volts, while the back E.M.F. of the motor is 1,200 volts, 
their common terminal pressure will automatically adjust itself to some int 
mediate value. The state of affairs, so far as the generator is concerned, 
shown in Fig. 302. 
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99- The ampere-turns diagram. 

ie diagram of electromotive forces described in the previous section 
ives one a very clear insight into the relations determining the terminal 
treasure under various conditions of load. If it be used, however, to deter- 
mine the excitation necessary to maintain the P.D. between the terminals at 
arious loads, the calculated results will be found to differ from the results 
btained by actual experiment This is due to the fact that the drop of 
ressure is largely caused by a decrease in the magnetic flux entering the 
nnature. This decrease in the flux is caused by the demagnetising effect 
f the armature current, which opposes, to a greater or less degree, the 
mpere-turns on the field-magnets, and therefore leads to a decrease in the 
.M.F. induced in the armature. 

We must now divide the loss of pressure, which we have attributed to 
he self-induction of the armature, into two parts. The first part, which we 
hall call E 7 , is caused by the flux which follows the path indicated in 
*ig. 303. It is assumed in the figure that the field-magnets are rotating 




Fig. 303 



Fig. 304, 



Fig. 305, 



lock wise, and that the current lags behind the induced e.m.f. by such an 
mount that the former has just reached its maximum value in the figure. 
t is evident that the magnetomotive force of the armature winding is 
pposed to that of the poles. 

The second part of the loss of pressure we shall call E t and refer to 
s the armature leakage drop. This is due to the flux which is produced 
rand the armature conductors, but which does not link the field winding. 
k part of this flux follows the path shown in Fig. 304, that is, it encircles the 
anductor which is embedded in the slot, some of it even crossing the air-gap 
nd running through the pole face. The remainder of this leakage flux 
ncircles the end connections, that is, those parts of the armature winding 
'hich project beyond the iron core, as shown in Fig. 305. 

By keeping these two sources of pressure loss separate, we obtain Fig. 306 
l the place of Fig. 295. E x is the E.M.F. which would be induced by the 
iven field current, were there no armature reaction. The effect of the 
rmature reaction in weakening the flux is represented by the drop E st 
> that the E.M.F. corresponding to the flux actually entering the armature 
i represented by E. From this we have to take the leakage drop E\ and the 
. Rn drop, leaving the pressure e across the terminals. 

It is evident that the electromotive forces E t and E t are purely fictitious, 
nd further, that the very lines of force by which they would be induced do 
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not exist, except as imaginary components of the resultant flux which pro- 
duces E. As a matter of fact, the E.M.F. E is also fictitious, as the effect of 
thi* self-induction or armature slot leakage is to prevent the flux which enters 
the armature from cutting the conductors by driving a part of it across the 
slots. Hence, although the flux which crosses the gap is sufficient to produce 
an E.M.F. E, the flux which actually cuts the conductors is only sufficient to 
produce the e.m.k. BC in Fig. 306. Since the poles are excited by a steady 
direct current, and the armature reaction is rapidly varying between and 
a maximum, we might be led to expect a pulsating flux. This is prevented 
however, to a great extent by the self-induction of the field windings and the 
eddy currents in the poles, so that the flux passing through the poles has a 
practically constant value N as the resultant effect of the constant ampere- 
turns X x on the field and the mean value X t of the pulsating armature 
reaction. 

Hence, neither the electromotive forces E } and E % in Fig. 306, nor the 
fluxes iV, and A\ in Fig. 307, have any real existence. The ampere-turns Xi 





O E 9 G £ t C E^A 

Fig. 306. 



Ho° ° * G 

Fig. 308. 



2 

Fig. 307. 



and X if on the other hand, are really present, and act on a common magnetic 
circuit, in which their resultant X produces a flux N. The E.M.F. E corre- 
sponding to X ampere-turns is found from the open-circuit characteristic. 

If the load be suddenly thrown off the machine, the ampere-turns X. of 
armature reaction entirely disappear, and the points G and in the figure 
are brought together. The flux, and with it E, increases to a value corre- 
sponding to Z, ampere-turns. The flux and E.M.F. will not increase, however, 
in the ratio of Xi to ..Y, on account of magnetic saturation. 



100. Calculation of armature reaction. 






The calculation of the armature reaction is more difficult in the caw of 
single-phase generators than in the case of two or three-phase machines. If 
the armature current lags 90° behind the E.M.F., the current reaches to 
maximum value at the moment that the coil-side is midway between the 
poles (Fig. 310). The lines of force due to the armature current are shown 
dotted and are evidently in direct opposition to the field-magnets. The 
conditions both before and after Fig. 310 are shown in Figs. 309 and 311 i 
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the fact that the current is smaller is indicated by lighter crosses and dots 
on the armature conductors. 

H there are z' wires in aeries on the armature, then the wires per pole or 

the turns per pair of poles will be ^- . For the armature reaction at the 
moment represented in Fig. 310, we have 

X%m*x — 5- • *m*x amp.- turns per pair of poles. 

This is the maximum value, and, assuming a sine- wave current, the mean 
armature reaction will be 



- i 2 - 



&■«»■ 



or 



% .s 



X t = 0*9 -g — per pair of poles, 



where i is the effective value of the current. 




Fig. 309. 



Fig. 310. 



Fig. 311. 



We have not taken into account the fact that the pole is directly under 
an armature coil during a part of the period only*. It is more to our 
purpose, however, to understand the various factors affecting armature 
reaction than to calculate them with great accuracy. The calculation is, 
after all, more or less uncertain, as the flux pulsates appreciably, in spite of 
the self-induction of the field coils and the eddy currents in the poles. 

The calculation is much more trustworthy in the case of polyphase 
machines, in which there are two or three separate windings on the armature. 
Although we have not yet studied the subject of polyphase currents, we may 
make use of the simple fact that, when the current in any coil-side of a 
three-phase winding is a maximum, the current in each of the adjacent coil- 
sides has half this maximum value. If the current is lagging 90°, the coil- 
side midway between the poles carries the maximum current, while the 
coil-side on either side of it carries a current in the same direction but of 
half the amount (Fig. 312). 

In order to determine the armature reaction per pair of poles, we must 
first find the ampere-turns in each coil. If there are z wires per phase, the 

wires per coil-side will be =- , and the ampere-turns of coil 2 — 5 will be 



* By taking everything into consideration Kapp has found a coefficient 0*736 instead of 0*9 
when 0/t = |, and 0-8 when 0/r = J. 
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r • W- Coils 3 — 6 and 1—4 will each have £ ■ sr • hau ampere- turns. The 

flux which passes between holes 3 and 4 links all three ef these coils, and has 
2/ 



to the left of 
3 and to right of 4 links only the coil 2 — 5, as shown by the dotted lines in 



a M.M.F. due to g- . w ampere-turns. The flux which 



the figure. It is produced by =- . i„>„ ampere-turns. If the polar arc is two- 

Mp 

thirds of the pole-pitch, the space between holes 3 and 4 covers half the pole 




Fig. 312. 

face so that half the pole face is crossed by flux produced by 2 5- 

ampere-turns, and the other half by flux produced by — . i ttMX ampere-turns. 

2p 

Taking the mean value for the whole pole, the armature reaction of a three- 
phase generator is 

Z,= r5i tnlM (155). 

It might be objected that we have only considered the conditions existing 
at the moment represented in the figure. As the pole wheel rotates, how- 
ever, the current in coil 2 — 5 decreases and that in coil 3 — 6 increases, » 




Fig. 313. 



Fig. 314. 



that the armature reaction is hardly altered. When the wires 3and 
midway between the poles the current in these wires will be^t^fs maximum 
value, so that the conditions represented in the figuxp^OTe continually re- 
curring. As already mentioned, these results maketLflfclaim to mathematical 
exactness, but merely serve to make the effect of armature reaction as clear 
as possible. 
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We have assumed, so far, that the current lagged 90° behind the E.M.F., 
that the armature reaction was directly opposed to the field-magnets. We 
must now consider the effect of power-factor on the armature reaction. If 
the current is in phase with the E.M.F.. the current in any coil-side is a 
maximum when that coil-side is approximately under the middle of the pole 
[Fig. 314). At this moment the current can produce no flux round the field 
magnetic circuit. A moment earlier the growing current produced a flux 
which strengthened the field, while a moment later the decreasing current 
weakens the field. The nett result is that the armature neither strengthens 
nor weakens the field. 

If the current lags behind theE.M.F. by an angle (£ lt the effect of armature 
reaction is shown in Fig. 316. The vertical line represents the current t 
agging behind the electromotive force E. This triangle corresponds to 
BAO in Fig. 306. BH is the excitation X which would produce K on open 




Fig. 316. 



circuit, and it must therefore be the resultant of X } and X». The triangle 
BKH corresponds to Fig. 308. It is evident that the armature reaction X t 
becomes of increasing importance as £, approaches 90\ When <^ = 90°, X x 
and JT a will be co-linear and X will equal X^ — X*. This corresponds to 
Fig. 310. 

Another way of looking at it is as follows t Of the total armature reaction 
only a component HL = X t . sin ^, acts in the direction of the resultant 
excitation. If we represent this direct demagnetising component by Xj, we 
have 

X d — X % . sin fa = HL. 

It can be seen from the figure that HB -f HL is very nearly equal to X lt 
bo that 

X^X + Xt, 

X = X X -X 4 . 
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For negative values of £,, that is, for leading currents, the demagnetising 
efiect also becomes negative. This can be shown in Fig. 310 by reversing 
the direction of the armature current. We can sum this up by saying thtt 
lagging currents act demagnetisingly, while leading currents act magnetisingly. 
This explains the rise of p.d. with increasing load in Fig. 302. 



101. Experimental determination of armature reaction anc 

armature leakage. 

Generally speaking, the results of experiments will be found to agree 
with the calculations of the previous section. An important experiment in 
this connection is the short-circuit test of an alternator. The armature is 
short-circuited through an ammeter and the machine is run at its normal 
speed with very weak field excitation, as the armature current would other- 
wise be excessive. The field current is varied and simultaneous readings 
are taken of field and armature current. It may be safely assumed that the 
armature resistance is very small and that the self-induction due to slot- 
leakage, etc, is comparatively small, especially in a modern machine 
open slots, large air-gap and several slots per pole and phase. 





Fig. 318. 

The diagram for short circuit will then be like Fig. 317. in which 
2?j is the e.m.f. which would be given by the field excitation 

permeability were constant, 
E 2 is the E.M.F. which would be produced by the flux caused by iirnia- 
ture reaction under like conditions, 
and E is the actual e.m.f. induced by the resultant flux, which has to drive 
the current against the resistance and inductance of the armature. 
The corresponding diagram of ampere-turns is given in Fig. 318. It 
evident that the armature reaction on short circuit is almost equal to 
field excitation X,. 

It is not necessary to know the number of turns on either the armature 
or field, but a curve can be drawn shoving the relation between the current 
in the short-circuited armature and the field current (Fig. 319). This short- 
circuit characteristic tells us the amount of field current neutralised by the 
reaction of any given armature current. The curve is almost exactly a 
straight line. The field current is not exactly neutralised, however, but gives 
a resultant X as shown in Fig. 318. 

In order to calculate the field current required to give a certain termini! 
P.D. on a given load, it is necessary to know, in addition to the armature 
reaction X t , the self-induction L of the armature winding, due to slot- 
leakage, etc. This is a very difficult quantity to calculate and considerable 
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iperience is necessary in applying the various formulae which enter into the 
.lculation. 

The method which we shall now describe is due to Potier. To apply the 
ethod to a generator, it is necessary to make an experiment which we have 
)t yet mentioned ; this consists in loading the machine with a very indue- 




it 



Short circuit Current. 



i — ■ ^^ 1 — 



Fig. 319. 

ve load, made up, say, of choking coils, so that the armature supplies a 
?avy lagging current with a power-factor as near as possible to zero. We 
tall illustrate the method by applying it to an actual example, viz. the 
iree-phase generator shown in Fig. 269. The figures for this machine were 
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Fig. 320. 



;iven by Heyland in the E. T. Z. for 1900. Its short-circuit characteristic is 
;iven in Fig. 319 and the open-circuit characteristic in Fig. 320. When 
oaded with choking coils, the field current was 150 amperes, the armature 
urrent 100 amperes and the terminal pressure 2,140 volts. This point A is 
tlotted on Fig. 320, as is also the point on the base line representing a field 
urrent of 18 amperes, since this is the field current which we see from 
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Fig. 319 would give 100 amperes on short circuit, that is, when the terminal 
P.D. is equal to 0. The lower curve is drawn through all such points i 
senting the relation between terminal pressure and field current for a wattless 
current of 100 amperes. The manner in which this curve has been drawn 
will appear immediately. 

A horizontal is drawn through the point A and made equal to the field 
current on short circuit, viz. OB= 18 amperes. Through the point D, thus 
obtained, a line is drawn parallel to the lower portion of the open-circuit 
characteristic. A perpendicular is dropped from the point F where this line 
cuts the characteristic. A right-angled triangle FGA is obtained in this 
way, which fits in between the two curves over the whole range. The side 
FO is always vertical and represents, therefore, a certain difference of 
pressure; while the side OA is always horizontal and represents a certain 
field current or excitation. 

If, when the machine is working on the inductive load at the point A t we 
could, in some way, do away with the demagnetising effect of the armature 
reaction, the field current could be reduced by some such amount as AG, 
without lowering the terminal pressure. Further, if we could then do away 
with the self-induction of the armature coils, the drop of pressure due bo tin* 
cause would disappear, and the terminal pressure would rise by some such 
amount as FO. Since we have successively removed both armature ree 
and self-induction, the machine is now on open circuit and the point F is a 
point on the open-circuit characteristic. Now. both armature reaction and 
self-inductive drop are proportional to the armature current, and are constant 
when the current is constant, as it is for all points on the lower curve in 
Fig. 320. Further, as the current is wattless for every point on the curve, 
the armature demagnetising effect must be subtracted algebraically from the 
field excitation, and the drop must be subtracted algebraically from the 
induced E.M.F. Hence, there must be some such right-angled triangle which 
will fit in everywhere, and it is easily seen that FGA is the only possible one. 
It follows, therefore, that the armature reaction due to a current of 100 am- 
peres is represented by A G, and the self-inductive drop due to slot-leakage 
etc., by FG. Since they are both proportional to the current, the corre- 
sponding values for other currents can be readily found. In our case 

Xt m AG = 10 amperes, 

which is a tenth of the armature current, and 

E t = FG = 170 volts, 



whence 



toL = 2tt *~ L = — = 1'7 ohms, 
I 



How these quantities can be used to determine the terminal prewire 
under any condition of load of any power-factor will be explained in the next 
section. 



Predetermination of jircssare regulation 



305 



102. Predetermination of exciting current and pressure 

regulation. 

We now proceed to determine the excitation necessary to maintain a 
erminal pressure of 2,200 volts on the machine experimented on in the 
>revious section, under the following conditions: 

1. A load of 200 amperes and cos <f> = 1, 

2. ,, „ „ cos <f> = 0-8, 

3. „ „ „ cos£ = 0. 

We shall also determine in each case the value reached by the terminal 
sressure when the load is suddenly switched off, and we shall express the 
ncrease of P.D. as a percentage of the normal P.D., i.e. 2,200 volts. 

The armature resistance R a is 022 ohm. 

In the first case cos</>= 10, so that the external load is non-inductive, and 
-he whole terminal P.D. is used in overcoming ohmic resistance. The ohmic 
Dressure drop in the armature is 

i \ R a = 200 . 0*22 « 44 volts. 
The total e.m.f. must have a component in phase with the current, equal 
*> the sum of these ohmic pressure drops. This is represented by AB in 
fig. 321, where 

AB m 2,200 + 44 = 2,244 volts. 

The pressure required to overcome the back E.M.F. due to the self-induc- 
iion of the armature is represented by GA t where 

OA - i . mL = 200 . 17 = 340 volts, 
is at right angles to the ohmic drop, and we get for the total E.M.F. 
GB = V2/244* + 340» = 2,270 volts. 
e.m.f. is seen from the open-circuit characteristic to require a 
Itant excitation of 134 amperes, so that 

X = BH = 134 amperea 
We have seen that the field current neutralised by armature reaction is a 
tenth of the armature current, so that in our case 

X* = 20 amperes. 
Adding X and X 9 vectorially, as in Fig. 316, we get for the field excitation 
X lt the length BK in Fig. 321. By scaling this off on the diagram, we 
"iii'l that 

X t — 138 amperes. 

This is the necessary field excitation on non-inductive load. If the load 
s suddenly switched off so that the machine is on open circuit, it can bo 
Been from Fig. 320 that the terminal pressure will rise to 2,310 volts, since 
this is the P.D. for an excitation of 138 amperes. The rise of terminal 
pressure on switching off the load is therefore 2,310 — 2,200 = 110 volts, 
which is 5 per cent, of the terminal pressure. This is a very good result. 

We now proceed to the second case, in which the power-factor is 0*8. 
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We have (see page 28V \ 

t.R a =200.022 = U volts, 

i . K Mt = e . cos <£ = 2,200 . 08 - 1,760 „ 
E<„< = e . ain <f> = 2,200 . 06 = 1,320 „ 



'irxl 



E 9iat mmL.% =1"7.200 



340 



The sum of the ohmic pressures is 1,804 volts, and the total inductive 
drop is 1,660 volts. The total induced E.M.F. is represented by BG 
Fig. 322, where 

BQ = E= Vl.SW + l.eeO 1 = 2,455 volts. 
The resultant excitation corresponding to this e.m.f. is seen from 
320 to be 162 amperes, or 

X = 162 amperes. 





Fig. 322. 
20 amperes is added geometrically, 



K B 

Fig. 321. 

The armature demagnetising effect KH 
giving a field excitation BH, where 

BH = X x = 176 amperes. 
Hence, to maintain the terminal p.d. at 2,200 volts with the lagging 
ture current, it is necessary to increase the field current to 176 amperai 
On throwing off the load the p.d. will naturally rise to a higher value than 
before, and Fig. 320 shows this value to be 2,520 volts, corresponding to a 
field current of 176 amperes. The rise of the terminal pressure is thereto 
2,520 — 2,200 = 320 volts, which is 146 per cent, of the normal pressure. 

The last case which we shall consider is one which is hardly likely 
occur under normal working conditions, viz. 

cos 6 — 0. 

The whole 2,200 volts will be used in neutralising the back E.8CF. of 
external purely inductive load. By adding the internal inductive drop » ■«"• 
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e get the total inductive pressure to be 2,200 + 340 = 2,540 volts. The 
only ohniic pressure component is the 44 volts internal loss, which is practi- 
cally negligible, so that the E.M.F. is equal to 2,540 volts. The no-load 
characteristic gives a resultant excitation of 180 amperes, or 

X = 180 amperes. 
The armature demagnetising effect of 20 amperes can be added algebraically, 
since the armature and field are in direct opposition. For the field excita- 
tion we have then 

( X x = 180 + 20 = 200 amperes. 

On switching off the load the terminal pressure will now rise to 2,620 
volts, an increase of 420 volts or 19'1 per cent, of the normal pressure. 

The results thus obtained will be modified, however, if the machine has 
considerable magnetic leakage from pole to pole. The effect of this leakage 
is considered in detail in the next section. The machine considered will 
have little polar leakage, since the poles are short and separated from each 
other by a considerable distance. 
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103. Effect of polar leakage. 



It might appear at first sight as if the effect of magnetic leakage between 
the poles had been already taken into consideration in the open-circuit 
characteristic. If, however, a machine be carefully designed for a given load, 
and the diagrams be constructed as already explained, it will be found that 
ftfa actual relations when loaded differ considerably from those calculated 
from the diagrams. 

This difference is due to the fact that a greater resultant excitation is 
necessary to produce an e.m.f. when the machine is loaded than to produce 
the same E.m.f. on open circuit. To understand this, we must consider the 
machine under the two conditions of open circuit and full load, with the same 
flux entering the armature in each case and consequently the same E.M.F. 
being induced. The number of ampere-turns necessary to drive this flux 
through the air-gap teeth and armature is equal to the sum X g + X t + X a . 
This same number of ampere-turns acts across the interpolar space on open 
circuit, and drives the leakage flux from pole-shoe to pole-shoe. 

If the component of the armature reaction which acts demagnetisingly 

'when the machine is on full load be Xs, the above ampere-turns must be 

increased to X g -f X t + X a + X a , in order to maintain the same armature 

lux. Since this increased difference of magnetic potential acts between the 

de-shoes, the leakage flux will be increased in the same proportion. The 

>tal flux passing through the pole will be increased by this increased leakage, 

id the ampere-turns required to drive the flux through the pole will be 

tcreased. Hence, to maintain the same E.M.F., the field excitation has not 

►nly to be increased by the amount X d when the machine is loaded, but also 

>y an amount equal to the increase in X m * We see, therefore, that the 

iultant excitation taken from the open-circuit characteristic for a given 

m.f. is too small if the machine is loaded. 

20—2 
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Another way of looking at the matter is to consider the leakage as 
increasing the armature reaction and thus causing a further drop in the 
E. m.k. for a constant field current. 

It is evident that the polar leakage will have little effect if the pole-cores 
are unsaturated, and A' m [fl oanoeq aanily small In modern machines, how- 
ever, the poles are purposely worked at a very high flux density, in order to 
minimise; the fluctuation of terminal pressure with changing load. In such 
machines the polar leakage has a marked effect, and the constancy of terminal 
pressure will depend largely on the reduction of this leakage to a minimum. 

The exact calculation of the effect of the polar leakage is complicated by 
the varying value of the permeability of the iron. We shall first put the 
question in the following form : IIow many ampere-turns would be necessary 
on open circuit to produce the same flux in the poles as actually passes 
through thom on full load? 

We have therefore to consider the machine under two conditions, vii. on 
full load and on no-load, with the assumption that the flux in the poles is the 
same in each case. We make the further assumptions that the whole leakage 
occurs between the pole-tips, and that the reluctance of the armature core 
and teeth is negligible compared with that of the air-gap. 

If R be the reluctance of the air-gap, 

and Ri „ „ leakage path, 

then we can make out the following table. 



Ampere- turns used 

in overcoming 

reluctance 



Air-gap flux 



of air- 
Rap 



of leakage 
path 



Leakage flux 



Total unpen-tow 
on polo 



At no-load 



*■ R 



Ni- 



0'4,-rrX 



h 



s. = x»+x< 



At full load 



X s + X& 



■ " R 



N } - 



i)±w{X g + X d ) 

Ri 



J.-Xf+J,* 



Since the flux in the pole is the same in each case, the decrease in the 
useful flux must be equal to the increase of leakage flux, so that 

N t -N=N t -N h . 

If we substitute the values given in the above tabic, and solve for 



Xg^ — Xg, we obtain 






JL a. — An — Ji r. 



B 



"\R + ffc 






Since, under these conditions, the air-gap flux is greater at no-h- 
at normal load, the ampere-turns per pole at no-load must be greater than 

• The total ampere-tarns acting across air-gup and armature are X v + X d . The part X4* 
neutralised, however, by the armature ampere-tarns, leaving X, to overcome the reluctance- & 
U analogous to charging an accumulator. 



This is expressed by the 



the resultant ampere-turns at normal load, 
equation 

AT p# — X ff m X — (A , — X d ). 

If in the magnetisation curve represented in Fig. 323 OD = X 9t - X g and 
OB — X 9 , then DB must be equal to X y — X4, the resultant ampere-turns on 
load. Since OD represents the decrease in the ampere-turns acting across 
the air-gap, and since the initial straight part of the characteristic is 
approximately the magnetisation curve of the air-gap, it follows that O'D 
represents the decrease in the flux crossing the air-gap, i.e. in the useful flux, 
which is therefore reduced from AB to AF. Hence, the point O' is the 
origin of a new characteristic, the abscissae OF of which represent the 
resultant excitation X! — Xj , while its ordinates AF represent the useful 
flux. 

It is obvious from the figure that this displacement of the origin from 
to (f is immaterial so long as the machine is working below the knee of the 
curve. 

A 





Fig. 323. Fig. 324. 

The equation for X g% — X g cau now be simplified. From the law of 
divided electric circuits, we have by analogy (see equation (12)), 



N,,~ R- 
This gives us for the leakage coefficient at no-load the value 



It follows from this that 



N. + i\\ R + Ri 

No * Ri 



.(157). 



and 



X-l 
^9% ~ A g = A d 



R + Ri 

R ' 
\-l 



.(158). 



Hence, from a knowledge of the open-circuit leakage coefficient X, the 
value of 0D = X g9 — X g can be calculated for any given armature current and 
power- factor. 

It is obviously immaterial whether the above construction be applied to 
the flux curve (Fig. 323), or to the open-circuit characteristic (Fig. 324). 
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104. Alternator with constant excitation and constant terminal pressure. — 105. Synchronising 
power of armature. — 106. The parallel connection of alternator*. — 107- The effect of field 
regulation on alternators in parallel. — 106. Phase- swinging of alternators. 

104. Alternator with constant excitation and constant 
terminal pressure. 

If several alternators are connected in parallel to the same bus-bars, or 
common switchboard terminals, the terminal pressure of each is no longer 
dependent on itself alone, but is affected by the other machines in parallel 
with it. If wc assume that the other machines are very large compared with 
the one under consideration, the terminal pressure will not be affected by 
changes in the latter, so that it may be assumed to have a constant terminal 
pressure e. 

We shall assume, for the sake of simplicity, that the armature demagne- 
tising effect can be included with the self-induction of the armature, due to 
slot-leakage etc., by simply increasing the latter. The fundamental diagram 
in Fig. 295 was drawn on this assumption and is therefore applicable to the 
present case. It is drawn again in Fig. 325, in which E x represents the 
induced E.M.F., assumed to be the same on load as on open circuit. So Jong 
as the excitation remains unchanged, E x is a constant for all loads. 

For our purpose we must construct Fig. 325 so that it represents the 
given machine under certain conditions of load. With as centre an arc is 
struck with radius 0B equal to the constant E.m.f. E x . The line 0M is 
drawn at an angle a to the horizontal, so that 

. R a _ R a 

E t <aL ' 

Both E, and L are used here in the same sense as in Section 98, that is, so 
as to include the effect of armature reaction. Since E t is proportional to tlw 
current, we can make OC to suit any given current i. A perpendicular 
erected at G meets OM at F, and this point F is taken as the centre about 
which to describe an arc with a radius equal to the constant terminal prcssur* 
e. This arc cuts the former arc in the point B, which is joined to and to F t 
and frnm which a perpendicular is dropped on to ()A. 

The line BD should represent the ohmic resistance of the external circuit. 
multiplied by the current i. Since, however, the alternator is one of sever*! 
connected in parallel we can no longer speak of its external circuit. We cin 
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say, however, that the machine is running under conditions equivalent to an 
external load with an ohmic drop BD and an inductive drop FD. 

Fig. 326 is a similar figure except that it is drawn for a larger current, 
represented by a larger value of E„ viz. 00' instead of 00. The values of 
E Jt e and a are the same in both figures. There are two important points in 
which the figures differ; the angle 7 between the E.M.F. and the terminal 
pressure has changed, and the total power given out by the machine has 
changed. Both the angle 7 and the power have been increased by the 
increase of current 

We will not, at this point, inquire into the method by which this increase 
of load can be effected ; whether by some alteration on the generator, or by a 
direct increase in the output of the engine. The point we must first consider 
is the relation between the load on the generator and the angle 7. The total 
electric power generated is 

Pi = E % . % . cos (<f> + 7). 





C A 
Fig. 326. 

If we assume that the ohmic resistance of the armature R a is negligibly 

small compared with its self-induction, the angle a vanishes and cos (<f> + 7) 

becomes equal to sin o\ At the same time OF becomes equal to i . a>Z, and 

we have 

fr e 
sin = - — ? . sin 7, 



or 



P> = 



E x .e 



sin 7. 



B* 



Now, —y is the short-circuit current t , so that P 2 = e . »o . sin 7. 

The angle 7 is the angle by which the terminal pressure vector lags 
behind the vector of induced & M. F. We consider the terminal pressure as- 
being nearly in phase with the E.M.F. and not nearly 180° out of phase with 
it. In a certain sense, however, they are in opposition. 

The power generated is therefore proportional to the sine of the angle 7. 
If the vector e be set up vertically from the point (Fig. 327) and a hori- 
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zontal line equal to e.i* be taken as the diameter on which a semicircle is 
drawn, then the chord OR, making an angle 7 with e, will represent the 
power P x . 

If the resistance of the armature be 
taken into account, the relations are as 
follows : 
From Fig. 325, 
P l = ^t.cos(^+7)»^ 1 t.sin(a + 8) 
= E x \ , (sin a . cos 8 + cos a . sin $). 
Now, 

8 = — = ^~ e - coa t 




cos 



OF i*jR a * + (a>Lf 



Fig. 327. 



and 



. * FN «.sin7 

BUI O — -7TSS = — — 

OF irfJu+(mEf 



tt t» » 8ina(^, — 0.0087) + 6. sin 7. cos a 
Hence, P a « E 1 — , " = 

</R**+(a>Ly 

Now, the short-circuit current is given by the equation 



and we have 

therefore 



*0 = 



. sin 7 . cos o — . cos 7 sin a « sin (7 — 0), 
Pi = e . to . sin (7 — a) + E x . \ . sin a .... 



.(159). 




i!£*? J&Iomate 



Fig. 328. 



In Fig. 328 the vector is drawn vertically, as before, and the line OP is 
made equal to ei , but is drawn so as to make an angle a with the horizontal, 
where 



tana = 



6>L 
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A semicircle is drawn on 0P t and a line OE is set out at an angle 7 with 
the vector e. If this line cuts the semicircle in a point Q, we have 

OQ * OP . sin /3i = e . i - sin (7 - a), 
because the angle 7'— a between chord and tangent is equal to the internal 
angle ft. 

If we add to OQ the constant amount 

QR^E^tQ.Bina, 
we have, from equation (159), 

P^OQ + QR. 

The locus of all the points 12 obtained in this manner is represented by 
the heavy black curve in Fig. 328. Since the angle a is always very small in 
actual practice, the length QR which is equal to E x . %. sin a, is negligibly 
small, and the heavy curve is practically a circle. Fig. 328 is drawn for the 
following values: 

jR a = l, ft>i = 6, e= 1,000, E x = 1,200. 

tL 




SO 100 150 

Fig. 329. 

We have, in the foregoing, considered only the total power generated by 
the machine, and we now turn to the power given out by the machine to the 
external circuit. For this we have 

P = . t . cos <f>. 
From Fig. 325 we see that 

cos <f> = sin (7 + a -f B) = sin (7 + 0) . cos 8 -f cos (7 -f a) . sin 8. 

By substituting the values found above for cos 8 and sin 8, we get 

p_ (Ei — e . cos 7) . sin (7 4- a) + e . sin 7 . cos (7 + a) 

Vi^ + ^Z) 1 
E x 



If we substitute ^ for 



and put 



— e . cos 7 . sin (7 + a) + e . sin 7 . cos (7 + a) = — e . sin a 



we get P = e. vsin(7+ a)— ^r . vsin « (160). 

In order to obtain this output graphically, the line OS in Fig. 329 is 
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drawn so as to make an angle a with the horizontal, and is made equal to 
e. t . On 08 a semicircle is described. This semicircle h;is the same duu&otaf 
as that in Fig. 328, but the angle a is now above the horizontal. For 
length of any chord, making an angle y with the vector «, we have 

0T= OS sin yS = <?.T .8in(a + 7>. 

From OT we subtract a constant quantity XT, where 

and the remainder OX = OT-XT=P. 




200 
-* 1 — 



MP 

— t — 
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— »— 
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WO 



$00 200 Jm/L 

Fig. 330. 

The length OX is therefore equal to the output P, The locus of all surh 
points as X is the heavy black curve, which, as before, differs but little from 
a circle. The constants for Fig. 329 are as follows : R a = 1, taL = 6, t = 1.000 
and E x = 1,200 ; a scale of kilowatts is added. 

We proceed now to determine the current corresponding to any value ■ 
the angle between E.M.F. and terminal pressure. The vertical OZ in Fig.330 
represents e and the vector OY the E.M.F. E x . 
the pressure OF in Fig. 325. Hence, 



The line ZY corresponds w 



ZF==t.V.nV+(a,2,)» = i 






or 



•"-*•" 



Instead of measuring J£F in volts and multiplying it by \jE u we 
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make a new scale, as shown in the figure, on which the length ZY gives the 
current directly. A point J is marked on the vector OY so that OJ is equal 
to ZY. By repeating the construction for different values of 7, and drawing 
a curve through the points thus obtained, we get the locus i, which shows at 
once the current corresponding to any value of 7. 

The three curves P„ P and t, from Figs. 328, 329 and 330, are shown 
side by side in Fig. 331. We have already given the constants of the 
machine, but repeat them here, together with other data necessary for the 
construction of the diagrams. 

Jt-1, »£=*6, e = 1,000, E x = 1,200, 



tana = ^? = 5 = 0166, 

Q>L 



sina = 



t = 



JRj + ^Lf 



= 197 amperes. 



= 0164, 




so 


/ 
/ 
/ 

fOO 1SO 200* 250 Mb*** 




100 200 Amp. 

Fig. 331. 
For the diameters OP and OS, we have 

OP = OS m e . h = 197,000 watts, 
QR = E x . io - sin a = 38,600 watts, 



XT = -J5- . t . sin a = 27,000 watts. 
.0, 

The scales of pressure and power have been chosen arbitrarily. The 
current scale is found by multiplying each figure on the pressure scale by 
i /2?i = , 164. Hence, the same length will represent either 200 amperes or 
1,220 volts. 

It is evident that each value of the displacement between E.M.F. and 
terminal pressure corresponds to a definite current, total power and output. 
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The jwirt of the vector E\ intercepted between the curves P and P } represents 
tht- power lost in heating the armature winding. It increases with the angle 
7, while the output increases slowly beyond a certain point and soon reaches 
a maximum. To obtain a good efficiency it would be necessary to keep to 
tin- l<-ft-hand part of the diagram. 

It is interesting to notice that the power taken from the prime mover 
ant] converted into electrical power increases a3 the angle 7 increases, until 
7 = 90° + a, when the power P x reaches its maximum value. This maximum 
is seen from Fig. 328 to be equal to OP + QR, or 

^1 du = * . t'o + E t i 9 . sin a. 

The increase of power with increasing displacement between E.M.F. and 
terminal pressure is of the utmost importance for the parallel working of two 
or more alternators, as we shall see in the following section. 



105. Synchronising power of armature. 

If several exactly similar alternators are working in parallel, and their 
exciting currents are exactly equal, and, moreover, the power given to each 
by its prime mover is the same, then Fig. 331 tells us that the displacement 
between induced e.m.f. and terminal pressure must be exactly the same in etch 
machine. Now, as the terminal pressure is common to all the machines, 
it follows that their electromotive forces must coincide in phase. This 
means that an armature wire on one machine occupies, at any moment, the 
same position relatively to the poles as the corresponding wire on any other 
machine. The machines are then said to be running synchronously, hy 
■which we mean that they are not only running at exactly the same speed, 
but that they are also in phase at every moment, the E.M.F. curve of each 
machine reaching its maximum at the same instant. 

We are not concerned, for the present, with the way in which the 
machines were brought into synchronism, but will first consider how this 
agreement of speed and phase, when once obtained, is continually maintained 
The importance of this question is obvious. As in the parallel working 
of direct-current dynamos, so here, the electromotive forces must be so con- 
nected that terminals of like sign are connected together. If we consider 
the individual electromotive forces, we see that each one is in opposition 
to all the others. From this we see that the electromotive forces of all the 
machines in parallel must have the same value and direction at iv.rr 
moment, and must also reverse simultaneously. This can only be attained 
by absolute equality of speed, or, if the machines have unequal number of 
poles, by absolute equality of frequency. 

Such equality of speed could never be obtained by external means, h $ 
fortunate, therefore, that the generators themselves exert a mutual inHuen« 
on one another, tending to maintain synchronism. The effect of this can be 
seen from the fact that the connecting rods of two engines driving alw* 
nators in parallel will remain perfectly in step hour after hour. The cao# 
of this can be seen by assuming that one of the generators, as a result of 
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jme inequality in the turning moment of the engine, gets a little abend 
equivalent to an increase in the angle 7 by which the E.3I.F. vector of 
hat machine leads ahead of the vector of terminal pressure. The latter is 
eytcudent on the other machines and will not be materially affected. This 
acrease of the angle 7 causes, as Fig. 331 shows, an increase of the output or 
>ad on the machine. Since this load exceeds the mechanical power supplied 
>y the engine, the speed falls and brings the machine back to its normal 
tosition, that is, the angle 7 is reduced to its normal value. 

If, on the other hand, one of the generators lags slightly behind the other 
aachines, its load is decreased in accordance with Fig. 331. The mechanical 
>ower supplied by the engine will then exceed the electrical load, and the 
jccess of power will accelerate the machine until its poles occupy the same 
►osition, relatively to the armature, as the poles of the other machines. In 
his way the alternators keep the engines in synchronism with mathematical 
ccuracy. 

We have assumed that the machines are working on the left-hand part of 
•'ig. 331, where an increase of the angle 7 causes an increase of the electrical 
tower P P If, however, the machines are working in the neighbourhood of 
heir maximum power, an increase of 7 causes a very slight increase in the 
oad, so that the tendency to maintain synchronism is small. If we go still 
urther, an increase of 7 causes a decrease in the load, as is shown by the 
lotted part of the curve P,. As a consequence, the mechanical power 
applied to the alternator exceeds the electrical load by an ever-increasing 
unount, which accelerates the machine more and more until it is 180° out of 
)hase, when it is evident that enormous currents will circulate between the 
>arallel machines and cause the whole station to shut down. It is necessary, 
,herefnre, tu keep to the left-hand side of the diagram, so that the inevitable 
-endencies of the engines to get ahead or lag behind are counterbalanced by 
ihe powerful synchronising forces of the alternators. The importance of this 
n alternators with a largi* number of poles is evident when we consider that 
1 small mechanical displacement of the pole-wheel is equivalent to a large 
lisplacement of phase. 

In the foregoing we have looked upon the synchronising force as being 
iue to the increase or decrease of electrical output or load caused by the 
leading or lagging of the pole-wheel. In practice it is more usual to speak 
c»f the synchronising current, which circulates between the two machines, 
adding iteelfto the normal current of the leading machine and subtracting 
itself from that of the lagging machine. This current constitutes a load on 
the leading machine, which is thereby retarded, while to the lagging machine 
the current is a motoring current and causes it to accelerate. 

It is evidently important that a small displacement should cause a large 
change in the value of I\, since this is the condition for a powerful syn- 
chronising force. We might define the synchronising power of the machine 
as the value of the difierential qaotienl dPJdy. Now, in equation (159) on 
page 312, ire band that 

P, = e . *o . sin (7 — a) + E x , t, . sin a. 
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Hence, 



<h 



e . i^ cos (7 — a). 



By means of this equation we can study the effect of armature self- 
induction on the synchronising power. We shall consider the moment when 
the machine is first switched into parallel, when, as we shall see m tl: 
section, the e.m.f. and terminal pressure are exactly in phase, so that 7 = 0. 
At this moment 

E x ^ K x R a ^ L\ 



u — 



so that, for 7 = 0, we have 

dl\ e.E x 



sin a, 



. sin a. cos (— a)= E v . 



e . sin 2a 



M* ~"* ' l ' 2.R a ' 

For given values of E lt e and i? fl this expression becomes a maximum 
when a = 45°, i.e. when the reactance and resistance are equal. Although it 
is not practicable to make the self-induction of the armature so small, it is 
obvious that it should be made as small as possible. If, on the other hand, 
qjZ = 0, then a = 90° and sin 2a = 0. The synchronising power of the arma- 
ture disappears, therefore, with its self-induction, so that, although tin I 
should be small, its presence is absolutely essential to the parallel running of 
the machine. 



106. The parallel connection of alternators. 

The connection of an alternator to bus-bars on which other alternators 
are already working is, in many respects, like the similar operation with a 
direct-current generator. If a shunt dynamo has to be put in parallel with 
other machines which are already running, it is run up to speed 01 
circuit, and its field current adjusted until its E.M.F. is equal to the P.D. 
between the bus-bars. The switch is then closed and the terminals of the 
dynamo connected to the muin terminals or bus-bars of the same sign. 

With alternators the machine is started on open circuit and run 
speed. The speed must, however, be carefully adjusted so that the frequency 
is that of the bus-bars. The field current is then adjusted until the E.M.F. is 
equal to the P.D. between the bus-bars. As in the case of direct current, the 
switch must not be closed unless we are certain that the machine terminal 
which iB positive at the moment is switched on to the bus-bar which is 
positive at that moment. The momentary value of the e.m.f. must also 
equal to the momentary value of the P.D. between the bulbars. If th 
conditions are fulfilled, the bus-bar P.O. will be exactly counterbalanced 
the equal and opposite E.M.F. of the machine, and no rush of current will 
occur on closing the switch. 

The principal difficulty in connecting an alternator in parallel with others 
is to obtain this exact opposition of phase. It is almost impossible to main- 
tain it for very long, and some indication is required as to the correct moment 
for closing the switch. Glow-lamps are generally used for this purpose, •* 
shown in Figs. 332 and 333. In the first figure the lamps are connect**! 
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s tne terminals which will be connected by the switch. When the 
1 of the machine is almost correct, the lamps will slowly alternate 
een darkness and brightness. The switch should be closed during the 
d of darkness, as the p.d. of the bus-bars and the E.M.F. of the machine 
hen in opposition, as shown by the signs in Fig. 332. These signs refer, 
urse, to one moment only. 

n the arrangement shown in Fig. 333 the correct moment is indicated 
le lamps burning with their maximum brilliancy. The plus and minus 
indicate the state of affairs at the correct moment for closing the 
h, and it is evident that, so far as the two lamps are concerned, the 
>ars and the generator are connected in series, thus causing the lamps to 
brightly. 

ome experience is required to be able to close the switch at the correct 
ent. It is evident that it is a far more difficult operation than switching 
:>.c. dynamo, since neither the frequency nor the phase can be determined 
mathematical accuracy. Such great accuracy, however, is not necessary, 
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Fig. 332. Fig. 333. 

e synchronising power of the machine comes into play directly the switch 
sed, and almost immediately pulls the machine into synchronism, 
o long as the machine remains unloaded the conditions are the same as 
direct current. The p.d. between the bus-bars and the E.M.F. of the 
tine are equal in magnitude and in direct opposition, so that both tho 
•nt and the load on the machine are zero. The fundamental difference 
een the parallel operation of D.c. and A.c. machines is seen, however, 
i we consider how the newly connected machine can be made to take its 
> of the load on the station. 

Ve may consider a D.c. shunt dynamo running light, i.e. without delivering 
:nt to the bus-bars, to which it, in common with several largo dynamos, 
lected. To make the machine take a share of the load its field current 
igthened, and thereby its E.M.F, increased. The armature current 
in accordance with the equation 
. E-e 
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This increase of current causes an increase in the electrical power generate 
by the dynamo. The former supply of mechanical power is not sufficient to 
meet this new demand, and the machine* slows down. As the engin» 
dows, the balls of the governor fall and admit more ftfcnnm. until the 
mechanical power supplied by the engine is equal to the electrical 
or load E . t a *. 

When this new state of equilibrium has been reached the machine runs 
steadily at a speed somewhat lower than that at no-load. That th< -1 
lower follows from the fact that the governor balls must occupy a lower 
position in order to admit the increased steam supply. The full 
generally very small. We have seen, therefore, that the load on a shunt 
dynamo is varied by means of the excitation. The dynamo reacts on the 
prime mover and causes a small variation of speed, by means of which the 
supply of power is varied between wide limits. It might be said that thu 
supply adjusts itself to suit the demand, i.e. the steam-engine supplies what 
the dynamo demands from it. 

In an alternating current system, however, the relations are quite 
different. We shall assume that the machine under consideration is small 
and that there are several large machines working on the same bus-bars, so 
that the terminal pressure and speed of the large machines is not appreciably 
affected by manipulations on the smaller one. We can therefore assume that 
the terminal P.D. and the frequency are constant. The question is; How 
can we load the small alternator which we have put in parallel with the 
other machines? The first suggestion is naturally to increase the excitation 
and with it the E.M.F. As we should expect, we obtain an increased current, 
but, to our surprise, neither the wattmeter deflection nor the supply of steam 
are increased. Since the power is unchanged in spite of increased current 
and E.M.F., we conclude that the phase displacement between E x and i must 
have increased. 

On further examination, however, we see that it is impossible tha 
load on the generator could be varied by means of the excitation. Tbe 
machine either runs at the synchronous speed or it falls out of step, so that 
the increase of excitation has no effect on the speed of the engine or on the 
position of the governor balls. The steam supply is the same as before, and 
the power is consequently unchanged. The mechanical power transmute 
from engine to generator is the same as when running light before switc! 
into parallel, and is not affected by varying the excitation. To increase 
power we must shift the weight on the governor or adjust it in some 
either by hand or by means of a small motor controlled from the swii 
board. By this means the steam supply is increased without any variatii 
from the constant speed corresponding to the frequency of the stao'i 
Hence, the load on an alternator is varied by altering the mechanical jwwrr 
supplied to it. 

* As we have assumed the total load on the station to be constant, the load on any mi 
can only increase by a simultaneous decrease occurring in the load on the other machine*. 
only way this can occur, however, is by a variation in their terminal pressure. This change 
is very small, and we have neglected it. 
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The question naturally arises as to the manner in which this automatic 
adjustment of the electrical output takes place with every change in the 
supply of mechanical power. The first result of an increased steam supply is 
an acceleration of the generator. This acceleration lasts only a moment, BUMS 
a slight forward movement of the E.M.F. vector in Fig. 328 increases the load 
until it corresponds to the steam supply. By steadily increasing the output 
of the steam engine, that of the generator can be increased until the machine 
is working in the neighbourhood of its maximum power (Fig. 328), when 
there is great danger of falling out of step. 

There is a similar difference between the procedure to be followed whan 
disconnecting D.c. and a.c. machines from the bus-bars. Before disconnecting 
a shunt dynamo its load must be removed by weakening its excitation. The 
current from an alternator, on the other hand, is reduced to zero by manipu- 
lating the governor or gradually reducing the steam supply. 

From what we have just said it might appear that there is no need for an 
automatic governor on the steam engine, since the speed of the engine is 
fixed by the frequency of the station, that is, by the speed of the other 
machines. This conclusion is quite right so far as one machine is concerned, 
since its governor could be clamped without any change in the working of 
thi station. If, however, we desire the load on the station to be equally 
shared between all the generators, even when the load is very variable, it is 
evident that the governor on each machine must automatically regulate the 

» steam supply. A large load will then cause a general drop in the frequency 
and a greater supply of steam to every machine. The frequency can be 
brought up to its previous value by adjusting the steam supply to every engine. 
Another interesting question deals with the effect of a change in the 
excitation, since we have seen that it is without effect on the power. It is 
evident that the terminal pressure of the station would be increased by 
strengthening the field of every machine. What we wish to consider, how- 
ever, is the effect on a machine of strengthening its field current without 
changing the excitation of the other machines, and therefore without 
materially altering the terminal pressure. This question will be considered 
in the next section. 

107. The effect of field regulation on alternators in parallel. 

Io this section we shall consider the changes which occur in an alternator, 

lurking in parallel with a number of other alternators, when its field current 

is varied. The terminal P.D. will be practically constant, and we shall assume 

that, the mechanical power supplied to the generator by the engine is also 

constant. 

E 
If we take equation (159) on page 312, multiply each side by ^— .' , 

and then add [ = -- — ) , we get the following equation, in which we have put 
\Z sin olJ r 

- cos (90° + 7 — a) instead of sin (7 — a). 

# + ( i ^-Y^fc.o«(W + 7-«)-^& + f - € Y...(161). 

\2ainay sin 2 v 7 } i c . sin a \2 sin a) v ; 
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.Since . ' ia the internal imped&nce of the machine, and is therefore 

constant, we see that the right-hand side of the equation is constant 
excitations, for 1\ and e are both unaffected by the variable excitation r r 
the sake of shortness we may represent the right-hand side of the 
by R*. Now, an equation 

tt 1 +6»-2a.6coe^ = c* 
represents a triangle with sides a, b and c, of which the sides a and b enclose 
an angle 6. Equation (161) is of this form, and can therefore be : 

by a triangle with sides E lt ^— = — and It, in which the two form** 
* ° 2 sin a 

enclose an angle 90° + 7 — 0. This leads to a very simple diagram, fan 

which the value of the angle 7 between the E.m.f. and p.d. vectors can be 




«w 



SB, • 



rj(*o 



tow 



VOOP 



?V0V 



imm 



m 



6t> 



too 



too 



Fig. 334. 

seen for any given value of E x . From the point in Fig. 334 a vertical line 
OC is drawn equal to the terminal pressure e. Another line 0*4 is da 

an angle a with the horizontal, equal to ~— = — . The point A is half as high 

as the point £7. With A as centre, an arc is drawn with a radius equal to A 
i.e. equal to the root of the right-hand side of equation (161). A line QEv 
drawn, making any given angle 7 with 0C t and meeting the are at the point 
E. The triangle OAE must be the above-mentioned triangle, for iU tw 
sides 0A and 0E enclose the angle 90° + 7 — and its third side is H 
side 0E is consequently equal to the E.M.F. E x and it is ahead of the P.O. 
vector 00 by the angle 7. The point E moves on the circular arc and gif* 
the corresponding values of E t and 7. The diagram is actually drawn for $* 
relations previously assumed, viz. 

6-1,000, 3.-li wL = 6 t 
and the constant power P, , which, it will be remembered, includes the loss is 



Field regulation of alternators in parallel 



323 



the armature winding, is taken as 100,000 watts. It is evident that, for the 
same value of £', , viz. 1 ,200 volts, Fig. 334 must give the same angle 7 as is 
found in Fig. 328 for P t = 100,000 watts. 

Thr efifaot of varying the excitation can be seen very plainly from the 
diagram. By gradually decreasing the field current, the length of the vector E x 
is dt-nroased, the point E moves down the arc towards B, and the angle 7 grows 
larger and larger. This is exactly what we should expect from a mechanical 
point of view. On suddenly decreasing the b.M.f. the electrical power is 
momentarily reduced, with the result that the supply of mechanical power 
is, for a moment, greater than that converted by the machine into electrical 
power. This causes a slight acceleration and an increase of the angle 7, 
which brings P x up to its former value, corresponding to the unaltered Ripply 
of mechanical power. 

If the weakening of the excitation be carried far enough, the point E 
arrives at B so that OB is in line with OA. This length OB represents the 
smallest E.M.F. with which the machine can take an input of 100,000 watts, 
or inversely, 100,000 watts is the largest power which the machine can take 
for an E.M.F. equal to OB. If the excitation is decreased any further, or 
the input from the engine increased, or even if the angle 7 is momentarily 
increased owing to any slight irregularity, the machine will fall out of step. 
As in Fig. 328, the angle 7 corresponding to this maximum power is equal to 
90° -fa. For ordinary practical working it is evident that 7 must be small, 
so that there is no danger of the machine falling out of step. 

It is of great interest to know which value of the excitation would give 
the most efficient working for the given input P x . If we assume that the 
v*R m loss in the armature is the only variable loss, the efficiency will be 
% maximum when this loss is a minimum, that is, when the current is a 
uiiuimum. The drop of pressure in the armature, which is represented in 
the figure by the line OS, U proportional to the armature current. This will 
be clearer if we turn to Fig. 325, where the triangle BOF corresponds to the 
triangle OCE in Fig. 334. As in equation (a) on page 314 

4« 

E x 



in which 
By subet 



i v = 



substituting the values R a = 
of amperes in Fig. 334, viz. 
197 



1, o>Z; = 6 t and E x - 1,200 we obtain 



the 



scale of 1 
The sea 



- fSOO-C*- M64 CS 



scale at the foot of the figure expresses the length CE directly in 
amperes. For highest efficiency the vector CE must be a minimum, that 
is, it must be in a straight line with AG. CD must therefore represent the 
minimum current, which is found from the scale to be 91*6 amperes, the 
sorresponding E. m.f. 0D being 1,220 volts. The loss in the armature winding 
mil be 

f . 11* m 91'6» . 1 - 8,400 watts. 
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This is a very excessive armature copper toss for a machine of 100 kilo- 
watts input, but it has been so assumed for the sake of clearness in the 
diagram* 

Since the input P x is constant, the minimum value of the losses will gire 
the m;iximurn nett output P. 

Fur any other value of the excitation, whether the point E lies above or 
below D t the current will be larger, and the efficiency consequently lower. 
It is evident, however, that the variation is very small in the neighbour^-*! 
of the maximum, since the excitation can vary considerably on either side 
of D without any great change in the current. 

This latter circumstance is shown very clearly by plotting a curve with 
tht E.M.F. as abscissa and the corresponding current as ordinate. The curves 
obtained in this way are known as the V-curves, because of their peculiar 
shape. Two such curves are shown in Fig. 335, in which the abscissae an? 
made equal to the various values of OE in Fig. 334, while the ordinate 
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Fig. 335. 



are equal to the corresponding values of CE. It is evident that there is 
a certain excitation for each load, at which the current is a minimum. The 
left-hand branch of the curve is that along which we are running the danger 
of letting the machine fall out of step by decreasing its excitation beyond 
the allowable limit. 

It is evident from Fig. 334 that the E.M.F. could be varied over a wide 
range without much effect on the current, if the circular arc were further w 
the right, so that CE were longer. Hence, machines with a large internal 
inductive drop i. a>L are comparatively insensitive to changes of excitation 
This would be shown by flat V-curves. 

If the inductive armature drop is small the V-curves will be man sharpl* 
pointed. Although we cannot vary o>L we can decrease the drop j . &>I by 
decreasing the current i, that is, by working on a smaller load. If Fig. 334 
be drawn for a small input P lt CE will be shorter and the arc will bo nearer 
to the vertical OC. The result is shown in Fig. 335 in the lower curv«\ 
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which has been drawn for a value of P, equal to 55 kilowatts. It is decidedly 
more acute than the upper curve. 

We must now consider the power-factor of the power supplied by the 
generator to the bus-bars. The angle ^ between the terminal pressure and 
the current can be found in Fig. 334 by drawing a line EF so as to make 
an an^le a with EC, and then dropping a perpendicular from on to EF. 
The triangle EOF is evidently identical with the triangle DBA in Fig. 325 
and the angle COF is the required phase displacement <f>. Moreover, we 
have from Fig. 334 

e 



0A = 



l sin a 



or 



■ OA . sin «. 



The triangle OAC is therefore isosceles, and AC makes an angle a with 
the horizontal The three following equations are evident from the geometry 
of the figure 

e = 90 + a, 

<j> + y = 90° _ ( a + fi) ( 
and 180° -e + + ? + 8. 

By adding up each side we iind that 

Hence, the angle by which the current vector lags behind the vector of 
terminal pressure is given by the angle between the lines CD and CE. If 
[ xcitation be adjusted to give the E.M.F. 0D, the angle ft vanishes and 

the current is in phase with the terminal pressure, This agrees with the 
previous calculation for this point, for which the input was 100,000 and 
the loss 8,400, thus giving an output uf 91,600 watts. Since the current 
was 01*6' amperes and the i\D. between the terminals 1,000 volts, it follows 
that the power-fectur cos<£ must have been unity. 

It, might, at first sight, appear preferable to excite the machine so that 
cos <f> = 1 ; »i ( l the losses are a minimum. If, however, the external circuit 
be at all inductive and this one machine be so excited that its current has no 
wattless component, the wattless component of the external current must 
"be borne entirely by the other machines. It would evidently be a much 
"better arrangement to share the wattless current equally between the various 
machines, or rather, so as to make the power-factor the same for every 
machine. 

If the excitation of our machine be greatly increased, the point E moves 
further up the arc and the current lags far behind the terminal pressure 
"Vector. The machine delivers a heavy lagging wattless current, which causes 
"the necessary armature drop E x — e. On the other hand, by weakening the 
field current, we cause the point E to move down towards B. The angle 
or <f> becomes negative, which means that the current vector leads ahead 
of the terminal pressure. The electromotive force E lt which is equal to OE, 
"becomes smaller than the terminal pressure e. This is due to the magnetising 
effect of the leading armature current. This case can occur if the load 
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consists of a synchronous motor, since by strongly exciting the motor, its back 
E.M.F. can be made to exceed tin* B.U.V. oi* the generator. The terrain*! 
pressure of both machines will then have some value intermediate betweerj 
electromotive forces, and consequently greater than the E.M.F. of the 
generator. 

The importance of the diagram in Fig. 334> is obvious when vra consider 
that it enables us to read off directly the electromotive forces, the currents 
and the power- far* tors, and gives us, moreover, a clear insighi into the 
mechanical and electrical changes caused by varying the excitation. 

108. Phase-swinging of alternators. 

We shall consider an alternator connected to bus-bars, the P.D. and 
frequency of which may be taken as constant. For a prime mover we shall 
assume a turbine with a perfectly uniform turning-moment. If, owing to 
any sudden variation in the load or in the excitation, the machine be 
momentarily a trifle ahead of its normal position, the load P,, which is 
practically proportional to the angle 7, will exceed the supply of mechanical 
power, and the machine will be retarded. It will not stop when it arrives at 
its normal position, but wnll swing past it like a pendulum. It will then be 
behind its normal position, and the corresponding value of P, will be Ie» 
than the supply of mechanical power. The machine will therefore be ac- 
celerated and will pass again through its normal position. It is evident that 
the machine has an oscillation superposed upon the uniform rotation, and 
this oscillation is gradually damped out by the eddy currents which are 
caused by it. 

Now the rate at which the power or load Pj increases with the angle 7 
was seen on page 318 to be e . i fl . cos (7 — a) per radian. In actual practice 
the angle a is very small, and the angle 7 does not exceed 10° or 20°. If 
the latter were larger it would either mean that the self-induction of thr 
armature was big or that the overload capacity of the machine was small 
Very little error will be introduced by putting cos(7 — a) = l. The torque 

is given by dividing the power by the mechanical angular velocity 2t.- 

Again, a mechanical displacement of 1 radian represents an electrical phase 
displacement of p radians, and, finally, 1 metre-kg. per second is equal to 
9*81 joules per second, Le. 9*81 watts. With the aid of these relations w* 
find for the controlling torque per radian of mechanical displacement 
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If the moment of inertia of the revolving part of the machine 1* 
/ kg.-met. 1 , then we know from mechanics that the time of a complex 
oscillation will be given by the equation 
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example, / = 53,300, p = 32, ~ = 485, c - 3,000, {« = 670, tho time 
of a complete oscillation works out at t = 055 second. Hence, the machine 
would swing through its neutral position about four times per second, twice 
going forward and twice moving backward. 

We turn now from these natural oscillations of the alternator to the forced 
oscillations caused by the inequality of turning-moment of any reciprocating 
engine. To simplify the matter we may imagine 
the alternator to be replaced by a 0.C. dynamo. 
We shall let ^ represent the time which elapses 
between two successive maxima of the turning- 
moment. The turning- moment diagram will be 
irregular but may be represented approximately 
by a sine curve, as shown in Fig. 336 a, in which 
the ordi nates measured from EH represent the 
total torque of the engine, while, by measuring 
from OD, we get the amount by which the torque 
differs from its mean value. If M ti = AG t the 
maximum excess turning-moment, then we have 
for the maximum angular acceleration 

This 



o, = 981 



*.. 



lis is the rate at which the angular velocity 
of the dynamo or flywheel is changing at any 
moment. It is a maximum when the turning 
moment is a maximum, as shown in Fig. 3366. 




Fig. 336. 

So long as the acceleration is 
positive the angular velocity will increase, and will therefore attain its maxi- 
mum value at the moment B (Fig. 336c). At this moment it will exceed the 
normal angular velocity by an amount w,. To find o>, we must multiply 

ihe average value of the acceleration by the time •£, since the velocity was 

normal at A. The mean value of a sine function is equal to its maximum 
value multiplied by 2/w, so that 

8 4 2 . 981 tt.Mt, , s 

">-*•*•! — «r- / (c> 

So long as the velocity is above the normal, i.e. while to is positive, the 
forward displacement of the flywheel increases. It will reach its maximum 
falue of e, radians at the moment C. To find the value of t x we must multiply 
te average value of* by the time t,/4, thus 

2 *,_9'81 tf.Mt 



«i = 



»i J = 



•(d). 



4 4^'/ 
This is due entirely to the steain engine, and is true for any load, 
•lectrical or otherwise. We must now consider the effect of the alternator 
>n the angular displacement. We shall assume that the engine forces the 
ilternator to oscillate with the frequency determined by the turning-moment 
liagram. When the displacement is forward the alternator load is increased, 
displacement is backward the load is decreased, which is equi- 
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\;il* nt to an accelerating force exerted on the machine from the bus-bus. 
Now, by c om p ari ng Figs. 336 a and d, pre And that the machine has its 
extreme backward displacement at the moment wh- 

of the engine is a maximum. At the same moment the accelerating torque 
supplied from the bus-bars is a maximum, so that these two forces are exactly 
in phase, having a forward maximum when the machine is in its most back- 
ward position and a backward or retarding maximum when the machii 
its extreme forward position. Every change of displacement from the normal 
position corresponds to a change in the power supplied to s-bars, aud 

these variations may be so considerable as to render parallel operation im- 
possible. 

Since we have just seen that the variation of engine torque from the 
normal is always such as to tend to restore the machine to its normal position, 
and is exactly in phase with the electrical synchronising torque due 
displacement, these two effects can be algebraically added. If the maximum 
values of the two torques be M tl and M^, they can be added together to give 
a resultant torque with a maximum value M tl + M tt . The displacement, c, 
found in equation (d) will be increased by the addition of J/ ff to a value t, in 
accordance with the equation 

_ 981 V.jM^ + MQ 

t ~4.7r«' / W 

The value of the electrical synchronising torque M tt increases with the 
displacement. When the oscillations have become uniform, the displao n 
will give a value of M tt , which, together with the mechanical synchronising 
torque M ti , is just sufficient to produce the displacement e. The value of 
iV f( increases with the displacement, and causes the latter to increase gradually 
from e,, as found from equation (d), to e, as given by equation (e). 

In equation (a) we found the value M t of the synchronising torque per 
radian displacement! and the value of M^ in equation (e) will therefore be 
equal to € . M t . 

From equations (b) and (e) we have 

M k +u,, e [Jl 

We shall now consider three different cases. 

Case 1, When the natural period of oscillation of the alternaVv 
greater than the period t x of the forced oscillations due to the engine. This 
is the usual case in practice. We see from equation (/) that M%. + Jfi, *iN 
then be greater than M tt . This agrees with Fig. 336 a and d, in which 
we saw that the maximum torque of the engine coincided with a light h*A 
on the generator, thus apparently magnifying the excess of torque. 

The ratio in which the amplitude of the oscillations is increased by 
synchronising effects of parallel running will be 

l Jffc + Jft, f 1 
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The increase in the amplitude is evidently smaller when the natural 
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iriod is long compared with the forced period ^. The engine in the 

example on page 327 was a tandem compound engine with a single crank, 

85 2 
at 85 r. p. in., so that there were * impulses per second, 



fc- 



60 



60 



0*353 second. 



It ran 

OF " , ~ 85 . 2 

We found the natural period t to be 0"55, which gives an increase of 
amplitude of 

* 1 



say 



= 1-7. 



I 055 / 

Case 2. If the natural period t of the alternator is exactly equal to the 
forced period d,, equation (/) shows that the initial displacement due to 
the engine alone will be negligible compared with the increase of amplitude 
due to the synchronising forces. Equation (g) leads to the same result, viz. 
that e/e, will be infinitely big. This is a case of resonance, and the oscillation 
rapidly becomes so large that the machine falls out of step. This danger 
must be avoided by making the natural and forced frequencies decidedly 
unequal. 

Case 3. This case, in which the natural period t is smaller than the 
^1 period t Xt does not occur, as a rule, in generators, but is met with 
in synchronous motors and rotary converters. It can only occur when the 
rotating masses are very small. Although there is no engine to cause 
oscillations in the converter, these may arise owing to a periodic variation 
of the load. Turning to equation (/) we see that, for t to be smaller than 
tj r it is necessary for the denominator on the left-hand side to have a minus 
sign. The resultant synchronising torque is therefore 3f (f — Jf (i , which means 
that the engine has its smallest, and not its largest, torque when the gene- 
rator has its extreme backward displacement. The forward acceleration which 
exists at this moment is due to the synchronising power of the armature, 
which is more than sufficient to counterbalance the deficiency of torque from 
the engine. 

The ratio in which the amplitude of the oscillations is increased by the 
synchronising effects of parallel running will be in this case 

As in the first case, so here, we see the advantage of making the natural 
period t differ as much as possible from the period ^ of the forced oscillations. 
In the present case this difference is increased by decreasing the moment of 
inertia of the revolving system. 

In the case of generators, however, the natural period t is generally 
greater than the forced period £, of the engine impulses, so that the parallel 
operation is only made possible in many cases by increasing the value of t. 
There are two ways in which this can be done. If choking coils are con- 

;ed in the leads between the machine and the bus-bars, the short-circuit 
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current i'« is reduced. This reduces the synchronising torque per radian M f 
(equation a) and consequently increases the period t (equation b). The 
introduction of choking coils is often the only way in which rotary converters 
can be prevented from hunting. The second way of increasing t is U 
increasing the rotating masses. This is a very effective method, since it 
reduces both the amplitude due to the engine alone and also the rati.* in 
which this amplitude is increased by the synchronising forces. 

A third method of reducing the amplitude of the oscillations is due to 
Leblanc, and consists in the utilisation of the damping action of the eddy 
currents produced by the oscillation. To increase the eddy currents tht- 
shoes may be solid^ or, if laminated, may have copper rods embedded in holes 
running axially through the pole-shoes, and connected to copper | 
flanking the pole-shoes on either side. Each pole-shoe has usually about 
half a dozen of these copper bars, and the whole forms a short-cir 
squirrel cage winding. When the poles swing, currents are induced in this 
so-called amortinscur winding due to its cutting the 6eld produced b 
armature currents. We know from Lenz's law that these induced currents 
will tend to stop the motion producing them, that is, they will tend to damp 
out the oscillations. This device has the further advantage of keeping ihf 
machine, say a rotary converter, in step on a sudden heavy overload of 
momentary duration. The damping winding acts as an induction mob 
the sudden retardation of the machine, slowing it down and diminishing it* 
amplitude. 

The comparison of the damping winding with an induction motor enables 
ns to see, however, why the device is not always effective. The braking 
action is not due entirely to energy dissipated in the damping coils, but W8 
have an actual induction machine, sometimes running below synchronous 
speed and taking power from the bus-bars to drive it as a motor, and at 
other times running as a generator above synchronous speed and supplying 
electrical power to the bus-bars. The maximum value Jfj of the damping 
moment will occur when the machine is swinging through its mutnl 
position, for it is then that the oscillating velocity is a maximum. D 
be proportional to this velocity, and, since it always acts against the direction 
of motion, it will have a negative maximum at the moment B in Fig. 336 c 
It is always 90* ahead of the synchronising torque M^. The resultant total 
torque will be the resultant of the three torques Jlf Ci , M ttt and M lt . 

To determine the effect of the damping we shall assume that we have 
found the maximum excess torque M ti of the engine and the maximum 
synchronising torque M t% of the generator, neglecting the damping. If we 
represent these by the lines AB and OA in Fig. 337, then thr 
OB = OA 4- AB = M i% + M tt will represent the total maximum torque f 
general case where the two can be added. When the effect of damping ia 
added, let us assume that the excess torque of the engine M tx is altered # 
that the resultant maximum torque is still OB, in spite of the dai 
This will cause an oscillation having a certain velocity as the machine swing* 
through the normal position, and, corresponding to this velocity, there will 
be a damping torque Ma, which iB represented by 0D ^0° ahead of M^. 
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Since we have assumed that the engine torque M tt is so adjusted that the 
•esultant torque, and therefore the resultant amplitude, is the same with the 
lamping as it was without, the lino 0A t which repre- 
lents M^, will remain unaltered. The excess torque 
M tt of the engine must, therefore, be so altered, that 
3B is the resultant of OA, OD and M t% . Hence, to 
namtjiin the oscillation at its previous amplitude in 
ipite of the damping, M ty must be altered from AB to 
)F The excess engine torque OF calls into existence 
.he synchronising torque OA and the damping torque 
?i>, and the three together produce an oscillation cor- 
•esponding to the resultant OB. 

Now, the actual excess engine torque M tl is only 
squal to AB,so that the whole figure must be reduced 
n the ratio of AB to OF. When the machine was undamped the line OA 
represented to a certain scale the variation of power supplied to the bus-bars. 
This will now be represented by 0E t the resultant of OA and OD, since both 
ihese torques are produced electrically. In this case, however, OE must be 
^educed in the above ratio, so that the relation between the variation of 

ret with and without the damping will be 




x>we 



OK AB 

OA 



OE AB 
EB * OA ' 



m 



It is evident from the figure that OE : EB is nearer unity than AB : OA, 
jo that the latter ratio determines whether the variation of power will be 
iecreased or increased by the damping. If A B is smaller than OA, then the 
lamping is beneficial. In this case the excess engine torque is smaller than 
;he maximum synchronising torque, i.e. 

-he amplitude of the oscillation is increased by the effect of parallel running, 
ind that, for this to be larger than 2, the moment of inertia of the moving 
parte must be small. The effect of damping will consequently be very 
kdvantageous in such cases as rotary converters, where there is no flywheel, 
ipart from the armature of the machine itself, and generators driven by two- 
Dr three-crank engines with four or six impulses per revolution, in which 
sase the flywheel can be made very small on account of the uniform turning- 
moment. 



e saw in 



equation (g) that *'. f — ~ is equal to the ratio - in which 
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109. The principle of the synchronous motor. — 110. Synchronous motor with constant t.v. 
excitation. — 111. Synchronous motor with constant load and variable excitation. 

109. The principle of the synchronous motor. 

There are three headings under which all alternating current motors can 
be roughly classified. The synchronous motor, which we shall consider ic 
the present chapter, runs at exactly the same speed whether loaded -r 
unloaded; the asynchronous or induction motor slows down slight!] 
increasing load; the commutator motor is similar to the D.C. motor and has 
similar characteristics. Synchronous motors are generally polyphase, induc- 
tion motors either single phase or polyphase, and commutat 
generally single phase. 

Any alternating current generator will run as a synchronous u 
whether single phase or polyphase. In Fig. 338 is shown the north pole of 





Fig. 338. 



Fig. 33d. 



a generator, which is rotated clockwise, inducing thereby an E.M.F. in the 
armature wire shown. If the external circuit is closed, the wire will carry a 
current which, neglecting phase displacement, will flow away from the reader 
The armature current and magnetic field will produce a torque which must 
be overcome by the mechanical torque exerted by the engine. It follows 
from this that, if the field be excited as before and alternating cum 
supplied to the armature, the machine will rotate as a motor in the Opposite 
direction. 

A moment later the north pole in front of the wire will be replao.il ij 
south pole. In order that the torque may still act in the same direction i 
before, the current must have reversed its direction during the interval. H 
ia therefore necessary that the speed of the pole-wheel be in exact agreement 



; 



. 
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with the frequency of the alternating current, even at the moment of switch- 
ing on the motor. If the motor have p pairs of poles and rotate at ~x revo- 
lutions per second, then 

60 ~ p ' 

where ~, is the frequency of the a.c. supply. The synchronous motor must 
be brought up to the synchronous speed by some external means before the 
armature is connected to the mains. There are several ways of doing this. 
If the field current is supplied by a direct coupled D.C. dynamo, this can be 
used as a motor and driven by a battery or other D.c. source if available. 
This method is also available if the synchronous motor is used for driving a 
D.c. dynamo. Sometimes a small induction motor is supplied specially for 
starting up the synchronous motor. Another method, largely adopted in the 
United States, is to open the field circuit, and supply the armature with an 
A.C. at half or a quarter of the normal pressure by means of a transformer. 
The machine is brought up to speed by means of the eddy currents induced 
in the pole-shoes by the rotating field, aa we shall better understand after 
studying the induction motor. This latter method is only applicable to 
polyphase motors. The necessity of bringing the synchronous motor up to 
speed in some way or other, before switching it on, prohibits its employment 
in a great number of cases. 

The operation of switching in the motor when it has reached synchronous 
speed is exactly the same as connecting an alternator in parallel with others. 
To make this clear, we may assume that it is quite undecided whether to nae 
the machine as a generator or as a motor. Such an assumption is quite practi- 
cable if the motor drives a D.C. generator connected across the terminals of a. 
battery of accumulators. If the excitation of the dynamo be increased until its 
km.k. exceed that of the battery, the battery will be charged, and the D.c. 
machine will work as a generator. If, on the other hand, the excitation be 
weakened until the E.M.F. falls below that of the battery, the current will be 
reversed, and the battery will drive the D.c. machine as a motor. 

To connect the A.C. machine to the A.c. supply, we follow the procedure 
of Section 106, and bring the machine up to the correct speed by means of 
the D.c. machine acting as a motor. The field current of the A.c. machine is 
then adjusted until its e.m.f. is equal to the supply pressure. The switch 
must be closed at the moment when the E.M.F. of the generator is exactly 
opposed to the P.D. of the mains, as indicated by the phase-lamps. If the 
moment is correctly chosen the main ammeter will not be affected, because 
of the exact opposition of e.m.f. and supply pressure. The power required 
to run the machine light will still be supplied by the D.C machine. 

To make the A.c. machine act as a generator its supply of mechanical 
power must be increased. This is accomplished by weakening the field 
current of the D.c. machine. As a general rule, the speed of a D.c. motor is 
increased by weakening its field. In the present case, however, the speed is 
fixed by the frequency of the A.c. supply, and a weakening of the field must 
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result in a lowering of the E,M.r. This will enable the battery to send * 

larger current through the armature, in accordance with the equation 

e - E 
t fl = „ . This larger current produces an increased torque, since the 

weakening of the field is very small compared with the resulting increase *4 
current. The acceleration produced by this increase of torque brings the 
poles and armature winding of the A.C generator into such a relative position 
that the electrical kad or output is gradually increased, as shown in Section 
104, until the increased mechanical torque is exactly balanced. The A.C 
machine has thus been made to act as a generator by accelerating 
rather, attempting to accelerate it, by an external mechanical torque. 

We shall now reverse the procedure, that is, we shall strengthen tbo field 
of the D.c. machine, instead of weakening it. Since the speed is fixed, the 
effect of strengthening the field is to increase the E.W.K. until, when it 
exceeds the E.M.F, of the battery, the current reverses and the ceK 
charged by the D.c. machine acting as a dynamo. The A.e. machine must 
now be acting as a synchronous motor. The power supplied by the battery 
to the motor-generator set was first positive, then nil. and. finallj 
This must cause a retardation or lagging of the machines, which brings the 
poles and armature windings of the alternator into such a re lair. 
that the torque exerted by the alternator corresponds to the load on the i>C 
dynamo. The A.C. machine has, therefore, been caused to act as a n 
simply by the retardation, or lagging behind, of the rotating part. In tht 
next section we shall endeavour to make the action clearer by means of 
vector diagrams. 



110. Synchronous motor with constant P.D. and excitation. 

The vector diagram of the synchronous motor is very similar to that of 
the A.C. generator. In drawing the diagram (Fig. 340) we must consider the 
induced E.M.F. E as being a back e.m.f., acting more or less in the opposite 
direction to the current and applied terminal pressure e. The vectors e = OK 
and E = OB have a resultant OF, which must be the pressure used in taring 
tie- current through the armature against its resistance and self-mdo 
The resultant OF may therefore be resolved into two components, one 0D to 
overcome the resistance, and the other 0C to counterbalance the effect of 
self-induction. As before, we shall designate the angle by which Ok 
behind 0C by the letter a. The current i must be in phase with the com- 
ponent OD, and lags therefore behind the terminal pressure e by the angle 6. 
From the fundamental principles of a motor we know that the current Hart 
be more or less opposed to the back e.m.f., which we see is the case to 
Fig. 340. It is evident, moreover, that at no-load, that is, on first closing the 
switch, the vector E will lie along the dotted line, since there is no current 
and the resultant of E and e must consequently vanish. As the 
mechanically loaded, it will lag more and more behind its neutral BQntEOB, 
and the vector E will lag behind the dotted vector. With the load 
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sponding to Fig. 340 this angle of lag is 7. (Compare the closing sentences 
of the previous section.) 

The power supplied to the motor is given by the equation 

Pj ■= e . » . cos tf>, 
where <f> is the angle between the terminal pressure and the current. From 
the figure we Bee that FH — e cos <f>, so that 

P l = 1 . FH watts. 
A certain amount of this power will be lost in heating the armature 
winding, viz. 

& . B a * i . iR* = i.FC watts. 




Fig. 340. 



Fig. 341. 



1 The mechanical output of the motor, including, however, friction and iron 
losses in the motor itself, will be given by the equation 

P-Pi-t.Ba-UFH-FOy-i.OH. 
If fa be the angle between the vector' of E.H.F. and the current vector 
produced backwards, we have 

CH^E.coafa. 
This gives the following equation for the mechanical output of the motor : 

P = E.i.coa<f> l (162). 

We might almost have expected this result from our former consideration 
of the D.c. motor. 

On comparing the triangle FBO with the triangle OB A in Fig. 325 a 
great similarity will be noticed. For the sake of comparison the vector 
diagram of the generator is drawn again in Fig. 341. The only difference 
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between Figs. 340 and 341 it* the interchange of E and e. The total | 
P x supplied to the motor in Fig. 340 is FB . t . cos <f>* while the total power /\ 
generated electrically by the alternator in Fig. 341 is OB . t.cos^,. These 
are evidently equal Now, on page 312 we established the aquation (159) for 
the value of P t for a generator, and it is evident that it can be made applic- 
able to a motor by putting E for e and e for E, giving us 

P 1 = JF.t g .sin(7-a) + e.i .sina 

where P x is the power given to the motor, and the short-circuit current i, is 
given by the equation 



In a similar manner we see that the output P of the motor in Fig. 340 is 
equal to OB . I . cos <£, , which is exactly equal to the output P of the generator, 
after deducting the t* . R a loss in the armature, viz. FB . i . cos <f> in Fig. 341. 




Fig. 342. 

Thus, the equation (160) found on page 313 for the generator will be tine 
for a motor if E and e be interchanged. We have therefore 

E* 

P~E.i . sin (7+ a) . i^.sina (164). 

c 

7 is here the angle by which the e.m.f. lags behind the backward pro- 
jection of the terminal pressure vector. 

We must now draw curves to show graphically how the power varies with 
the angle 7. As in Figs. 328 and 329. so here in Figs. 342 and 343, 
are drawn passing through and having their diameters inclined to the 
horizontal by the angle a. In Fig. 342 the diameter is set out below the 
horizontal, and in Fig. 343, above it. Its length in each case is E . 1,. Ever? 
chord drawn from the point to any other point on the circle, is produced 
beyond the circle by an amount e . 1, . sin a. The heavy curve P,, obtain^ 
in this way, is the locus of the extremities of lines drawn from to represert 
the total power supplied to the motor for the corresponding value of 7. Thr 
vector of the terminal pressure e will be vertically downwards from 0, and 7 
is the angle between E and — e, as shown in the figure. 

Just as Fig. 342 represents equation (163) so Fig. 343 represents 
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equation (164). In this case, however, a portion equal to 



E* . % . sin a 



is subtracted from every chord, giving a length representing to a certain 
scale the output of the motor (including friction eta). 

The curves are drawn for the following values: 72 a =sl, a>L = 6 ( e = 1,200 
and E— 1,000. The output is evidently a maximum when 7 = 90 — a. If the 
load be still further increased, the angle 7 Incomes larger but the output of 
the motor is thereby decreased, and the motor foils out of step. Since this 
would be equivalent to a short circuit of the supply mains it. must be care- 
fully avoided by working on the right-hand side of the diagram in Fig. 343. 
If the normal full load causes 7 to be about 30°, the motor will have about 
100 per cent, overload capacity. 

In order that a given value of P may correspond to a position on the 
right-hand side of the figure, it is necessary for the circle, by means of which 
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Fig. 343. 



the figure is constructed, to have a large diameter. Hence ^.i^ must be 
large, since this is the diameter of the circle. The short-circuit current i 
can be made large by keeping the self-induction of the armature as small as 
possible. 

What was said with regard to the synchronising power and phase swinging 
of alternators is equally applicable to synchronous motors. We now pass to 
the consideration of a motor on constant load but the excitation of which is 
varied. 






111. Synchronous motor with constant load and variable 

excitation. 



We shall now consider the effect of varying the excitation of a synchronous 
motor which is connected to mains with a constant P.D. The load on the 
prior, i.e. its mechanical output, is constant. If we take equation (164) on 

page 336, multiply each side by — -, — : — , and then add f ^ — ■ — ) , we get 

T. £. 22 
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the following equation, in which we have put cos [90° — (ct + 7)] instead of 
sin (a +7), 

W^Y-^.cos[90°-(a + 7 )] = (^Y-^ ...(I, 
V2 . sin a/ sin a L " J \2 sin a/ »o . sin a x 

Since t is the internal impedance of the machine, and is therefore 

constant, we see that the right-hand side of the equation is constant for all 
excitations, and can, for the sake of shortness, be represented by i? where R 
is some constant. As we saw on page 322, this equation represents a triangle 

6 

with sides E, e— 1 — and R, in which the two former sides enclose an anrie 
2 sin o 

90° — (a + 7). This triangle is drawn in Fig. 344-. From the poin 

perpendicular OC is drawn equal to the terminal pressure e. On this ! 

base an isosceles triangle OAC is constructed with each side equal to = — 1 — 

6 * 2 . sin 1 

and the angle at A equal to 2a. With A as centre and radius equal to R, an 
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Fig. 344. 

arc DEB is struck. The triangle corresponding to equation (165) will have 
OA for a base, while its apex moves along the arc DEB. For any pohv 
as E t the line OE represents the back E.M.F., making the angle 7 with the line 
OC, which is the backward projection of the terminal pressure vector. The 
figure is drawn for the values formerly assumed, viz. i£ ft = l, ml 
« = 1,200 and E = 1,000, while the constant output P is 50,000 watte. Ai 
the excitation is weakened, 0E gets smaller by the point E moving down the 
arc towards the critical point B. This e.m.f. OB is the minimum, thar 
say, this is the weakest excitation with which the motor can give an 
of 50,000 watts. If we reconstructed Fig. 343 for an e.m.f. equal I 
instead of 1000 volts we should find the maximum value of P t corresponding 
to 7 = 90° - a, to be 50,000 watts. 

In addition to the angle 7 we can find the angle <j> b I miioal 

pressure and current from the diagram in Fig. 344. A line OP W dr»« 
making the angle a with GE, and a perpendicular OF is dropped u; 
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from 0. It is seen at once that the triangle OFC corresponds exactly to the 
triangle BGF in Fig. 340. The angle COF is therefore equal to the phase 
displacement <f>. 

Adding up the three angles of the isosceles triangle A0C t we get 
180° = 2a + (ft + 6") + (90° - a), 
while, in the right-angled triangle 0FC t 

£ = 90-(a+8). 
By adding these two equations, we have 

When the point E coincides with D the angle ft vanishes, and the current 
is consequently in phase with the terminal pressure. Seeing that the load is 
constant the current must have its minimum value at this point, which agrees 
with the fact that the armature drop CE will then have its minimum 
value CD. 

If the point E is below D, the current vector OF lags behind the terminal 
pressure, and the angle ft represents the angle of lag <f>. This is the case 
whenever the E.M.F. is less than the terminal pressure. 

By increasing the excitation we can make the E.M.F. greater than the 
terminal pressure, which is an absolute impossibility in a D.c. motor, since it 
thereby becomes a generator. If OE exceeds OD, the angle ft becomes 
negative, that is, the current vector leads ahead of the terminal pressure. 
We have previously mentioned that synchronous motors, when over excited 
in this way, can be advantageously employed to neutralise the lagging current 
taken by other apparatus. In this way the load on the generators in the 
power station can be made to have unit power-factor. 
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CHAPTER XVI. 



112. The rotary field in a two-phase motor.— 113. The rotary field in a three-phase motor- 
114. Mesh or delta connection. — 115. Star connection. — 116. The measurement of powei 
in polyphase circuits. — 117. General principles of the rotor. 

112. The rotary field in a two-phase motor. 

The armatures of machines which generate two-phase alternating current 
contain two separate windings, or sets of coils, displaced from each other by 
90°, the pole-pitch being considered 180°. When the coil-sides 
winding are situated under the middle of the poles, those of the other 
winding are midway between the poles (Figs. 345 and 346). The two 
windings differ merely in their instantaneous position, i.e. in their phase. 
For this reason the windings are generally spoken of as the phases of the 
generator, and we shall often use the expression in this sense. 





i 



Fig. 346. 

The drum-winding in Fig. 345 is quite simple. The two-phase ring- 
winding in Fig. 346 is wound in such a manner that the end connection*, 
after one coil is completed, pass right across the armature, as in the drum- 
winding. The practical identity of the two windings is evident. The win* 
on the outside of the ring at A and B are equivalent to the wires on the 
periphery of the drum, and the electromotive forces in all the wires of on* 
phase can be added together. 

The currents produced by the generator can be used to magnetise th« 
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stationary iron ring of an induction motor. This ring, which is called the 
stator, is built up of sheet-iron stampings, and is wound in exactly the same 
manner as the armature of the generator. The ends of the stator-windings 
are connected to the corresponding ends of the generator-windings (Fig. 347). 
If the armature of the generator rotates, the connections must, of course, be 
made by means of slip-rings. 

If the armature be rotated in the direction indicated, i.e. clockwise, then 
an E.M.F. towards the observer will be induced in the wires under the south 
pole, and away from the observer in those wires which are under the north 
pole. This is shown by the arrows in the figure. If we neglect any phase 
displacement due to self-induction, the arrows will represent current at its 
maximum value. At the moment chosen in the figure there will be no 
current in the other phase-winding. By tracing out the currents in the 
stator, we find that the field produced will be as indicated by the dotted linos. 





Generator 



Hibter 



Fig. 347. 



Thr lines of force leave the stator at N, pass across the internal air apace, oar 
through an iron cylinder if one be placed within the ring, and enter the stator 
again at & The internal surface of the ring will have a north pole at JV and 
a south pole at S. 

After the armature of the generator has turned through 45° the conditions 
will be as shown in Fig. 348. The stator has not moved, but the armature 
coils of both phases of the generator are now equally induced. The field 
near the pole-tips will not be so strong as lit the centre of the pole, and, 
moreover, the armature coils are only partly under the poles. The current 
will therefore be smaller than that in Fig. 347. We may assume that tho 
current varies according to the sine law, so that its value at the moment 
indicated in Fig. 348 will be 

i - w . sin 45 c - 0707 w 
The smaller current is indicated in the figure by lighter arrows. 
If we trace out the current in the windings of the stator, we see that 
Bvexy coil is carrying current and that, although coils 1 and 2 belong to 
:nt phases, they are virtually equivalent to a single coil of double th< 
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QtlXDber of turns. The current has the same direction in both, viz. outwards 
in the end connections facing us. .Similarly coils 3 and 4 may be looked upon 
as a single coil, more especially M in actual motors the whole periphery n 
utilised and no gaps are left between the windings. 

The magnetic field produced by these suitor currents is shown bj 
dotted lines, the inner surface of the ring has still a north and a south pole, 
between which the flux crosses the internal space. The position of these 
poles has rotated through 45° from the position they occupied in Fig. 347 
On turning the generator through another 45°, the stator coils 1 and 3 will 
have no current, while the current in coils 2 and 4 will have reached its 
maximum. Then will then be a north pole at 1 and a south pole at H. 

We have thus arrived at the surprising result that the rotation of the 
armature of the generator causes the field of the motor to rotate, or causes 
the poles of the stator to rotate around the stationary iron ring. We can 
therefore imagine the stator to be replaced by a rotating field-magnet system 




Generator 



Motor 



Fig. 348. 



with salient poles pointing inwards. The flux of such a field-magnet would 
continually cut through an iron cylinder placed within tin- stato ring (compare 
Fig. 867). 

This iron cylinder is called the rotor. It, also, is built up of sheet-iron 
stampings, carried on a central spindle or shaft. This shaft is supported »i 
either end in bearings, so that the rotor can turn within the stator, with s 
small air gap between the two. A short-circuited winding is contaiii 
slots in the outer surface of the rotor. Currents are induced in this - 
circuited winding by the rotating field produced by the stator. .mil the**? 
currents, as we know from Lenz's law, will tend to oppose the relative i 
between field and conductors. The result is that the rotor is dragged round 
by the rotating field. The direction of rotation of the motor is theret<» 
same as that of the rotating field, and this depends on the way the 
phases are connected up to the generator. If the two connections to one of 
the phases be interchanged.it can be easily seen that the direction of ro* 
will be reversed. 
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113. The rotary field in a three-phase motor. 

The armature of a three-phase generator contains three separate windings, 
displaced from each other by 120° (Fig. 349). Care must be taken, when 
drawing the winding, that the beginnings 1, 2, and 3, of the three phases are 
120° apart, and that, starting from these points, each phase- winding passes 
round the armature in exactly the same direction. In Fig. 349, for example, 
each winding commences by passing inwardly across the front end of the ring. 
These windings are connected by means of slip-rings with the corresponding 
terminals of the stator of the motor. The fact that the generator has been 
numbered clockwise and the motor in the opposite direction is immaterial 
and has been adopted to avoid crossing the connections. 

Phase 1. 1' is shown in Fig. 349 under the middle of the pole and, if 
phase displacement due to self-induction be neglected, the current in this 
phase will have its maximum value. The instantaneous value of the current 
in the other phases will be 

t = W sin 30° =0-5w 
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Fig. 349. 



By tracing out the current in the various coils of the stator, it is seen that 
the coil-sides 3', 1 and 2' carry current in the same direction, and may be 
grouped together with respect to their magnetic effect. The same is true of 
the coil-sides 2, 1' and 3, although they belong to three separate wiudings. 
The resultant magnetic field will evidently be as indicated by the dotted lines 
and the pules as shown by the letters N and S. 

The state of affairs a twelfth of a period later is shown in Fig. 350. The 
generator has turned through 30°, and the phase-winding 3, 3' is now in the 
neutral zone and therefore without current In the other two phases the 
momentary value of the current is 

i » W • sin 60° - 0866 w 

The coil-sides 1 and 2' of the motor may be now grouped together, and 
similarly 2 and 1'. The lines of force will be as indicated by the dotted lines 
and the north pole of the stator will be situated about coil 3'. It is evident 
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that the poles have rotated through 30° from the position they had in Fig. 349, 
and that the rotation of the generator causes a corresponding rotation of the 
motor field. If the stator has a 2-poIe winding, as in the figure, the field 
makes a complete revolution in one period. 
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Fig. 350. 



114. Mesh or delta connection. 

The six wires between the generator and the motor in Figs. 849 BDd 880 
can be reduced to three by interconnecting the three phases. This can be 
done in two ways; one, known as the mesh connection, we shall consider in 
this section, while the other, known as star connection, will be considered in 
the next section. 

In the mesh connection the end of each phase-winding is connected to 
beginning of the next. The principle of this winding is seen very clearly ii 
machines which are wound so as to supply 
both direct and alternating current. The 
three-phase current is taken from three slip- 
rings cunnected to points on the armature 
separated by 120°. In other respects the 
machine is identical with a D.c. dynamo. (See 
the left-hand part of Fig. 354.) The width of 
each criil-sMe is equal to J of the pole-pitch. 
If the coil-sides be made equal to J of the 
pole-pitch, as represented diagrammatically in 

Figs. 349 and 350, the phases are connected as Fig. 861, 

shown in Fig. 351. 

The admissibility of interconnecting the three phases in this wnvcnnbe 
seen from the vector diagram in Fig. 352. The resultant, eleetxomotn* 
R of phases 2 and 3 is equal and opposite to that of phase 1. If, then, 
connect two of the phase-windings in series (Fig. 353), their joint E.M.r. is 
equal at every instant to the E.M.F. of the other phase, and the two voltmel 
in the figure give the same reading. The equal instantaneous electromotii 
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act in opposite directions around the ring, so that the whole ring can 
lected up without any current circulating around it. With regard to 
externa] circuit the two electromotive forces are, however, in parallel. 




-fe— 



Fig. 352. 
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Fig. 353. 



achines in parallel on the same bus-bare. It is quite clear that the 

>etween any two of the three external leads is equal to the E.M.F. of one 

winding, neglecting of course, any drop of pressure due to resistance 

current is flowing. 

The distribution of current in the mesh connection is apt to prove a 

ulty on first consideration. We know that electricity cannot be heaped 




stored at any point of the circuit, so that each wire in turn must act as 
tturn lead for the other two. To make the matter quite clear, we shall 
ler the currents in generator, leads and motor for the two cases pre- 
considered. 

the moment represented in Fig. 354 phase 1 of the generator is 

;ly under the pole, and its current will be a maximum, if we neglect any 

of self-induction. The current in each of the other phases will have 

lis value. The current in external lead J will be equal to l'St^.if 
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i m „ is the maximum current in each phase of the generator-winding. Of 
this external current a part % milM _ flows through phase 1. 1' of the stator, while 
a current of half this value Hows through phases 3', 3 and 2', 2 in series. 
Both in the generator and in the motor, the coil-side carrying the maximum 
current has on either side of it coil-sides carrying current in the same 
din i-'tion but of half the strength. The two stator currents combine between 
Boil-aides V and 2, and a current of 1*5 i^^ flows back to the generator through 
the lead marked 77/, while lead // is momentarily without current. 




Gmnrattrr 

Fig. 355. 

A twelfth of a period later, the generator will have turned through 30°, as 
shown in Fig. 355. Phase 3 of the generator is now in the neutral zone and 
therefore without current, while phases 1 and 2 
carry a current of 

i m „. sin 60° = 0*866 i M „. 
These currents combine to produce a current of 
1'731'nm in the external lead I. The vector dia- 
gram in Fig. 356 shows that this is the maximum 
value reached by the external current. Half of this 
current passes through the stator phase 3', 3 and 
returns to the generator by lead 77", while the 
other half passes through phase 1, V and back to 
the generator through lead III. Hence, at the 
moment that the current in one of the external 
leads reaches its maximum value, one of the phases of both generator and 
motor is without current. 

We find, therefore, that the maximum external current is greater than 
the maximum current in one phase of the mesh connection, and that the* 
maxima do not occur at the same time. This is very clear in the ?«&* 
diagram (Fig. 356). We must remember, however, that the starting p«n» 
of two phase-windings have not been joined, but the starting point of one to 
the end of the other. For this reason, when two current vectors are com- 
pounded to find the external current, one of them must be reversed The 
external current 072 is, for example, the resultant of OG and the dotted vector 
OA. It is 1*73 times as great as OG and is 30* out of phase with it 




Fig. 356. 
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115. Star connection. 

Whereas in the mesh connection the end of each phase was joined to the 
beginning of the next phase, in the star connection the three starting points 
are connected together within the machine, and the three ends connected to 
the three slip-rings or terminals (Fig. 357). That such an interconnection of 
the three windings is permissible can be readily seen from Fig. 358. The 
vectors OA and 0B t representing the current in two of the phases, have, as 
their resultant, the vector OK, which is exactly equal and opposite to the 
vector OC of the current in the third phase- winding. The total current 
flowing to the neutral point or common connection is therefore nil, or, in 
other words, the current flowing towards the neutral point is exactly equal, at 
every moment, to the current Mowing away from this point. In Fig. 357 the 
current of phase 1 divides into two parts and passes through phases 2 and 3 
in parallel. 

It is obvious that, with this arrangement, the current in each external 
lead is identical both in magnitude and phase with the current in the 




Fig. 357. 



corresponding winding. The P. n. between two external leads, however, will 
tiot be due to a single winding, but to two phase-windings connected in series, 
or, more accurately, in opposition. The voltmeter in Fig. 357 is connected 
across phases 1 and 3. At the moment indicated in the figure the induced 
M.F. in coil 1 is a maximum, while in coil 3 it is equal to 

E ats .am20° = 5E mu . 
If the E.M.F. of coil 1 acts towards the neutral point, that of coil 3 will act 
away from it, since they are 120° out of phase. We must therefore add the 
two electromotive forces to find the voltmeter reading, which will therefore be 
equal to I'dE^. 

A twelfth of a period later the coil 2 will be in the neutral zone and have 
no induced E.M.F. Coils 1 and 3 will have equal electromotive forces induced 
in them, viz. tf^.sin 60° =» O-MtGE^ (Fig. 359). As before, we see that the 
voltmeter will read the sum of these electromotive forces, that is, I'lSE^^. 
It can be shown very easily that this is the maximum momentary value 
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attained by the p. n. between two external leads. If, for example, the vectors 
OA and OB in Fig. 360 represent the electromotive forces induced in the cuils 
1 .iihI :-:, vre must remember that these coils are connected in opposition, that 
is, their starting points are connected together, so that in passing through the 
armature from lead I to lead 777 (Fig. 359) we pass inwardly through coil I 
but outwardly through coil 3. To find the resultant E.M.F., which is the 




Fig. 359. Fig. 360. 

voltmeter reading, one of the vectors must therefore be reversed, giving OA 
and OB' with the resultant OR, This resultant is 1'73 times as large a* 
either of the phase pressures and is displaced from them with regard to phase, 
as shown in the figure. 

It is quite allowable to have a star-connected generator driving a mesh- 
connected motor, or vice versa. For long distance power transmission the 
star connection is preferable both for motors and generators since the line 
pressure is then 1*73 times the pressure per phase of the machines. If the 




Fig. 361. 

load consists of resistances such as lamps, they can be arranged either in star 
or mesh connection. If the former arrangement be adopted, care must be 
taken that the number of lamps is the same in each branch. 

This limitation can be removed and the branches loaded unequally wr 
affecting the constancy of pressure, so necessary for glow-lamps, by the use of 
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a fourth lead connecting the neutral points of generator and load (Fig. 361). 
This is analogous to the neutral or middle wire in the 3-wire system which is 
now so largely used for direct-current lighting. 

The generator-windings which we have described have been quite sym- 
metrical, since the three windings were exactly similar and equally spaced on 
the armature. Unsymmetrical windings have been proposed and used, the 
most important being Steinmetz's monocyclic system. In this system the 
main armature winding is an ordinary single-phase winding, in which the 
coils span from the centre of one pole to the centre of the next pole. An 
auxiliary winding of thinner wire is wound with a displacement of 90° from 
the main winding. One end of this auxiliary winding is connected within 
the machine to the mid-point of the main winding. The armature has three 
terminals between two of which the single-phase lighting load is connected, 
while the three terminals are used for a three-phase power load consisting 
principally of induction motors. 





Fig. 362. 



If the number of turns in the auxiliary winding be suitably chosen, the 
P.D. between any two of the terminals will be equal. If the E.m.f. induced 
in the main winding be E, and that in the auxiliary E', then the pressure 
between the auxiliary terminal and either main terminal will be the resultant 
of Ejl and E' t which are separated by 90° as regards their phase. This re- 
sultant will therefore be equal to 

If this is to be equal to the P. D. between the main terminals, we have 



or 



E' = 



. E = 0-86£. 



The number of turns in the auxiliary winding must therefore be 0*86 of 
the turns in the main winding. 
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116. The measurement of power in polyphase circ 

Wa shall consider three-phase power supply in this section. The measure- 
ment of two-phase power is merely a duplication of the single-phase case and 
need not be further considered. The following symbols will be used inuV- 
sndently of the method of connection employed (star or mesh). 
€i = the p.d. per phase (i.e. per limb in star connection), 
t, ■= the current per phase (i.e. per limb in mesh connection), 
<f> m the angle between e, and tj, 
e = the P.D. between external lines, 
i m the current in each external line, 
P = the total power in watts. 
The power per phase for either connection is equal to 

e , . (] . cos 0, 
and the total power is three times this amount. 
For star connection we have 

e = l*73e,, 

a 

and P = 3^ . t, . cos <f> = 3 . p^ . t . cos ^ = \/3 . e . t . cos $. 

Fur mesh connection we have 

1=1*781,, 

e - 4 i 
P = 3tf x .i!.cos<^ = 3«. r-^.cos^= V3.e, i . cos <£ (166) 

The formula obtained by using the line current and line pressure is thus 
exactly the same, no matter what the connection employed. 

This is a suitable point at which to oomp&re the percentage losses 
power and pressure in the lines of three-phase and D.c. transmissions. 
assume that the same power P has to be transmitted the same distance 
in each case. We assume also that the effective p.d. between the lints 
is the same in each case, and also the loss of power in the lines. We proceed 
to determine the relative amounts of copper necessary in each case. 
fy be the resistance of each single D.C. line, 



and 



R* 



A 



3-ph 



ase 



section 



D.c. 
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3-ph 



,'LS< • 
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p - . i 
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For 3- phase. 
P =■ \/3 . e . i . cos <f>. 
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Since these losses have to be the same in each case, we equate them, thus 

$ 1_ 

Bi 2cos 9 <£' 

Since the lengths are the same in both cases, the cross-sections must be 
aversely proportional to the resistances. Hence 

A x m Ik 2cos*^* 
Again, as the lengths are equal, the volume of copper in each case is pro- 
portional to the sum of the cross-sections of the wires, so that 

V, 3 ■??._ 0-75 
r 7 1 == 2 , .R,~'cos , tf>" 



* (-A/4/V 

V-\/\m\/\/Vu\A/\/V* ' ■ — ■ ■ ■ « 




Fig. 363. 

Hence, if cos ^ = 1, i.e. if the current is in phase with the pressure, the 
tree-phase system requires only 75 per cent, of the copper necessary for the D. c. 
ransmission. If the load is at all inductive, it is evident that this advantage 
ipidly disappears. These conclusions depend entirely on our assumption 
aat the effective pressure between the lines is the same in each case. The 
ime method is applicable, of course, whatever assumptions we make as to 
le pressure. 

We shall now consider the actual measurement of the power in a three-phase 
rcuit. With star connection and an accessible neutral point, the measure- 
lent is very simple. The pressure coil of the wattmeter is connected 
etween the neutral point and the end of one of the phase-windings, while 
le current of this phase is passed through the main coil of the wattmeter, 
lie wattmeter reading will give the power in one phase, and if the three 
bases are equally loaded, the total power will be three times this amount. 
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If the loads on the phases an; unequal, the measurement must be carried out 
in '-;ich phase and the three results added together. If three wattmeter* 
axe available, the three readings can be taken simultaneously; if only oik' 
wattmeter is QBed, it must be connected successively in the three phases. 

If the neutral point is not available, another method, known as the- tvo 
wattmeter method, must be adopted. This method is equally applicable to 
star and mesh connection, and is represented in Fig. 363. The current coil* 
of the wattmeters are introduced into two of the leads, and their pressure 
coils are connected between the same lead and the lead which has no watt- 
meter coil in it. If e Xt e, and e t are the instantaneous values of the phase 
pressures, and i, , i, and i % the corresponding values of the currents, then the 
value of the power at the given moment will be 

P = e 1 i l + «jH + «,«,. 

Since the sum of the currents flowing away from the generator at any 
moment is zero, we have 

<•■■— ft+tt 

If this value be substituted for t^ in the above equation for P, we get 
P - e x h - e, (i, + 1,) + ch. 
or P = (tfi-e»).t. + (tf s -c).H. 

Now (ei — e,) is the momentary P.D. across the pressure coil of the upper 
wattmeter, while (e 3 — e t ) is the momentary P.D. across the pressure coil of 
the lower wattmeter. The product (e x — e,) . i t 
gives the momentary value of the torque on 
the upper wattmeter, while (e,— «t).t a gives 
that on the lower one. The reason for the 
differences of the phase pressures appearing 
in the brackets and not the sums, is that the 
two phase-windings are connected in opposi- 
tion across the pressure coils of the watt- 
meters, so that to pass from one# pressure 
terminal to the other we go through two 
phase-windings, one towards the neutral point 
and the other away from the neutral point. 

In consequence of the inertia of the moving 
systems of the wattmeters, they take up sta- 
tionary positions corresponding to the mean 
value of the power. The total three-phase power will therefore be gi\ 
the sum of the two wattmeter readings. One must be careful, however, to 
observe the signs of the two terms in the last equation for P. As a rule, 
they arc both positive, and the wattmeters, if connected up as shown, will 
deflect in the same direction. In this case their readings must be added. 

If, however, the load be very inductive, one of the wattmeters will deflect 
in the opposite direction. The direction of the deflection can be reversed by 
reversing the pressure coil connections of this wattmeter. The total power 
is then equal to the difference between the two wattmeter readings. The 
reason for this reversal is evident from Fig. 364. The vector 4 is the 
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resultant of e, and — e,, and represents the pressure across the upper watt- 
meter. Similarly, e" is the pressure across the lower wattmeter. The 
currents in the main wattmeter coils are represented by the vectors i x and 
tj. The angle of lag in each phase is £. It is evident that an increase 
of the lag <f> will increase the reading of the upper wattmeter, which is equal 
to e'.t,.cos(30 — <f>) t until <£ = 30°, beyond which it will again decrease. In 
the same way, the reading of the lower wattmeter is equal to 

e" t i s .coa(30 + <f>), 
and will gradually decrease as the load becomes more inductive, until when 
<£ = 60° the wattmeter will read zero. If the lag increases still further, the 
reading of the wattmeter will reverse. 

The measurements can be carried out very conveniently with one watt- 
meter, by means of a board containing six mercury cups, which can be con- 
nected up by means of copper bridges as shown in Figs. 365 and 366. In 
the first figure the current coil of the wattmeter is in series with phase 2, 
while in the second figure phase 2 is unbroken and the wattmeter is placed 




Fig. 365 



Fig. 366. 



in phase 1. In either case, the pressure coil is connected between the current 
coil and the unbroken line 3. The small mercury commutator is for the 
purpose of reversing the pressure coil Tf necessary. 

The duplicate readings can be avoided by the use of special wattmeters 
consisting of two separate wattmeters with a common spindle, so that the 
reading depends on the sum or difference of the two torques, as the case 
may be. 



117. General principles of the rotor. 

Having considered the production of the rotating magnetic field and the 
winding of the stator, we shall now study the effect of the rotating field 
on the rotor. The rotor resembles a D.C. armature in that it is built up 
of stampings of sheet iron, assembled on the shaft or on a spider or boss 
carried on the shaft. The winding is carried in slots in the usual way, and 
may consist of a permanently short-circuited arrangement of bars or coils, or 
may be wound with a three-phase winding very similar to that on the stator. 
In the latter case the three ends are brought to three slip-rings, between 
which starting resistances can be introduced. 

t. k. 23 
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We have seen that the field of a stator. with a two-pole winding, make* 
one complete revolution during every period. In order to follow this rotating 
field mem ' i .isily wv shall imagine, for the time being, that the stator is 
replaced by a magnet ring with salient ]w>les, excited with direct c: 
This ia shown in Fig. 367, where the poles are supposed to rotate around the 
rotor in an anticlockwise direction. The currents induced in the 
windings will be exactly the same as if the poles were stationary and the 
rotor turned ia the clockwise direction. These currents are indicated in the 
figure, and are away from the observer under the north pole, and towards 
him under the south pole. 

We assume, moreover, that the field magnet represents not merely tbfl 
field produced by the stator currents, but the resultant flux N, produced by 
the combined action of stator and 
rotor currents. In this case the in- 
duced E.M.F. and the rotor current 
will both have their maximum values 
under the middle of the poles. 

We know from Lenzs law that 
the currents induced in the rotor 
wires will tend to oppose the relative 
motion between themselves and the 
rotating field, that is, the rotor will 
be dragged round in the same direc- 
tion as the field. To make this clearer, 
we may imagine ourselves to be swim- 
ming down a rotor wire at A and 
looking out towards the north pole, Fig. .-to*, 

then we know from Ampere's rule that the north pole would be driven in 
the clockwise direction as shown by the dotted arrow. This arrow might 
represent a hand put out from the rotor to prevent the approach of the pole; 
the evident result is the anticlockwise rotation of the rotor. 

If the motor ia unloaded and the bearings are entirely frictionlees, the 
rotor revolves at the same speed aa the primary field There would then be 
no cutting of lines, no induced E.M.F. and no current in the rotor. Wluo 
a load is applied to the motor spindle, a certain rotor earn 
to the production of the necessary torque. This current can only be produced 
by the rotor running at a lower speed than the field, so that the latter can 
cut the rotor wires and thus induce the necessary current in them. This 
decrease of rotor speed is known as the slip. Under ordinary conditions the 
resistance of the rotor coils is so small that a very small K.M.F., and th- 
a very small slip, is sufficient to produce the necessary current. Th> 
that is, the difference between the speeds of field and rotor, is sometimes no 
more than 1 or 2 per cent, on full load. 

The fact that the rotor runs at approximately the same speed aa the 
primary field excludes the employment of two-pole windings with the high 
frequencies commonly used. To ensure a steady illumination without any 




principle* of the rotor 



appreciable flicker, the frequency is generally about 50 per second. A two- 
pole motor driven from these mains would have a speed of nearly 3,000 
revolutions per minute. In systems where the load consists almost entirely 
of motors, and little account need be taken of lighting, the frequency is 
sometimes taken as low as 25. Even then, a two-pole motor would make 
1,500 revolutions per minute, which is generally too high for motors above 
about 10 h.p. The speed is reduced by using multipolar windings. In a four- 
pole winding the simple two-pole winding, which we haw: already considered, 
is compressed into a half of the total periphery, and connected in series 
with a similar winding on the remaining half of the stator. In Fig. 368, for 
example, the coils 1 and 1' of a three-phase stator are no longer diametrically 
opposite, as they were in Fig. 349 on page 343, but are now separated by 90°. 
The other oailfl 2, 2' belonging to the same phase are connected in aexiea 
with them. For the sake of clearness, only the one phase has been drawn in 




Fig. 368. 



Fig. 369. 



Fig. 368, but the direction of the currents in the other phases is evident. 
Whenever the current in any coil is a maximum, the coils on either side 
of it carry currents in the same direction, but of half the magnitude. If the 
current in the phase shown in the figure is a maximum at the given moment] 
the dotted lines will represent the lines of force and show the positions of 
the poles. 

The rotating field will now make only half a revolution during each 
period. If p be the number of pairs of poles, and ~, the frequency of the 
supply, then the field will make n, revolutions per minute, where 



60 



P 



revs, per 



If the speed of the rotor be n, the difference will be —?-=- 

second. The effect on the rotor is the same as if it rotated backward at 
this speed in a stationary field. The frequency of the currents induced in 
the rotor will therefore be 



n x — n 



...(167). 
23—2 
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If the rotor is wound, it must be arranged to have the same number 
of poles as the stator. The winding, however, can be either two or three- 
phase, quite irrespective of the number of phases of the Btator-winding. 

A four-pole drum-winding is shown in Fig. 369, where one phase only is 
shown connected up, the currents in the other phases being represented 
by crosses and dots. It is assumed that the current has its maximum value 
in the phase shown connected up, while the other currents have half this 
value. In actual practice drum-windings are always used; we have only 
used the ring-windings to make the rotating field as simple as possible. 

The direction of rotation of the rotor is determined by that of the primary 
field It can be reversed by changing two of the supply leads on the stator 
terminals. 

The polyphase motor differs in this respect from the single-phase induc- 
tion motor. Such a motor can be obtained by disconnecting one of the 
supply leads to a three-phase star wound stator. The motor will not start 
from rest, but, if the rotor be started in either direction, the speed will 
increase in that direction until it reaches the speed corresponding approxi- 
mately to the primary frequency. Such motors are generally started as two- 
phase motors by means of an auxiliary winding on the stator. The action of 
the single-phase induction motor is very complicated, and we shall postpone 
its further consideration until Section 132. 



IHAPTER XVI 




118. Distributed windings and the electromotive forces induced in them. — 119. The magnetic 
flax of an induction motor. — 120. The effect of the iron in the magnetic path. — 121. Torque* 
of an induction motor — 122. Calculation of dip. 

118. Distributed windings and the electromotive forces 

induced in them. 

For the sake of simplicity we have always assumed that all the wires 
constituting a coil-side are contained in a single slot, or that the width of 
the coil-side is so small that there are considerable gaps between the wires 
of different phases. As a matter of fact, however, the wires of each coil-side 
are distributed between several slots, so that the coil-side has considerable-*, 
width. In this way the field strength changes gradually from point to point 




Fig. 370. 

rand the stator, and sudden jumps are avoided. Moreover, the number of 
impere-wires in each slot is kept small in order to decrease the self-induction 
ind leakage, as will be seen in Section 131. As a general rule each stator 
al-side is distributed between from 2 to 5 slots, while each coil-side of the 
>tor occupies from 3 to 7 slots. The rotor and stator must have a different 
mmber of slots, as otherwise there is a tendency for the motor to remain 
itationary and act as an ordinary transformer, instead of starting. 
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A four-pole distributed coil-winding is represented in Fig. 370. The three 
phases are distinguished by full, dotted, and chain-flu' ; ,, of which the 

latter is assumed to be carrying its maximum current, while the others have 
half this current. The strength of the current is indicated approximately hy 
drawing the crosses and dots heavily or lightly. It is easily seen that the 
mid-points of the magnetic poles are situated at the junction of opposite 
currents, so that the neutral axes lie always at the centres of groups of wires 
carrying current in the same direction. 

To calculate the e.M.f. induced in the winding we make the assumptions 
that the field is distributed around the periphery according to the sine law, 
and that the coil-side is distributed between so many slots that it is equi- 
valent to a smooth winding. 

Let N 9 be the stator flux per pole # , 

z-l the number of stator wires per phase, 
and **-, the frequency of the stator current. 

On the above assumption the breadth of the coil-side is equal to \ of the 
pole-pitch, and we can employ equation (145) on page 281, viz. 

J5: i = 212JV r fl ^ I z 1 MO-* 

Now, on account of magnetic leakage, the flux N cutting the rotor- 
winding is less than that cutting the stator-winding. Moreover, the rotor 
wires are not cut with the primary frequency m^ but with the frequen 
slip **•. The E.M.F. induced in the distributed rotor-winding is therefore 

E 9 = 212N ~ z 2 ' . Mr*, 
where the rotor-winding is also three-phase with *,' wires per phase. 

In these coil-windings the breadth of each coil-side is equal to J of the 
pole-pitch. Each coil is completely wound with the requisite number of 
turns before proceeding to the corresponding coil under the next pair of poles. 

Another type of winding which can be used for both stator and rotor 
is the creeping bar-winding (wave-winding). In this winding (compare 
Section 96) the step is always in one direction, that is, it is a simple wave- 
winding, and, after going completely round the armature, arrives at a point 
near that from which it started. On proceeding with the winding, those 
wires which belong virtually to the same coil-side will lie together. If the 
total number of wires be *,, the winding-step will be given by the formula 

y 2p 

y must be an odd number, and z x must be divisible by 3, since the whole 
winding is to be divided into three phases. The principle of the winding is 
much clearer when a large number of wires is chosen, on account of a small 
unavoidable dissymmetry which is exaggerated when the total Dumber of 
wires is small. The values chosen for Fig. 371 are z x = 54, i.e. 18 wires per 
phase, and p = 2, which gives a four-pole winding. For the step, we have 

54 t 2 



• N in the total flux in the htator. It is 
and rotor, together with the leakage flux. 



« 14 or 13. 



made tip of the common flax Unking both tutor 
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For a singly reentrant winding, 14 is impossible, so that y = 13. The 
winding is connected up as a star- winding in Fig. 371, the external leads 
coming to wires 6, 24 and 42. The current is assumed to have its maximum 
value in the first phase, which, starting from the neutral point, passes along a 
to wire 1, where it goes down to the further end of the stator or rotor, crosses 




26 

Fig. 371. 

to 1 + 13 — 14, up which it comes to the front, and so on, in accordance with 
the following table : 

10 



1—14 

/ 
27—40 

53—12 

25—38 

/ 

51—10 



/ 
23—36 

49— 8 

/ 
21—34 

47— 6 



If we continued in this way we should obtain an ordinary direct-current 
winding. It would be closed on itself and by tapping three points, separated 
from each other by } of the pole-pitch, we should obtain a mesh-connected 
armature. By reference to Fig. 354 it is evident that the breadth of the 
coil-side would be equal to J of the pole-pitch. In Fig. 371, however, we have 
chosen star connection ; the end of wire 6 is led to a terminal or slip-ring, 
and wire 19 is taken as the beginning of a new phase. Whether star- or 
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mesh -connected, the breadth of the coil-side is the same, viz. | of the pole- 
pitch. 

To make the diagram as clear as possible, the slots are shown in two tiers. 
A thick line is drawn around each coil-side of the first phase, a thin line 
around each coil-side of the second phase, and a dotted line for the third 
phase. Since the sum of any two of the currents is at any moment equal 
to the third, the currents in phases b and c must flow towards the neutral 
point, so that, in following the winding of these phases from the neutral 
point* we shall continually oppose the direction of the current. The winding 
of phase 6 is given by the following table : 

19—32 28 

/ / 

45— 4 41—54 

/ / 

17—30 13-26 

43-2 39—52 

/ / 

15-28 11-24 

Similarly, the winding of phase c is as follows : 

37—50 46 

/ / 

9—22 5—18 

35—48 31-44 

7—20 a-16 

33-46 29—42 

The lines which have been drawn so as to enclose the various coil-sides 
make it very evident that the phases overlap. It is for this reason that the 
breadth of each coil is $ of the pole-pitch ; without overlapping the breadth 
could not exceed J of the pole-pitch. If the number of slots per coil-side 
be very large, and the field distribution sinusoidal, the E.M.F. induced is 
each phase of the stator is given by equation (146) on page 281 : 

£«r&42r i ~»4/.io-'. 

For a given terminal pressure, i.e. for a given back E.M. F. of the motor, 
the magnetic flux will therefore be greater in the ratio 212 : 1 84 than 
it would be for a coil-winding. This increase of flux requires a greater 
magnetising current, more especially as the creeping bar-winding is lea 
efficient in this respect than the coil-winding, as we shall see in the next 
section. The overlapping or consequent breadth of the coil-side is therefor* 
avoided in actual practice by making the winding slightly different from 
that shown in Fig. 371. Instead of winding the whole of phase a straight 
forward from 1 to 6 as shown in the table on page 359, we stop when a half 
is completed, viz. 1, 14, 27, 40, 53, 12, 25, 38. In the ordinary way we 
should have gone from 38 to 51, but we now pass from 38 to 2, at least, 
the actual connection is equivalent to this. From 2 we proceed in the 
usual way to 15, 28 etc., and pass through 54 and 52. The wires constituting 



the coil -aide are now 53, 1, 52, 54, 2, and they cover about £ of the pole- 
pitch. 

The method actually adopted is not exactly that explained above, for, 
after winding half the phase, the direction of the winding is reversed. This 
is merely to get symmetrical end-connections, and makes no difference in 
the principle of the winding. Another method by which the want of 
symmetry in Fig. 371 can be avoided consists in making the wires per 
phase a multiple of the number of poles, and neglecting entirely the con- 
dition 2py = z ± 2. In Fig. 372, for example, there are 4 wires, or 2 slots, 
per pole per phase. For the four poles this gives a total of 24 slots with 
48 wires. The slot-step is exactly equal to the pole-pitch, viz. 6 slots. 
If we start from the neutral point and follow round phase /, we pass 
from to 1, down 1, across the back to 7, up 7, across the trout to 13, and 
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Fig. 372. 

on. The regular step would take us from the bottom of slot 19 to the 
top of slot 1, which is already rilled. We therefore make the connection 
a little longer so as to pass to the top of the next slot 2. This longer 
connection is drawn slightly heavier. The winding then proceeds in the 
regular manner through 2 (top), 8 (bottom), etc. until we come to the bottom 
of 20, from whence we pass by a special connection to the bottom of 2, and 
reverse the direction round the winding. After passing through 2, 20, 14, 8 
a special long connection, shown by the heavy line, connects across to the 
bottom of 1, whence by 19, 13, 7 we come to the end of the winding. This 
winding allows the end-connections to be arranged very conveniently; all 
those at the further end of the armature are exactly alike, and span the 
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pole-pitch. This is also true of the front end, except, in the present case, 
for two slightly longer connections, which are adjacent to the beginning and 
the end of the winding. In general, if there are q' wires per coil-side, the 

winding will go round the stator or rotor \z times in each direction, and 

the number of long end-connections will be q — I 

The other phases are wound in exactly the same way. The beginning of 
phase // should be separated from that of phase / by J of the pole-pitch, 
but we can naturally start from the diametrically opposite but corresponding 
wire 17 instead of from 5. This is only true, of course, because this happens 
to be a four-pole winding. 

The em.f. of the above winding is exactly the same as for a coil- winding. 

Another type of winding, if we may so call it, is the squirrel cage, or 
the similar winding consisting of a number of separately short-circuited loops. 
Both of these are used for rotors. The E. M. F. induced in each wire is given 
by equation (142) on page 279, as 

2*22.^.^.1 .10-«. 
The electromotive forces in the various wires are out of phase, and there- 
fore cannot be added. If, however, we are merely concerned with the heating 
effect, we can imagine that a third of the wires are connected in aeries, if, at 
the same time, we take as the resistance the sum of the resistances of the 
third of the wires. We can then speak of the E.M.F. "per phase/' which will 
be given by the equation 

In general, we have 

E=k.N~z'. 10-, 

where k m 2*22 for squirrel cage windings, 

2*12 „ ordinary coil-windings, 

1*84 „ creeping bar- windings. 

119. The magnetic flux of an induction motor. 

In the present section we shall seek to prove that the magnetic field of an 
induction mutor has an approximately sinusoidal distribution. Moreover, we 
must calculate the magnetic flux produced by the stator and rotor currents 
with the different types of windings. Fig. 373 represents diagram matioally 
a coil-winding with a large number of slots per coil-side. For the sake 
of clearness, the stator periphery is shown straight and the coil-sides an' 
slightly separated from each other. The current in one phase is just at 
its maximum value, while in the other two it has half that value, as indicated 
by the crosses and dots. 

We see now that D is the centre of a north pole, while at the 
and G the north pole ceases and south poles commence. The strength of I 
field falls off on both sides of D, and corresponds at every point to the nural 
of ampere-turns which are effective at that point. This is represented by 
length of the arrows in the figure. 
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In order to calculate the excitation at various points on the periphery, we 
must observe that any line of force is produced by the ampere-wires which it 
encircles. If there are q wires in each coil-side, i.e. q wires per pole per 
phase, then 

at A the excitation is 0, 

„ B „ „ „ <( . t'o^, ampere-wires, 
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Fig. 373. 



If we plot the excitation at every point as ordinates on a base representing 
the pole-pitch 7r, we obtain the lower part of Fig. 373. Between A and B t 
and between B and D, the increase is uniform and is represented by straight 
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Fig. 374. 

ines. The mean excitation is obtained by finding the area of the shaded 
igure and dividing it by the base it. In this way we get 

Since the strength of the field at the various points of the periphery is 
proportional to the excitation at those points, it follows that the field curve 
has the same shape as the excitation curve, and is roughly a sine curve. 
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phase is without 






We turn now to the other extreme case, in which 
current, while the current in the other two phases is equal to 

i^ . sin 60° = 866 . i nxMX (Fig. 374). 
The wires between D and H form a coil-side of 2 . q\ 0866 . i,^, « 1*73 . q'. i^ 
ampere-wires. This is the effective excitation between points B and D, and 
is represented by the equal arrows between these points. Outside these 
points the excitation falls off uniformly, as shown by the arrows and by the 
shaded figure. By calculating the area of this figure and dividing by the 
base, we get 

Z Mewl = ^.2.J.l-73. y '.w-1155.9'.i mM . 

This differs but little from the value found above for the other extreme 
moment; hence, the mean excitation and the mean flux density in the 
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Fig. 375. 

air-gap is approximately constant. Taking the mean of the two limiting 
values, we have 



- M66 + M55 , . ..„ , . 

^wm m - — 2~ . ? • Imu = 1 10 . 7 . !„,„ 
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The flux produced is proportional to the excitation. The rotating field 
has therefore an approximately constant number of lines of force, but a 
maximum flux density which varies, according to Figs. 373 and 374, in the 
ratio of 2 to 173. The two-phase motor is inferior to the three-phase in this 
respect, since the fluctuations in its maximum flux density are much greater, 
as can be seen on reference to Section 112. 

The men value of the excitation can be determined in a similar maun?r 
for a wave-winding of the type shown in Fig. 371 (Fig. 372 is analogous to 
the coil-winding just considered). In Fig. 375 the current in one phase has 
its maximum value, while in the other phases it is equal to £ . i^. The 
conductors between .4 and B neutralise each other. The field strength 
between these points is therefore constant and corresponds to the ampere- 
wires between B and D. The number of these ampere-wires is 
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If we make the same assumption as before as to the large number of 
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slots per coil-side, the flux density will decrease uniformly from B to a point 
between B and D t where the north pole ends and the south pole begins. 
If the excitation is plotted on a base representing the pole-pitch, the shaded 
figure in Fig. 375 is obtained. 
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Fig. 376. 

The same is repeated for the other extreme case, when the current in one 
phase is passing through zero (Fig. 376). The wires between A and D may 
now be looked upon as belonging to one large coil-side, in the middle of 
which the field strength is zero. From this point the field increases uniformly 
on either side, until point B is reached, at which the excitation will be 

*;_ aa° _ n.QMi -' -r From B to A the field still increases 



2.|.w sin 60° =0866. q' 

uniformly but at a smaller rate. The excitation at A is due to all the 
ampere-wires between A and i), viz. 2q'. i miX . sin 60 n = 1*73 . q'. *„,. 
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Fig. 377. 

On comparing Figs 375 and 376 with Figs. 373 and 374, we find that 
the shaded curves have exactly the same shape, but that they have been 
exchanged, the flat topped curve being now obtained for the conditions of 
phase which previously gave the pointed curve. The ordinates of the present 
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curves are only 0*866 of the previous onlinates, so that equation (168) 
hwompfl 

^■»«u> - 0866. 116. ?'.w = 1005. q'.i^ (161 

We shall now consider the excitation produced by the currents in » 
squirrel cage rotor. The upper curve in Fig. 377 represents the field which 
cuts the rotor bars. It varies from point to point around the rotor according 
to the sine law. The E.M.f. induced in the various rotor bars, and the rota 
current i„ will also be a sine function of the position on the periphery. This 
is indicated in the figure by the crosses and dots being correspondingly 
thickened. The magnetising effect of these rotor currents will be zero at B, 
and will increase on either side up to the points A and C, where it will be a 
maximum. 

It hardly requires to be proved that the curve of the field produced by 
the rotor currents is also a sine curve, displaced 90° from the field cutting 
the rotor bars*. If the total number of conductors on the rotor be *,, the 

conductors per pole will be ~ , and the mean current taken around the rotor 
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The excitation at C is therefore 



■•» ,.,, — 



2/T 



Since we have just seen that the field has a sine curve distribution, 
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In order to compare the squirrel cage with the other 
types of winding, we may imagine it to be divided into three parts or phases, 

•,-3. aw. 



and put 



We have then 

2 2 . 3.2p.g' 12 , . 

• £ = ^ • 9 ■ W - 1-22 q . w. 
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In general, whatever the type of winding, we may write 

X mna =C. q'-i^n (171). 

in which the coefficient c has the following values: 

c= 1*005 for creeping bar- windings, 
1*16 „ coil-windings, 
1*22 „ squirrel cage rotors. 
If the area of the pole-face be A gt the flux per pole can be found from 
the formula 

047T . X mMn .A^ 0'4r7r.c.g'. im, *A g 



N=B metJi .A g = 



(1721 



1 *9 

* The average current in the bund of conductors DK is 

1 [+y . . sin 7 



and the number of conductors in this band is 



v 



-7 



The ampere-wires producing the field at 



D and E are therefore — *- 
p.* 

measured from />'. 



Bin 7. Hence the field is proportional to sin 7 whvrv 7 a 
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We have here neglected the reluctance of the iron and considered merely 
that of the double air-gap of length l g . 

If the above values of the coefficient c are compared with those of k on 
page 362, the corresponding values will be found to be almost proportional. 

120. The effect of the iron in the magnetic path. 

We shall now make use of the formulae which we have just established, 
to calculate the magnetising current of an actual 150 h.p. three-phase motor 



Sea tor 




I — I — i — i — I — I — I— \ — I — I- 
2 9 6 8 10 1Z f9 fS 18 20 Cnv 

Fig. 378. 

made by the Oerlikon Company of Zurich. The following particulars of this 
motor, together with Pig. 378, are taken from Arnold's "Konstruktionstafeln." 

Terminal pressure e=» 3,300 volts. 

Primary frequency ^ = 50. 

Number of pairs of poles j? = 6. 

Axial length Z«32'5 cms. 

Diameter of rotor D = 90 cms. 

The double air-gap 2,-0*15 cm. 

Total number of/tator conductors *, = 2,016. 

Combined length of a stator and rotor tooth ... = 6 cms. 

Ratio of tooth pitch to tooth width =2'5. 

From these data we get the following : 

3 300 
Pressure per phase e i =a-i 7Q- - 1.910 volts. 
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Conductors per phase z x * — 4 — 672. 

8 



Conductors per pole per phase 



3 , %p 

ttD.L 



56. 



= 763. 



Let N a be the total flux per pole produced by the stator at no-load. 
Since the pressure per phase e x is almost exactly equal and opposite to tbe 
induced electromotive force E lt we can apply the formula found on p. 362 
for coil-windings, viz. 

e, = E x = 212 N . -~, . z/.lO-* 

e,.10» 1,910.10* 



Bence 



IT. 



= 269 . 10*. 



WS.^.Ji' 212.50.672 
If we assume that 2 per cent, of this flux is lost in leakage and that 
98 per cent, of it passes through the rotor, the flux N in the latter will be 

iV = 0*98A r = 2(U. 10*. 
From equation (172) on page 366, we have 






in which c = 1*16 for coil-windings. 

N.l, 
we get t„ = 



Introducing the effective value H = -~, 

■ - 

= 4*5 amperes. 



V2 . 0-4tt . c . q . . 

This would be the magnetising current if the iron had no reluctance 
The actual current taken by this motor on open circuit was 6 amperes, which 
is 33 per cent, more than the above value. 

The main part of the reluctance of the iron lies in the teeth, on account 
of the flux density in them being very high, and the idea will suggest itself 
at once of adding something to the length of the air-gap to allow for this. 
Since the ratio of the tooth pitch to the thickness of the tooth is 2*5, and 
about 15 per cent, of the cross-section of the iron is lost in insulation, the 
flux density in the teeth will be 2*5/0*85 = 2*95 times that in the air-gap 
The length of air-gap equivalent to the teeth will be found by multiplying 
the length of the teeth by 295 and dividing by the permeability p. Tbe 
mean flux density iu the air-gap is 

N 2*64. W 



*^m«u — t 



763 



3,46a 



The mean flux density in the teeth is 2*95 times as high, and is therefore 
3,450 . 2*95 = 10.200. The magnetisation curve for the iron is given in Fig. 
379, and from this we find that a value of B equal to 10,200 requires 26 
ampere-turns per cm., Le. 

y = 2*6, andiT-0*47r.y 
B 10,200 



3*25. 



Hence 



3-25 



= 3,140. 
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The combined length of a stator and rotor tooth is 6 cms., so that the 

path of a line of force has a length of 12 cms. in the teeth. This means an 

IS ^'95 
equivalent addition to the air-gap of -^--^ = 0*011 cm. This will increase 

the value of l g from 0*15 to 016 and the value of i will increase in the same 
proportion, viz. from 4*5 to 4'8 amperes. This is still very much smaller 
than the actual value, and proves that the above method of allowing for the 
reluctance of the iron is incorrect. The reason for this difference between 
the calculated and actual current is to be found, mainly, in the fact that the 
iron has a particularly high permeability at the mean value of the flux 
density, viz. 10,200 lines per cm. We have assumed that the permeability 
was equally good at every point, which is far from being the case. A more 
reasonable method would be to take the mean permeability at the various 
flux densities, instead of the permeability at the mean flux density. Evan 
then, the result is little better. 
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The only reliable method of accurately determining the magnetising 
current is to draw a curve giving the relation between the flux density at 
any point of the air-gap and the ampere-turns necessary to produce this flux 
t v*. Then, knowing the excitation acting at each point of the periphery 
we can find from this curve the corresponding flux density. To plot the 
curve we choose several values of B ff and calculate the ampere-terms neces- 
sary for the gap alone from the formula 



Z r «0-8.J^./,, 



or, since in our case /„ = 0*15 cm. 



X ff = QS.B ff .0l5 = 0-123,. 



We then calculate the corresponding flux density in the teeth by multi- 
plying the density in the gap by the ratio of the crosa-sections. In our case 
then we have 

B t - 2-955,. 



* See Kapp's " Dynamo Construction.' 
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The ampere-turns per cm. of path for the Box density B r m fchfl teeth is 
found from the magnetisation curve for the stampings (Fig. 379). We have 

then 

Mf),-<- 

For l t we must put the total length of path in the teeth, that is, 
itor teeth and two rotor teeth, so that 



*,= (*). 2.6 = 12^. 



Adding X g and X tt we have the total excitation X necessary to 
the assumed flux density. This calculation has been carried out for v 
of B g from 2,000 to 5,200, and the results are given in the following table 



aloei 



B 


JT p =0-12i? f 


B t ^2^5B„ 


(f>, 


«■«»©, 


J„ + JT, 


2,000 


240 


5,900 


11 


13 




3,000 


360 


8,850 


19 


23 


863 


4,000 


480 


1 1 ,800 


a-e 


43 


523 


4,500 


540 


18,800 


54 


65 


605 


5,000 


600 


14,800 


107 


128 


728 


5,200 


624 


[5,800 


185 


222 


850 



In Fig. 380 we have plotted the values of X g + X t as abscissae, and the 
corresponding values of B g as ordinates. 

We must now assume a value of the no-load current and find the flax 
produced by it. If the result comes out far from the actual flux, we shall 
have to repeat the calculation with another value of the current. Seeing 
that our approximate calculation gave 4*8 amperes, we shall estimate ihe 
current at 5*5 amperes, so that 

to = 5'5 amperes, 
and % m%x = V 2 • » = 778 amperes- 

Half the pole-pitch is taken as a base line and the exciv plotted at 

every point, giving the curve X in Fig. 381, similar to the curve obtained in 
Fig. 373 for the same conditions. As before, it can be shown that the maxi- 
mum excitation is 

27V omRI = 2.56.7-78 = 870. 

For an abscissa <<| -n G the excitation has half this value The scale 
ampere-turns is plotted on the left-hand vertical axis. Points have bees 
marked on this axis corresponding to the values of X g -+- X t in the abow 

table, viz. 

X = X g +X t =2tt t 383, 523, 605, 728, 850, 

and horizontal lines have been drawn through these points to 1 enr« 

Ordinates have been drawn through the points of intersection, and 
L o the corresponding values of B g in the table, viz. 
B g - 2,000, 3,000, 4,000, 4,500, 5,000, 



Hence 
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The scale for B g has been arbitrarily chosen and is plotted on the right of 
the figure. The curve B g is drawn through the points found in this way, and 
represents the field distribution for a current of 5*5 amperes. The average 
flux density is determined by measuring the area enclosed between this curve 
and the base, and dividing it by the base. 

The result obtained with the aid of a planimeter was 

^ miao — 3,635. 
The same construction has been carried out in Fig. 382 for the other 
extreme condition, corresponding to Fig. 374. As found in connection with 
the latter figure, the maximum excitation is here 

1*73 q\ mhI = 173 . 56 . 7*78 = 750. 
The result obtained from Fig. 382 was 

"iiiwin = 3,583. 
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Fig. 382. 



The mean of these two values of the flux density in the gap is 

3,635 + 3,583 



// 



7IIICMI 



■2 



- 3,609. 



The total flux entering the rotor per pole is therefore 

A = 3,609. 763 = 275. W. 



N=B 



Ml.. VI 



This value is so near the required flux of 2*64. 10" lines that we may 
safely assume proportionality between current and flux. The magnetising 
current required for a flux of 2*64 million lines will therefore be 

5*5.2(54. 10- 



*0 = 



g^Tjgy— 53 amperes. 



Now, we have neglected throughout the reluctance of the stator and rotor 
oores. In addition to this, we have taken the flux density in the air-gap as 
inifonn, whereas the slots will cause it to vary, thus increasing the maximum 

24—2 
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density and the necessary excitation. Finally, we must remember that the 
observed no-load current of 6 amperes contains an energy component to cover 
the friction and iron losses. We cannot be surprised, therefore, that the 
calculated current of 5'3 amperes is about 10 per cent, smaller than the 
measured current of 6 amperes. Our last result is certainly more n 
than that obtained by taking the permeability for an average value of the 
flux density. 

121. The torque of an induction motor. 

To calculate the torque wo shall assume that the rotating field is exactly 
sinusoidal, with the same flux per pole as the actual field. We shall confine 
our attention in the first place to a coil-side of the rotor-winding, with a 
breadth 2y and with its centre displaced by the angle a, from the point 
where the field is zero (Fig. 383). We saw in Section 90 that the E.M.F. 
induced in such a coil-side, and then-for** &e current in it, is prop>rtional to 
the sine of the angle a x . The instantaneous value of the rotor eurreur ■ 
therefore 




ooopoo 

Fig. 383. 

This current is the same for every wire in the coil-side, but the field in 
which each wire is situated is different. To find the value of the torque at 
this moment, we must determine the average strength of the field <>vrr the 
arc 2y. The flux density at any point is equal to B mux . sin a, where a is the 
angle between this point and the point of zero field strength. The average 
over the arc 2y is found as follows: 

£ = o- £„.n • sin a . da m B mms . i.siuo,. 

-7-U-y 7 

To calculate the torque we shall require the product of the mean nVld 
strength and the momentary value of the current. We bftTO 

d z> ■ 8m 7 * « 

In this equation t, is the momentary value of the current, and JS 
mean value of the field strength over the coil-side at that moment. 

Now the coil-side moves steadily through the field, Lo, the angle ^ varie» 
from 0° to 360°, and, since the value of the product t, . B is proportional t« 
the square of the angle Oj, its mean value can be found in exactly the same 
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way as the mean power was determined in Section 71. 
equation (115) on page 223, we have 

-ft- i • Hw. sin 7 

2 * 7 ' 



Analogous to 



(•B • *l)uK*0 = 



The furce on the coil-side in dynes ia found by multiplying together the 
strength of the field, the absolute current in the wire, and the total length of 
effective wire in the coil-side. Since, how e v e r , the same mean force is given 
by every coil-side during a period, the total tangential force on the rotor is 
equal to /, where 

/=%^.^.*,. I dynes (173). 

This force acts at an arm equal to the rotor radius r. Since the 
cylindrical surface of the rotor is equal to the product of the polar surface 
A g and the number of poles 2p, we have 

p. A 
or r = *—- . . 

To convert the torque or turning-moment from dyne-cms. into kg.-metres, 
we must divide by 981,000 . 100. Thus we get 

_ f.r = 2p.B mMM .A i 

!»"S1 in" 77 



M t = 



Since 



K 



-A 



40 . 9-81 . 10' 



MM 7 

7 



.(174). 



Substituting, further, the effective current i, for t,,,,/^. we get 

Jfi«8-6.p.i^# 1 .i 1 .10-».5E2 (175). 



The breadth y becomes for a squirrel cage, is equal to 7r/3 for a coil- 
winding, and 2?r/3 for a creeping bar-winding. 

The ratio entered into the coefficient k in the equations (144), (145) 

and (146) for the electromotive force. We come, therefore, to the conclusion 
that, with various rotor-windings, the torque is proportional to the coefficient 
k for the e.m.f. induced in the rotor. 

The same result, together with the formula for the torque, can be obtained 
directly by imagining that the rotor is fixed, and that the whole power 
supplied to it is dissipated in heating the rotor or a resistance connected in 
series with it. Let H be the actual field cutting the rotor bars, as the 
resultant of the stator and rotor currents. This field cuts the stationary 

rotor- winding with the primary frequency ^i~P *ok* where nj is the revolu- 
tions made by the field per minute. The current in the rotor will be in 
phase with the E.M.F. induced by this field. 1( this E.M.F. in each phase be 
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E % , and the total number of rotor conductors z lt then the total power supplied 
to the rotor will be 

P 9 = 3E t .i, = 3.k.N.~ l .zjAO*.i t = k.N.~ i .z i .lO-*.i t (176). 

This power is supplied to the rotor by a field which rotates with an 
angular velocity 



2,r '60 



[7T.— 
P 



Now, the power in met.-kgs. per second is equal to the product of the 
torque and the angular velocity. Remembering that equation (176) gives 
the value of P a in watts, and that a met.-kg. per second is equal to 9'81 watta, 
we have 

P, = Jf t .oj.9'81. 

Substituting for P, and or, we get 

«- **-fcte~ <"" 

We have assumed here that the rotor is fixed, but this is quite immaterial 
so long as the values of N and i, remain the same. If we substitute for t the 
values found for it on page 362, we get the same values for the torque as 
those found above. This is therefore a check on the above result. 

It is interesting to compare the torque of a three-phase induction motor 
with that of a D.c. motor. For the latter we found, in equation (98) on 

page 191, that 

p.N.z.i a AO-* 



M t 



et.27r.9-81 



r 2a 



2a 



is the current in each armature conductor. From equation i I 



a squirrel cage rotor we get a coefficient of 3"6 instead of 325, but the 
equation is otherwise the same. Hence, other things being equal, the 
squirrel cage three-phase motor gives a 10 per cent, greater torque than the 
direct current motor. 



122. Calculation of slip. 

We saw in Section 117 that the completely unloaded rotor runs synchro- 
nously with the field, i.e. at the speed 

~,.60 
•H- — ■ 
We saw, moreover, that, as the motor is loaded, the speed decreases to a 
value n such that the rate at which the lines of force are cut is sufficient to 
induce the necessary e.M.f. E % in the rotor. In this way a current is produced 
in the rotor, and this current produces the necessary torque, in accordance 
with the equations established in the previous section. 

■ In this case we must use the mechanical angular velocity and not the phase or vectorul 
angular velocity 2r~, = 2r . p . "' . 
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The slip, or the frequency ~*, with which the field cuts the rotor-winding, 
corresponds to the difference between the speed of the rotating field and that 
of the rotor, and 

n^ — n 

The small E.M.K. which is thus induced in the rotor-winding is given by 
the equation 

E t = k.N~s,'AO~*. 

By N we understand the field which actually cuts the rotor conductors, so 
that there is no difference of phase between E, and the rotor current i*. If 
the resistance of each phase of the rotor-winding be R it we have 

E % = la . Xlf. 

The power wasted in heating the three-phase windings of the rotor is 
therefore 

3.^ 1 .22 a «3.£,.A«£.#'~4i.lO-*.t; (178). 

s, has been substituted forS*,'. By dividing this equation by equation (176) 
we get 

2%£-= d79). 

Hence, the slip, expressed as a percentage of the synchronous speed, is 
equal to the percentage of the power supplied to the rotor which is lost in 
heating the rotor-winding. This explains why motors are always made with 
a small slip. It is evident that the slip can be made to have almost any value 
by suitably altering the rotor resistance. 

It is interesting to compare the behaviour of a three-phase motor with 
that of a direct-current shunt motor. For the latter we have the equation 

e t i a = E.i m + i a 2 .R a . 

In this equation e.i a is the power supplied to the armature, while E. i a is 
the power transformed into mechanical output. These two powers are in the 
ratio of e to E, that is, the ratio of the speed n at perfect no-load to the 
speed n when loaded. Hence 

E.i* _ n 
e . i fl n a ' 

e.i a -E.i a i a *.R* 



and 



ti — fl 



The jx^reentage drop of speed from no-load to full load is therefore equal 
to the percentage loss of power in the armature winding. 

Let us now consider the case in which the slip is 100 per cent. This 
occurs at the moment of starting, before the motor begins to rotate. The rotating 
field cuts the rotor-winding at the high primary frequency ^, and induces a 
very large E.m.f. in it. The current in both rotor and stator might then be 
so great as to damage the motor and cause a complete breakdown. It is for 
this reason that squirrel cage rotors are generally confined to small motors. 
They can be used, however, for large motors, if they are brought up to the 
normal speed before switching the stator on the supply mains, or if they are 
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started up together with the generator. Large squirrel cage motors are 
largely used in the United States ; they are generally started at a reduced 
terminal pressure, a special transformer being supplied tor the purpose. 

The majority of motors above about 5 H.P., and many smaller ones, have 
rotor-windings into which resistances are introduced at starting. These 
\\ m< lings can be connected either in star or mesh. Although a mesh -connected 
rotor-winding is closed on itself, it is electrically open until the three corners 
of the mesh are connected together, either through the external starting 
ance or by short circuiting the slip-rings. The starting resistances are 
most conveniently arranged in star connection. 

Liquid resistances are often used for starting induction motors. The 
resistance is gradually reduced by dipping the electrodes further into the 
liquid. The starting resistance does not merely reduce the current taken by 
the motor but materially increases the starting torque (compare Section 126). 

It is evident from equation (179) that the slip is increased and the B] 
consequently decreased by putting resistance in the rotor circuit. Tii 
analogous to putting resistance in the armature circuit of a shunt motor and 
leads to the same large waste of power. The spec! varies, moreover, with 
every change of load. 

It has been tried to vary the speed by altering the number of poles of the 
stator, but the necessary connections are very complicated. If two motors 
are coupled, as is generally the case in traction, they can be made to run at 
halt speed by supplying the primary of one from the secondary of the other. 
This so-called cascade arrangement has been adopted on an Italian railway. 
It cannot be denied, however, that the constant speed of the induction motor 
and the lack of an efficient speed regulation make it very unsuitable for a 
great many applications. 

The consideration of a motor with its rotor fixed and considerable resist- 
ance in series with the rotor-winding is of special interest. The whole power 
supplied to the rotor is dissipated as heat in the rotor and starting resistance, 
and the motor is nothing more than a transformer. If the current is the 
same, the total power supplied to the rotor is the same as when the motor 
was running. The heat produced in the starting resistance is equal to the 
mechanical output of the motor when working normally at the same current. 
The study of the induction motor is much simplified by looking upon it as a 
transformer, to w T hich the laws and equations which we have established for 
transformers can be applied. The feet that the field is here a constant 
rotating one, and not a simple alternating one, introduces no DM 
difficulty. 
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123. Rotor current, torque, and output in relation to the 
slip, neglecting leakage. 

We shall assume, for the sake of simplicity, that there is no magnetic 
leakage, so that no lines of force pass across the slots in stator or rotor. 
There is then only one flux which crosses the air-gap and links both stator 
and rotor conductors. This flux is produced by the combined action of the 




Fig. 384. 

stator and rotor currents. We shall assume that this flux N has a positive 
maximum at A and a negative maximum at B, so that A is the mid-point of 
a north pole and B the mid-point of a south pole. The lines of force pass 
vertically downwards, and the vector OX may represent the ampere-turns or 
resultant excitation producing this flux. 

If the field b*> rotating in the clockwise direction, it will induce a current 
in the rotor with maximum values at A and B. 
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By means of the right-hand rule it is seen that the current at A is 
towards the observer, while at B it is away from him. Each coil-side of tbe 
t.hn o-phase rotor-winding is distributed between 4 slots. The points and 
crosses in the slots at A and B are drawn heavy to indicate the maximum 
current. In the other two phases the current has half this value. 

The vector 0X t of the excitation due to the rotor currents alone must be 
drawn horizontally from left to right, siru-e this is the direction of the flux 
which the rotor currents alone would produce. 

In order to give the resultant excitation 0X } u is necessary for the stator 
excitation to be equal to 0X X both in magnitude and phase. The stator 
currents have their maximum values at C and D t with crosses at C and dote 
at 2>. The stator has 3 slots per pole per phase. The current will have its 
maximum value in the phase CD and half that value in the other phases. 

From Fig. 384 we see 

( 1 ) that the primary and secondary currents are in approximate 
opposition, as in the ordinary transformer ; 

(2) that the current induced in the rotor is strongest at the point 
where the field cutting the rotor is strongest ; and 

(3) that the rotor-current vector is at right angles to the rotor field 
vector. 

When, now, W8 remember that the rotating field cuts the stator as well 
as the rotor, we see that the E.m.f. induced in the stator-winding will be s 
maximum at points A and B, whereas the maximum stator current is at 
C and D. 

We see then 

(4) that the stator current lags behind the stator pressure by the 
angle <f> in the figure. 

This comparatively large angle of lag is due to the fact that the induction 
motor has to produce its own field, and that, since the magnetic path neces- 
sarily includes the air-gap, there must be a large wattless or magnetising 
current. Although the air-gap is sometimes reduced to a quarter of a 
millimetre or less, it is only in large motors that cos <f> can be got up to 0*9, 
and only in extremely large ones that this value of the power-factor can be 
exceeded. The wattless current, as we have already seen, causes a needles 
loss in the wire in generator, mains, and motor, besides having a bad effect od 
the pressure regulation of the former. For this reason, induction motors 
must be constructed relatively larger than direct-current and synchronous 
motors. Finally, the large magnetising current is especially unfavourable 
when the motor is running light. 

We shall now calculate the most important values for an ideal motor free 
from magnetic leakage. If the obmic pressure drop in the stator is small, 
the induced E.M.F. in the stator will be almost equal to the constant pressure 
Ci applied to each phase. It also depends on the magnetic flux N which, in 
the absence of leakage, links both stator and rotor. The induced K.M.F. in 
the stator is given by the equation 

E^k.N^z^ 10-*. 
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If the value of E x is equal to that of e x , it must be constant and, an is 
evident from the above equation, the flux N must also be constant. 

If this field, which we have seen to be common to both stator and rotor, 
cuts the rotor conductors with a frequency m corresponding to the slip, an 
E.M.F. will be induced in the rotor-winding, in accordance with the equation 

We shall assume, for the sake of simplicity, that the windings of stator 
and rotor are similar, so that both have the same value of it, 

The rotor current i t will be equal to E^R*, and is therefore proportional 
to the slip. We can express this by the equation 

h - c t . -~, 
where Ci is a constant. 

77m? torque is proportional to the product of the rotor current i, and the 
flux N (equation 177). In our case the latter is constant, while the current 
is proportional to the slip. By introducing a constant Cj we can write 

M t = c . ~. 




Fig. 385. 

The power transmitted to the rotor is also proportional to the product 
if.N (equation 176). Since the flux is constant, this power is therefore 
proportional to the slip, and we can put 

P B — c,.~, 
where c, is another constant. 

The mechanical power P t including the power wasted in friction, can be 
found by subtracting the copper loss in the rotor from the total power trans- 
mitted to the rotor. Now, the copper loss is proportional to the square of the 
current, and therefore to the square of the slip. If c« be another constant 
and R, the resistance of each phase of the rotor, we have 
P - P* - 3 . ta* . R, = c, . ~» - c 4 . ~ 9 . 

The rotor current, torque, transmitted power and mechanical power are 
plotted in Fig. 385 on a base line representing speed. OA is equal to the 
speed h„ at no-load and OB is equal to the speed at a certain load. The 
difference OA — OB = AB\a equal to the revolutions per minute lost by the 
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slip. The first, three <>f the abovi; qu&Iititiea are proportional to the slip and 
will therefore be represented by straight lines through A. The mechanical 
power, on the other hand, is given by the ordinates of the parabola in the* 
figure. It must be zero, both at where the rotor is at rest, and at A whore 
the motor is running light. It will reach its maximum value for a m 

equal to -^ , i.e. for a slip of 50 per rent. The normal working position is 

much further to the right where the slip is small and the efficiency con- 
sequently high* 

An actual motor differs from this Idea] motor in almost every respect, but 
especially with regard to the starting torque and overload capacity. 

At storting, the speed is nil and the torque, according to Fig. 385 f is vm 
large. As a matter of fact, the effect of leakage in an actual motor is to 
make the starting torque extremely small. Resistance has to be inserted in 
the rotor circuit to enable the motor to start against the normal load. 

This can be explained by the large leakage flux caused by the excessive 
currents in stator and rotor when the slip is 100 per cent. The flux which 
cuts the rotor conductors is thereby so reduced that there is very little torque 
in spite of the large rotor currents. Hence, the starting resistance not only 
reduces the otherwise excessive current taken by the motor, but also enables 
the motor to exert a large starting torque. This will be more clearly under- 
stood after studying the circle-diagram of Heyland, to which we now proceed 



124. The circle-diagram, neglecting primary losses'. 

We shall consider, in the first place, the general effect of the leakage, 
before passing on to the vector diagram and an accurate determination of the 
various quantities involved. 

When there is no load on the motor, the total stator field is made up of 
two fields, one, the flux which crosses the air-gap and enters the rotor, the 
other, the primary leakage flux N tr Both fluxes are produced by the no-lo*d 
stator current, and are therefore in phase with each other, and inversely pro- 
portional to the magnetic reluctances of the air-gap path and the primary 
leakage path. 

When the motor is loaded, the flux N" fft which crosses the air-gap, is pro- 
duced by the combined action of the stator and rotor currents. 

It was formerly the custom to consider this air-gap flux as linking the 
rotor-winding (Fig. 386) and inducing therein an E.M.F. sufficient to maintain 

* The historical development of the circle -diagram is very interesting. Heyland publiibd 
the diagram in the K. T. Z. on the 11th Oct. 1894, and gave further developments on page***? 
and 623 for the year 1695. In the E. T. Z. 1896, page G3, Behrend developed the diagram 
analytically, hut made a small error in the determination of the rotor current. The convenient 
determination of the slip and losses was given by Heyland in the E. T. Z. for 1896, p. 138. (Se* 
also Heyland's " Eine Methode zur experimentellen Untersuchung an InduktionamotortQ," 
published in Voit's "Sammlung," Vol. n, 1900.) Emde corrected Behrend's error in a letter U> 
the E. T. Z. 1900, p. 781, which opened an interesting discussion. In the "Z. for E." Vienn*. 
for 1699, Ossanna gave the diagram, corrected for stator loss. (See also an article by Ostanns id 
the E. T. Z. 1900. p. 712, and also by Tuomalen in the E. T. Z. 1903, p. 972.) It is interesting 
to note, however, that Osaanna's circle was really included in Hnyland'a nrst publication. 
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the rotor currents against the resistance and self-induction of the rotor- 
winding. The ohmic pressure drop in the rotor would then be equal to the 
taut of two electromotive forces, produced by the fluxes N ff and JV^ 
respectively. This second mix is the rotor leakage flux and it is not in phase 
with the air-gap flux. As a matter of fact, however, these two fluxes do not 
exist separately in the rotor, but combine to form the resultant rotor flux JV. 
It is therefore preferable to consider that only a part JV of the air-gap flux N a 
passes round the rotor-windings, while a part ft\ is forced along the leakage 
paths by the back ampere-turns of the rotor current (Fig. 387). 

In Fig. 388, let the vector LD represent the flux JV" which passes through 
the rotor-winding. The E.m.f. induced in the rotor-winding by this flux will 
lag 90* behind it, and will be in phase with the rotor current, since, in 
accordance with Fig. 387, this E.M.F. has to cover merely the ohmic pressure 
drop and not the self-induction. Hence LB = i, is perpendicular to LD. 





Fig. 386. 



Fig. 387. 



The secondary leakage flux N ty = LE = DA is drawn in the opposite 
direction to the rotor current, because, from the point of view of Fig. 387, this 
flux is produced by a current which exactly balances the back magnetomotive 
force of the rotor current. 

The flux N 9 in the air-gap is the sum of the rotor flux JV and the 
secondary leakage flux JVj,. We have, therefore, N g = LA. 

The magnetomotive forces of the stater and rotor currents are nearly 
opposed to one another. Their resultant, however, mu3t be such as to 
produce the flux N ff in the air-gap. If c be a constant and R the reluctance 
of the air-gap and if, moreover, both stator and rotor have the same number 
of turns, Ohm's law for the magnetic circuit gives us the equation 

JV «^*2 

In this equation \ g is the magnetising current which is necessary to maintain 
the flux JV, across the gap. It will be the resultant of the primary and 
secondary currents. If the scale to which the current is plotted be suitably 
chosen, the length LA can be made to represent the current t, as well as the 
flux N g . If LB represents t, to this same scale, the primary current i\ must 
be represented by the line AB. For the sake of compactness, we have drawn 
the triangle of forces instead of the parallelogram. 
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The primary leakage, flux N ix , which links the stator-winding 
crossing the air-gap, is in phase with the primary current, and is represented 
by the line AO in continuation of the line BA. The total flux N e in the 
stator is represented by LO. With a constant terminal pressure, and 
consequently, on our present assumptions, a constant induced E.M.F 
in the stator, the primary flux N = LO is constant at all loads. 

Let R^ and R^ be the reluctances of the primary and secondary leakage 
paths, and let 

R R 



Ti = 



V 



T| = 



ft 




Fig. 388. 
Then, from the magnetic Ohm's law, we have 

c.ii c 



AO = N> 



DA-N^ 






h = T, . h 




• T, . t* = T, . t*. 



R tt R 

It is to be noted that we have so chosen the scale of current in Fig. 388. 
that the same length, viz. AL t represents both i ff and N 9 , which, since 



c.t 



N„ = -^, is equivalent to putting ««L Now, the point A divides the 
line OB in the ratio of t x to 1, and as DAF is parallel to BL % it follows that 



FA 



1 + T, 



It is also evident that the point F divides the primary flux LO in the 
ratio t, : 1, that is, in the ratio of the reluctances of the air-gap to that of thfl 
primary leakage path. Since the flux will divide between two parallel paths 
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i inverse proportion to their reluctances, OF must be the primary leakage 
ux at no-load, and FL the corresponding flux in the air-gap. If % be the 
o-load stator current, it follows from the magnetic Ohm's law that 



FL = 



C.to 



= l fl 



R -*' 

hence OF = r x . FL » t, , i . 

If we draw AG parallel to DL, i.e. perpendicular to FA, we get 

FG = FL FA 1 + Tl " 



FA + AD — t, . 
By simplifying this and putting 

T^Tj + Ta+T^a, 

re get FG = ^. 

Hence, both F and G are fixed points on the constant line L0 t and the 
K)int A moves on a semicircle on GF as diameter. If, now, the whole figure 
>e enlarged in the ratio t, ; 1, and allowance be made for the feet that the 
otor conductors are not equal in number to those on the stator, but are only 

- of the latter, we have the following values : 
i 

0-P=to, FG = ^ (180), 

T 

0A-i>. w-r^.& (isi). 

The end of the primary current vector moves on a semicircle on the 

liameter 5? (Fig. 389). 

It is evident that the conditions at various loads are largely dependent 
>n the leakage coefficients r x and r* and the resulting coefficient t. The 
ralues of t, and t, be between 007 and 0*02. If Tj and t, are assumed to be 
squal, the value of t can be found from the table on page 387. 

125. Output, torque and slip from the circle-diagram. 

From equation (176) on page 374 we know that the power supplied to 

;he rotor is 

Pi^k.N^Zt.lQ-'.is. 

Since the point F in Fig. 388 divides the line OL in the ratio Tj : 1, it 

N 
follows that FL = ^ — — . From the same figure, we have 

1 +T| 

N=LD = FL. 008/9 = ^-008)8 (182), 

1 + Tj 

ind, from equation (181), 

V*-(l + r 1 ).Fil.* 1 «(l + r 1 ).fcl.3.* 1 '. 
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A IT 

If, now, we put FA = ^ (Fig. 389), and substitute these values of 

cosp ° 

i,.* t and N in the above equation for the power supplied to the rotor, 

we get 

P t = Z.k,N^z x '.AH. 

On the assumption that there are no losses in the stator, the terminal 
pressure e K will be represented by a vector perpendicular to N % and also to i,, 
aa shown in the figure. The ordinate AH is therefore the energy component 
t,cos£ of the primary current. The product k.lf 9 **\*{ is equal to the 
electromotive force E u and therefore also to the primary terminal pressure 
e,. On substituting these, values, we get 

P, = 3. e t .AH**$.e l .i l .ca&$ (183). 

This proves that the power supplied to the rotor is equal to that supplied 
to the motor itself, which is, of course, a necessity, since we have neglected 
stator losses. 




Fig. 389. 

The power P 3 is transmitted to the rotor by means of a field which 
rotates with an angular velocity ««2w^,//), and it is immaterial whether 
the rotor is fixed or rotating. The torque is obtained by dividing the power 
by the angular velocity, hence, 

U P * P *-P 4 1 

<a.9'81 2^.^.9-81 



If we substitute for P t its value from equation (183), we get 



M t 



AH = 



V^-.^-ffmet.-kgs. 






2ir.<v,.9-81 > 20 

Not only does the Heyland diagram, however, enable us to read off th** 
power transmitted to the rotor and the torque exerted, but it also gin- 
direct reading of the slip corresponding to any value of the stator current 
Equation (179) on page 375 expresses the important fact that the percentage 
slip is equal to the percentage power lost in the rotor-windings, or 



Output, torque and sUp from the circle-diagram 385 

By squaring each side of equation (181) on page 383, we get 

and from the figure it is evident that 

It follows from these two equations that 

By substituting this for i, 1 in the above formula for — , and putting 

UP 
P % *=%e x -AH, and -j~=tan/9, we have 



-<7.tan£ (185), 



where g. O^J tfU' ^ 

T */ «, 

The percentage slip is therefore proportional to the tangent of the angle 
£. To determine it graphically, the line OK in Fig. 389 is drawn so as 
to make an angle fi with the horizontal, where 

tan ft- J (187). 

If this line cuts the semicircle at J, when the load is such that the primary 
current becomes 0J t the slip *•> will be equal to «*,, because 

— -0.taa&~l, 

The slip will then be 100 per cent., and the motor is therefore at rest. 
0J is the so-called short-circuit current, i.e. the current taken by the stator 
when the rotor is fixed, or at the moment of starting. 

A point K is taken on the line GJ so that the perpendicular KN on to 
the base is exactly 100 mm. long. This perpendicular cuts the line OA in 
the point M. When the primary current is OA, we have 

— m v . tan p — ■=- « -^jf , 

~i ^ tan p 9 KN 

and since KN is 100 mm. the length of MN in mm. is equal to the per- 
centage slip. 

We could determine the mechanical power, or output of the rotor, by 
decreasing the power supplied to the rotor by an amount corresponding to 
the slip. A simpler way of proceeding is to join FJ 9 cutting the ordinate AH 
in the point P. The angle FPH is equal to £ 0| and we have 
~_tan£ HFIHF PH 
«*!~ tan /3 = AH I PH~ AH' 

* The resistance — — j-* is the secondary resistance reduced to its equivalent primary value, 

as we have already seen in connection with transformers. If the windings on stator and rotor 
are dissimilar, k 1 z l and k t t t must be substituted for § s and *, in equations (181) and (186). 
(Compare page S66.) 

T. S. 25 
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Since the percentage Blip is equal to the percentage loss in the rotor. 
S.if.R, ~ _PH 
P, " ^ " AH' 

W< have already seen that AH is a measure of the power transmitted to 
bhfl rotor, whence PH must represent to the same seal-- bhe loss in the rotor, 
and the difference AP, the mechanical power or output. It is evident frum 
equation ( L8S) on page 384 that the mechanical output P may be expressed 
as follows : 

P = 3.e>.AP watts. 

This output consists of the frictional loss and the useful output. 



126. Normal load, starting torque and maximum torque. 

The induced E.M.F. lags, roughly speaking, 90° behind the mag" 
current, and the E.M.F. vector should be drawn vertically downwards in 
Fig. 390. If the Btabor losses be neglected, the terminal pressure vector will 
be exactly opposite to the E.M.F. vector, and will make an angle 4> with the 
primary current, as shown in Fig. 390. The angle of lag will be evidently a 




Fig. 390. 

minimum when the current vector is a tangent to the semicircle, and th* 
motor should be so designed that the normal working conditions correspood 
approximately with this position. The maximum value of the power-factor 
is given by the following equation ; 



(cos $)»«= -: 



It 



2t 



+ «o 



2t + 1 






Hence, if the primary losses be neglected, the maximum value of the 
power-factor depends only on the leakage coefficient t. 

The table given below shows the maximum power-factors attainable vitf 
different values of the leakage coefficients, on the assumption that t,=t,. 
We see that a value of cos = 0'9 can only be obtained by making t, and r, 
as small as 003, which is about as small as it is possible to reach*. It a 

* HeyLand makes cos«£=l by fitting & commutator with a small number of segments to to 
rotor and supplying the magnetising current to the rotor instead of the sutor. Since tb» 
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further evident that, for a given value of t, the value of the primary current 
*i, corresponding to the maximum power-factor, has a definite relation to the 
no-load current i„. This is expressed in the equation 

t,'2T = (c0t *W 

From this equation we can determine the most advantageous value of the 
ratio i /ii. The values have been calculated and are given in the table below. We 
see that under the best conditions the no-load current lies between \ and | of 
the normal full-load current. This relatively large no-load current is caused 
by the air-gap between stator and rotor, and, although a wattless current, Ls 
one of the greatest disadvantages of an induction motor. Even when the 
leakage of stator and rotor is reduced to 2 per cent, each, the no-load current 
is still 0197 of the normal current. For example, a 500 h.p. motor of 
the Alioth Company*, which, on account of its size, should give very good 
results, had a no-load current of 9*3 amperes, and a full-load current of 
50 amperes. This gives a value of the ratio t : t, equal to 9'3 : 50 or 0186. 
It is safe to conclude that this motor had leakage coefficients r x and r % of 
2 per cent., since the normal current vector of 50 amperes would almost 
certainly be tangential to the Heyland circle. 

We turn now to the overload capacity of the motor, still keeping to the 
assumption that the motor runs at its normal full load with the smallest 
possible value of <f>. The primary current t, is the tangent to the semicircle, 
and ^(cos^uu is a measure of the normal torque (equation (184)). The 

maximum possible torque is given to the same scale by the radius ~~ . The 

overload capacity, or the ratio of the greatest possible to the normal torque, 
is therefore 

maximum torque _ i«/2t io/*, 

normal torque t, . (cos ^Xn^ 2t . (cos <£) m „ ' 
The last column of the following table has been calculated from this 
formula. 











Overload ratio 




f-Tj + Tfc+Tjf, 


(«•>»—- lr+1 




'o/'i 


T i— T s 


2r . (co* 0)^, 


007 


0145 


0-776 


0-355 


1-58 


006 


0124 


0-802 


0-33 


1-65 


005 


0103 


0'83 


0305 


1-78 


0-04 


0082 


0-86 


0275 


195 


0-03 


0061 


0*892 


0-24 


2-2 


002 


0-040 


0-925 


0*197 


2-6S 



frequency of the k. m. f. induced in the rotor is very small, a small pressure is sufficient to drive 
the magnetising current through the rotor- windings. This Bmall pressure is usually tapped off 
from the stator coils and applied to the brushes. The wattless magnetising current in practically 
negligible compared with the whole current supplied to the stator, so that the motor has a, 
power-factor of unity. (See the E. T. Z. 1901, p. 033 ; 1902, pp. 28 and 533; 1903, pp. 51, 72, 
95 and 213.) 

• SeeE. T. Z. 1901, page 547. 

25—2 
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It is evidently very difficult to obtain an overload capacity of 2 6 times 
that obtained with the maximum value of cos <f>. It is possible, of course, to 
design the motor so that the normal primary current vector falls below the 
tangent. The value of cos <f> is not greatly decreased, and the overload 
capacity, with regard to the normal torque, is increased. 

A point of special interest and importance is the torque at starting. If 
the resistance of the rotor is negligibly small, equations (186) and (187) give 
us the following result : 



tan A* 



T.r, 



= x. 



c (i + T 1 y.z l *. J K t .t, 

The angle /?„ is then equal to 90', and the points J and G in Fig. 389 
fall together. OG is therefore the theoretical stator current at starting, on 
the assumption that the rotor resistance is negligibly small. Under these 
conditions the starting torque is evidently zero. 

Even when the actual resistance of the rotor is put into the equation 
for £ 0l the line OJ is still very nearly perpendicular, and the point J, the 
ordinate of which gives the starting torque, is still very low. It is evident, 
however, that the resistance of the rotor circuit can be increased to any 
desired extent by putting starting resistance across the slip-rings. As can 
be seen from the above equation, the angle- & will be thereby decreased, and 
the ordinate of the point J, which gives the starting torque, increased To 
make the motor start with its maximum torque, the angle #, must equal 45'. 
so that tan & = 1. If the combined resistance of rotor and starting resistance 
per phase be R* t the conditions for this maximum starting torque are as 
follows; 



tan A 



T. *. 



or 



*- 



T - «? - ft 



= 1, 



With this resistance per phase the motor will exert the maximum torque, 
as given by the diagram, at the moment of starting. 



127. The circle-diagram, corrected for primary copper loss. 

Up to this point we have assumed that the resistance of the stator- 
winding and the consequent losses could be neglected. On this assum 
the terminal pressure e, can be represented by a vector equal and opposite to 
that of the induced E.M.F., and making an angle of 90 J with the no-load 
current t„. As a matter of fact, however, the terminal pressure e } has not 
only to overcome the back E.M.F. E % , but has also to drive the current t, through 
the resistance R y . In Fig. 391 the terminal pressure vector e, is drawn 
vertically, as before, and the primary current vector 0P=i, lags behind t\ 
by the angle <f>. Along OP is drawn the primary copper drop 0P t = i, . ft- 
The vector E x which counterbalances the back E.M.F. is the side of a jiarallel- 
ogram, of which OP a is the other side and e^ the resultant diagonal E x is 
evidently smaller than e lt and the magnetic flux and magnetising current 
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must be correspondingly reduced. We may assume as an approximation 
that the reduction of magnetising current is proportional to the reduction of 
flux. The reduced magnetising current 0F X is at right angles to E u and 
0F X : F x G x — r. The end P of the primary current vector lies on the circle 
on the diameter F X G X with the mid-point P x . The position and size of this 
circle varies with every change in the load, but we shall use it to find the 
locus of the point P. To this end we must find the equation to the circle 
on F X G X , that is, we must express the co-ordinates of the centre P Xt and the 
radius of the circle, as functions of the co-ordinates of P. 

Let OF=i be drawn at right angles to e, to represent the no-load current 
for a stator without resistance, that is, the current which would produce a 

flux to give an E.M.F. equal to «,„ Further, let FG « - , FM m r, OM m m t 

and P X F X = r,, and let 

x and y be the co-ordinates of the point P, 



a* » y% 
a* » y% 



» F\» 
„ P.- 



<xrjh- 




Fig. 391. 

On the assumption that the no-load currents are proportional to the 
electromotive forces, we have 

OP x :OM=E l :e x 

and, since the angles OQP t and MOP x are equal, these triangles must be 
similar. It follows from the figure that 

m x m y\_ m **i _ OPi E x 

Moreover, 

<*-*.2Z,, y, = y.Rx, E x *=e l *+i 1 t .R l *-2e x i x R x coe<l>. 
Since i x . cos <f> =* y and if = a£ + y*, we have 

m . 0] — , myR x mxB^ 

* « — • ^ = -^-- 
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Now, the point P lies on the circle with the centre P Xt and its co- 
ordinates must therefore fulfil the equation 

(x-a: 1 ) , + (y-3^) s = r l , . 
We can substitute the values already found for jc,, y, and r,, and put 

m' - f* = <■ and j* = 4 s + «■ . Rf. 
We thus get the equation 

. 2m. e, 1 2s*. e,. A, a*.*,* 

* ,+ 3>'- -JT-* * -f — jr- 

m.e, a 



Putting 



9 = 



** 



.(189), 
(190), 




Fig. 392. 
adding p* + £* to each side of the above equation, and putting 



.(191). 



we get (x - pf + (y - o)* = JF. 

Hence, the locus of point P is a circle (Fig. 392), the centre of which 
has co-ordinates p and q, and the radius of which is equal to R 

This circle is known as the Ossanna circle. 

If the values of p and q be substituted in equation (191), and the last 
term be multiplied top and bottom by r* = $,■ + «■ . if,*, we get 
wt 1 . e l 4 # 1 e>i L R } * _ s* . «,* . (s,* + ^ . R*) 



whence 

or, since m* — s* = r*, 



JF~ 



m* . e, 4 j 8 . e/ 



J* ' 



i2 = 



r.e. 



.092. 



From the circle with the radius R, the angle <f> corresponding to 
primary current i x can be directly determined. 
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If the line OA be drawn in Fig. 391 so as to make the angle a with OP, 
;hen OA will make the same angle o + with e, in the original diagram 
is OP makes with E t in the reduced diagram. Since both diagrams are 
Dased on the same value of t, we have 

OP 0F\ Ei 
0A~ 0F~ e,' 

Hence, for many purposes, it is sufficient to take the point A in the 
)riginal diagram, and to imagine the diagram reduced in the ratio OP : OA 
vnd, at the same time, turned up by the angle ol The end of the primary 
nirrent vector will thus be brought to the point P on the Ossanna circle. 
Further, since the triangles OP A, QP t O are similar, the angle OAP must 
De equal to <f>. It follows from this that the points A and P lie on a circle 
A> which OQ is a tangent at 0, and which has its centre on the line 00. 
Bence, the point P on the Ossanna circle corresponding to the point A 
hi the original circle must lie on the circle through the points and A, 
which has its centre on the base line OG. This is the auxiliary circle in 
Fig. 391. 

It must be carefully noted that neither of the three circles in Fig. 391 
is the Ossanna circle. We proceed now to give a graphical construction, 
whereby the Ossanna circle may be determined. The points F and G in 
Fig. 393 are the ends of the original vectors of no-load current and short- 
:ircuit current respectively. F' and G f are the corresponding points on the 
Ossanna circle. We know, from what we have just seen, that F' must lie on 
i semicircle on OF, and G* on a semicircle on 0(7, the centre of which is M } . 
The triangles OFF and OG'G are therefore right-angled triangles. Since 
the circle on OG touches the original circle on FG at the point G, the 
Ossanna circle must be tangential to the circle on OG at the point G'. 
From this it follows that the centre M of the Ossanna circle lies on the 
line G'M,. 

If the line joining the points M and M be produced to meet the vertical 
through in the point D, we have 

m <>!>' 



With the aid of equations (189) and (190) this gives us the simple result, 



that 



0D = 



i<: 



Now, both at no-load and on short circuit with a rotor of negligible 
resistance, the motor is merely a choking coil, so that the primary terminal 
pressure e, is the hypotenuse of a right-angled triangle, one side of which 
represents the ohmic drop t,/^. If each side of the triangle be divided by 

fi,, the hypotenuse becomes >J- which is OD. Since the side representing 

the ohmic drop would become the no-load current OF* and, in the other 
case, the short-circuit current OG\ the angles OF'D and OG'D must be 
right angles. As we have already found the angles OFF and OG'G to 
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be right angles, it follows that the points GG'D and the points FF'D are 
collinear. The points MM U D were made in a straight line. Hence, to draw 
the Ossanna circle wc have simply to join the point ff, where the In. 
cuts the circle on 00, with the point J/,. This join G'M X will cut the 
linr DM in a point 3/„. which is the centre of tin- Ossanna circle. Sntt 
we have the points F' and 0' through which it must pass, the circle can 
\h- <lniwn. The line OG' will cut the circle at a point E, while OF* produced 




Fig. 393. 

cuts it in G. It can be proved that the points C, M 6t E lie on a horizontal 
line, while, at the same time, C is on GD and E on FD. 

This construction can only be conveniently carried out in the case of 
small motors, in which the primary resistance plays an important part. In 

largn motors with a good efficiency, the length OD -= -~ would be enormous, 

compared with the remainder of the diagram. In such a case the only effect 
of the primary resistance is to raise the centre of the semicircle almost 
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vertically through a distance q, while the diameter is hardly changed 



from 



h 



t = 0-117; 



In a 600 h.p. Oerlikon motor*, for example, 
e, = 1,900, i = 36, ^ = 0-4, 
from these data we find 

^£=154. 

m = i +^=190, 

# = m*-r*= 12,400, 
*» = e* + *» . R* - 3,600 . 10" + 2 . 10». 
If we neglect the second term in the expression for z 1 , the error is only 
2 in 3,600, and we can then put z* = c, f . This makes p m m in equation (189), 
and Af vertically above M in Fig. 393. It also makes the new radius R 
equal to the original radius r in equation (192). The distance through which 
the centre is raised is 

#".«,. R, f.Rt 



<? = 



= 2*6 amperes. 



The smallness of this correction may be seen from the fact that the 
length OG represents 344 amperes. 

128. The corrected values of output, rotor current and slip. 

In Fig. 394 we have drawn both the original circle, neglecting the stator 
resistance, and the Ossanna circle, the former dotted and the latter as a rull 

iG w V K F 

Fig. 394. 

line. The auxiliary circle through is also drawn as a full line, but lighter 
than the Ossanna circle. We saw in the previous section that the triangles 
OP A, QPfi were similar. If we drop the ordinate PBK, the angle OPK 
is equal to <f>. The triangles OBP, 0PA and QPfi are therefore similar, and 
we have 

PB = i, 

^Ri «,' 

• See E. T. Z. 1900, No. 52. 




394 



Electrical Engineering 



The power lost in stator resistance is 

The power supplied to the stator is 

J P 1 «3e l .t 1 .cos* = 3e I .PJr. 

By subtracting one from the other we get the power transmitted to the 
rotor, viz. 

The length F t P in Fig. 391 is a measure of the rotor current, in 
cordance with equation (181). To find b\P in Fig. 394. we must reduce FA 

E OP 

in the ratio — = -f-j t or 



h 



> % M *\ = F t P=FA.%£. 
(1 + t,)*, OA 



To make this reduction a horizontal is drawn through B to meet FA in 
The ordinate through C cuts the original circle in D. Then we have 

FJPFV FC OB 
FA*~ FH^FA^OA' 

Al OB OB OP OP* 

OA~OP'OA~OA* 
From these two equations, it follows that 

FD = FA.^=-±*-. 
OA (1 + t,) ■ *| 

The line GJ is drawn at an angle O with the horizontal, where O is 
same as in equations (186) and (187) on page 385. Then we have 

FV 



and 



FV = 



F& FD* i* . i* 



From this equation, together with equation (186) on page 385, we get 



UV 



: . 



i?, 



The loss in the rotor is therefore 

&f.R t -9e l .UV. 
Since GV= BK t the mechanical power given out by the rotor must 

Further, since the relative slip is equal to the relative loss in the rotor, 

~ UV LU 
~i CV~AH' 

For the convenient determination of the slip the method of Fig. 
can be employed, using the point A in the original circle. 
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129. The most convenient form of the circle-diagram. 

Ossanna's method of correcting the circle-diagram, as described in the 
foregoing section, has the advantage of strict accuracy, but the decided dis- 
advantage of being extremely cumbersome. For this reason another method, 
due to Hey land, is generally employed, in which the losses in the stator and 
rotor are subtracted from the ordinates of the original circle-diagram. The 
simplicity of the method more than compensates for the small error thus 
introduced. 

It was shown in Section 127 that the radius of the corrected circle should 

be almost exactly ~, and that its centre should be nearly vertically above 
the centre of the original circle by a small distance q. We shall now neglect 




Fig. 395. 

this small distance so that the corrected circle and the original circle will be 
identical. The vector of the primary terminal pressure will be vertical, and 
the power supplied to the motor will be (Fig. 395) 

P x — 3e, . i| . cos 4> = %e x A H. 

From this supplied power we must now subtract the primary copper loss. 
The line QK is drawn at an angle a, below the horizontal, so that 

4*4 



tan a, ■ 



K) 



(193). 



A circle is drawn with its centre at M x where the vertical through M 
meets OK, and with a radius Mfi. This circle meets the line QM X produced 
at the point K vertically below F; it also cuts the line AG in the point P. 
A horizontal is drawn through P to meet the ordinate AH at the point C. 
It is evident from the geometry of the figure that the angles a lt a a and a, are 
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all equal, and that the triangles AHF, PCA are similar. From this it 
follows that 

AC 

AP 



HF , AP 
FA "■ FA 



t:in a,. 



Multiplying these equations together, we htt\ 

AC = HF. tan ^ = HF. tan a, 
In the triangle OAF, we have 

i l * = FA* + i 9 *+2i .HF t 






and 



since 



FA> = GF.HF= l ?.HF. 

r 



L 



HF + if + lio.HF. 



Solving this equation for £fF, we get 



2TJF- 



.3 _ 1* 



,.H)' 



Substituting this in the above equation for AC, and using equation (193), 
we have 



AC 



*K) 



. tan a j 



ft- -*).*, 



We shall now neglect the term t fl * . 72. which is always very small, more 
especially as we can allow for it later when correcting for the no-load losses. 
For the primary copper loss, we have therefore 

3.^.^ = 3^. AC. 

By simple subtraction we find the power transmitted from the stator to 
the rotor to be 

P t - 3 . * . Off- * . «, . PQ. 

To determine the effect of the rotor copper loss we draw the line GL 
in Fig. 396, so that 

tan ^ — tana, = J - — = — C (1^4). 

This is the same expression as we used in Section 125 (equation (186)) 
for determining the slip. The vertical through M cuts this Hue in the 
point M t . With the centre M 9 and radius M % G we draw the circle GRFL. 
As before, the angles 7,, 7, and 7, are equal A horizontal through R meets 
AH in S. Then 

RA . A3 HF 

FA =Uny ' Bnd RA = FA' 

Multiplying these equations together, we have 

-4S = frj\tan7 l = tf/'tan7 I 

We saw above that AC = H F tan a,, whence 

OS = AS - 4 (7 = HF . tan 7l - HF tan a, - //J^ (tan 7, - tan a, ). 



The most convenient form of the circle-diagram 397 

If we substitute for HF its equivalent -r-r-, and for tan 7, — tanctj its 

tg/T 

value from equation (194), we get 

nQ FA* (l+T^.to.^.-R, (l + TQP.JM'.sf B* 

I/O a= ~^-J — . i ~ Z • • 

ttt/T T . Bf . tf, *,* «! 

From equation (181) on page 383, we know that 

(l + T 1 )P..EA«.Jk , _... 

so that 



ct-V.-* 



ei 



We get, therefore, for the copper loss hi the rotor 

8i,» . i2» * 3tf, . C& 




Fig. 396. 
Subtracting this from the power transmitted to the rotor, we have 

This is the power which is transformed into mechanical power in the 
rotor. It includes the no-load losses, which, however, can be allowed for by 
drawing a horizontal line at a suitable distance above the base line. This 
line, which is shown dotted, is then taken as the foot of the output ordinates. 
For the sake of simplicity we add the stator hysteresis loss to the friction 
loss, and remember that we have still a part of the stator copper loss, viz. 
to* . iij to allow for. The sum of these losses is practically equal to the power 
taken to run the motor light at the normal voltage. Calling this P„ we 
have 

Po-3.tfx.rr. 
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The ordinate RT' is then a measure of the nett mechanical output of Che 
motor. 

We must now construct a scale of slip in our diagram. For this purpose 
the line GJ is drawn at right angles to QM % (Fig. 397). This line cute the 
original circle in the point «/. Since OJ is a tangent to the lowest cin 
does not intersect it ; in other words, the point R in Fig. 396 i - with 

the point and the mechanical output is nil. The motor is therefore 
stationary and the point J corresponds to a slip of 100 per cent. The malar 
OJ represents the primary starting current. 

To find the slip for any primary current i lt we join QA, and drop a per- 
pendicular from any point D in GJ produced, on to Gi/,. Since the sides of 
any triangle are proportional to the sines of the opposite angles, we have 

XY ^ ajnjrf sin ft 

V " sir. [00 - (a, + £)] ~ cos (a, + 0) ' 

D 




Fig. 397. 

Similarly, since the angle at D is equal to y t — a,, we have 
GY^ s in fa - g t ) _ sin (7, - a,) 
DY sin (90* -71) cos 7l 

By multiplying together the two left-hand sides and the two right-hand 
sides of these equations we get 

X Y _ tan 7, — tan a, 
DY co tan {3 — tan a t * 
From equations (a) and (6) of this section and from Fig. 397, we have 



tan a, = 



Hence 



AC 
HF* 
XY 

DY 



tan 7! = 



AS 
HF 



cot£ = 



AH 
HF 



AS -AC 

AH-AC 



CS 
CH 



The most convenient form of the circle-diagram 
GS 
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Now, this ratio £U represents the fraction of the power supplied to the 

rotor which is lost in heating the rotor-winding. It must, therefore, represent 
the ratio of the slip to the synchronous speed. Hence 

XY_~ 
DY"^' 

If, now, the perpendicular DZ is so drawn that the length DY is equal to 
100 mm., the length XY m mm. will give the percentage slip. 



130. Practical Example. 

We shall now construct the Hoy land diagram for an actual motor, viz. a 
600 horse-power three-phase motor by the Oerlikon Company of Zurich*. 
The motor was designed for the abnormally low speed of 75 revolutions per 
minute. For this reason the number of poles must be relatively large and 
the leakage consequently above the average (see Section 131). For these 
reasons a frequency of 50 would have been too high, so that a frequency of 
22"5 ^ per second was employed. For the number of pairs of poles we have 



P = 



n/00 



= 18. 



The diameter of the rotor was about 300 cms. and the air-gap 0*2 cm. 

The terminal pressure e x of the delta wound stator was 1,900 volts. The 
resistance R^ per phase of the stator was 0*4 ohm, while that ifc, of the rotor 
was 0016 ohm. The stator had 324 slots each containing 8 wires, so that the 
total number of wires z x in the primary winding was 324.8=2.592. The 
rotor had a winding of bare copper bar, each of the 432 slots containing 
a single bar, so that z % = 432. Since both stator and rotor had ordinary coil- 
windings, the winding coefficients k x and Jfc a are equal. The no-load current 
is given as 62 amperes, and the normal full-load current as 170 amperes. 
The corresponding currents in the stator-winding can be found by dividing 
by V3. Collecting these data, we have 
e, = 1,900, 

R, -0016, VJ 

170 
#, - 2,592, t, = — = 100 (normal). 

*, = 432, ** 

From experiments which were carried out on the motor, and which will 
be considered in the next section, the leakage factor under normal conditions 
was found to be 

t = 0-117 or r,-r t -0*0W, 

For the construction of the diagram, we have 

0^ = lo =.36, 



FQ = ** = 



36 



0117 



= 306. 



• See E. T. Z. I9O0, No. 53. 
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From equations (193) and (194) on pp. 395 and 396, we have 

t.4 



tan «! = 



(•+3-7 J d?-(«*^)-~ 



and 



By subtraction therefore we have 

tan 7, =0103 - 0O8 « 0183. 




rr- 



Fig. 398 is drawn from these values of i at - , a, and 7,. The total no-load 

T 

losses were found to be P « 16,000 watts, and the dotted horizontal line is 
drawn at a corresponding height above the base line, viz. 

P. 16,000 
3-^ ] = O^00 = 2 ' 8am P ero8 - 

We now proceed to determine the current, efficiency, power-factor and 

speed for different values of the load, from no-load up to the maximum load, 

at which the motor stops. By load we mean the useful turning-moment J/, 

as measured on the motor pulley. This is not the turning-moment 61 

on the rotor, but that obtained by dividing the useful output P u by the 

angular velocity; thus 

p 
j|/ y m - mei.-kgs. 



2tt 



60 



9-81 
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Since the useful output is equal to the product 3.e, . RT' } where RT' is 

measured to a scale of amperes, we have 

„ 3. 1.900. £7' cc „ n RT . , 
M u = - 5,ao0, - met.-kgs. 

The corresponding value of the primary current t, is given by the length 
OA on the scale of amperea 

The watt-component of the primary current is AH, so that the efficiency 
is given by the ratio 

RT 
V = AH- 

In order that the speed may be read off directly, the perpendicular from 
D on to QM X is taken so that the length DY down to the point at which it 
meets GO, is equal to 75 mm., 75 revolutions per minute being the synchronous 
speed. It follows from the previous section that the length DX in mms. is 
equal to the speed of the motor, i.e. 

n = DX in millimetres. 

In this way the values given in the following table for seven different 
values of *, can be found very quickly. The third horizontal row represents 
the normal full load conditions as shown in Fig. 398. The last vertical 
column gives the values of the line current %, which, for the delta connection, 
is equal to V3-V 













CW0 


*> 




»', = OA 


RT' 


AH 


IiT' 


n = DX 

in nun- 


AS 

~ OA 


5,560 . 

n 


t = */3*, 


45 


21 2 


242 


0-87 


74'4 


0-548 


1,565 


78 


60 


387 


427 


0-91 


74 


0-718 


2,900 


104 


100 


735 


80 5 


0*916 


73 


0805 


5,600 


173 


1963 


121*2 


142 7 


085 


705 


073 


9,520 


340 


220 


123*9 


150 


0-83 




0-682 


10,000 


380 


243 


121-2 


1525 


0793 


86*6 


0-63 


10,100 


421 


(284 


1135 


150-2 


0-758 


0*8 


057 


9,700 


490) 



The curves in Fig. 399 have been plotted from this table. The abscissae 
represent the useful torque. This reaches a maximum value of 10,000 metre- 
kilogrammes, which is nearly double the norma! load of 5,600 met.-kgs. The 
motor has. therefore, nearly 100 per cent, overload capacity. The corre- 
sponding value of the current is 380 amperes, which is more than double the 
normal current of 173 amperes. If the load be still further increased the 
motor comes to rest. It is therefore impossible for the motor to run with the 
point A on the left-hand side of the diagram in Fig, 398 ; when starting 
without external resistance in the rotor circuit, the point A starts from J and 
I over the semicircle to the right-hand side. By putting suitable 
starting resistance in the rotor circuit, the point A may be made to start on 
the right-hand side of the diagram ; in this way the starting current is greatly 
reduced. 

t. e, 26 
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The speed of the motor under full load is 73, which represents a slip of '2 
in 75, or 2*7 per cent. The speed drops continually as the load is increased 
and reaches 68*8 revs, per minute at the maximum possible load. 

The curves of efficiency and power-factor increase very rapidly at first. 
reach their maximum values at the normal load, and then fall very gradually 
as the load is still further increased. Both curves are practically horizontal 
over a remarkably wide range in the neighbourhood of the normal load. An 
efficiency of 92 per cent and a power-factor of 0*81 might appear, at first 
sight, to be very low values for a motor of 600 horse-power. \\V shall see in 
the next section that the low speed results in a relatively great leakage, mid 
affects both the power-factor and the efficiency disadvantageously. An 
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Fig. 399. 

Oerlikon standard motor of the same output for a speed of 370 revolutions 
per minute, with a frequency of 50 <w per second, had a power-factor d 
an efficiency of 95 per cent., and 1*5 per cent. slip. 

We shall now consider the experimental determination of the leakage 
factor t, which we have seen to be of fundamental importance in the principle 
and working of induction motors. We shall also consider the various factor? 
which affect the leakage, since an accurate knowledge of these factors is 
essential to the design of an induction motor. 
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131. The leakage factor. 

If the motor has a two- or three-phase wound rotor, the leakage factor t 
can be determined experimentally in the following manner. A terminal 
are e t is applied to the stator, and the pressure across the slip-rings of 
the open rotor is measured. The motor is simply a transformer on open 
circuit and the terminal pressures should be proportional to the numbers of 
turns z } and *,. Due allowance must be made, of course, for any diffennn s 
between the connections and windings of the stator and rotor. 

We should expect the pressure across the rotor terminals to be 4, — . 

If, however, some of the lines which link the primary do not link the 

ndary, the pressure c, will be smaller than c, . -. The ratio of the actual 



KCO 



pressure e» to the expected pressure 6, . — is equal to the ratio of the flux 

linking the rotor to the total flux produced by the stator. Now, t, is the 
ratio of the leakage flux to the rotor flux at no-load t or 



Hence, 



N+*\ 






In the same way a three-phase pressure e % can be applied to the rotor, and 
the resulting pressure e, across the disconnected stator terminals measured 

It should theoretically be equal to c,.— 1 , but leakage will cause it to be 

smaller, and we have 

1 *. 



1+T 2 



As the difference between the theoretical and the actual value is very 
small, great care is necessary if reliable results are required. Having found 
Ti and Tj we can easily calculate the leakage factor t = r x + r t + TjTj. 

This method of finding the leakage factor has the advantage of simplicity 
and depends directly on the definition of Tj and t s . Unfortunately, however, 
it leads to incorrect results in the majority of cases, because the leakage factor 
is not a constant, as we have assumed, but decreases with large currents 
owing to the saturation of the tips of the teeth. The current used in the 
■bora method is very small, and the normal current is several times as large. 
The power-factor of the motor is therefore better than one would expect from 
the above experiments. 

For the same reason it is obvious that the Heyland diagram is nob strictly 
correct, except for one special load, at which the assumed values of t x and t s 
hold true. It may be necessary, in extreme cases, to draw separate tliagrams 
for different values of the load. It is, however, of the greatest importance 

26—2 
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that the assumed values of t, and r % should be correct at the normal load. 
To do this, the rotor is short-circuited and fixed, and the primary current /, 
determined. If the rotor resistance were negligible, the short-circuit current 
OJ = I n in Fig. 389 would coincide with OG. In any case, it will not differ 
much from it as regards magnitude. Having measured also the no-load 
current r,, we have 

7 



or T = T-^ OWV 

i fl — i» 

If the short-circuit test were made with the normal primary voltage, the 
current would be far too large. This current would highly saturate the tips 
of the teeth across which the leakage mainly occurs. The value of t obtained 
by this method would be too small for the normal working condition, and 
would only be true for the extreme left-hand side of the diagram*. The 
stator pressure should be adjusted so as to give a short-circuit current 
approximately equal to the normal working current. The reluctance of the 
leakage paths will then be the same as under normal working conditions. 
Th»- theoretical value of 7 a at the full pressure can be found by multiplying 
the measured current by the ratio of the full pressure to the reduced pressure 
at which the test was made. 

To make this clearer, we shall take, as an example, the motor considered 
in the previous section. The experimental data are taken from the RT.Z. 
1900, No. 52. The short-circuit current was measured with values of the 
primary p.d. of 600 and 390 volts respectively instead of the normal p.d. uf 
1,900 volts. The values found for the short-circuit current were 200 and 110 
amperes in the external leads, which correspond to 2OO/v'3 = 110 and 
110/\/3 = 63*7 amperes respectively. 

Considering in the first place the value found with a P.D. of 600 volts, vk 
116 amperes, we see that tills would give a short-circuit current /„ at the foil 

P.D. of 116 . -JTftfT = 368 amperes. In the second case a current of 637 am- 
peres is measured at a P.D. of 390 volts, which corresponds to a cum I 



63-7 . 



1,900 
390 



= 310 amperes at the normal primary pressure. 



These results are collected in the following table : 



*1 


fi 


observed 
current 


/„ Mc.) 
for 1,000 t. 


h-*% 


,900 


36 


— 


— 


— 


600 


— 


116 


368 


0109 


390 


— 


637 


310 


0131 



It is evident that the leakage factor r decreases as the current increaafla, 
so that the values of t, and r a in the table on page 387 decrease with increasing 
current. The reason for this, as we have already pointed out, is that the tap* 
of the teeth become saturated and so prevent an increase of current from 



• See M Electrician/* 1004, page 87, for an interesting example. 
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causing a corresponding increase of leakage flux. The percentage loss of flux 
by leakage is therefore continually decreased as the current in stator and rotor 
is increased. 

The value of t corresponding to the normal full load of the motor can be 
found by interpolation from the foregoing figures. We have 

7. = 116, t- 0*109. 

63-7, 0131. 

Hence, for the normal current of 100 amperes, 

t« 0*117. 

Now, from page 383, we know that t = Tj + t 8 + TjTj, and if r x = t, this 
becomes t = 2t 2 + Tj 1 , which for a value of t of 0*117, gives 

Tl = T> = 0*057. 

Although a large value for a motor of this size, it is by no means excessive 
when the number of poles is taken into account. 

O 

O 




Fig. 400. 

The third method of constructing the diagram is perhaps the most 
obvious one, viz. by making an actual brake test on the motor at different 
loads, or by fixing the rotor and varying the regulating resistance in the 
rotor circuit. We measure the line current t, the terminal voltage e, and, by 
means of one or more wattmeters, the power P t supplied to the stator. We 
have then 

r V3 . e . * 
The primary p.d. is set up vertically, and the angle <j> set out for each 
value of the primary current, which is then marked off along its corresponding 
line. Were t invariable the points so obtained should lie on a circle. A 
circle can generally be drawn through the point in the working part of the 
figure, and then used for the calculation of t. The points shown in Fig. 400 
were obtained by the author on a 1J H.P. motor. 
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Since the power-factor and the overload capacity are both directly 
dependent upon the leakage factor t, the designer of an induction motor 
must strive to obtain as small a value of t as possible, that is, ho must reduce 
ttu leakage to the smallest possible limit. It is obviously disadvantageous 
to place the winding in closed tunnels or holes, on account of the small 
reluctance offered to the leakage flux. This is especially the case if a con- 
iblo thickness of iron is left bet hole end the air-gap, but if this 

bridge of LrOB be reduced to a minimum by stamping the holes very near the 
air-gap, there is little objection to the totally enclosed hole. The best 
(.'"iiM ruction, from the point of view of minced leakage and of ease of manu- 
facture, is the rectangular open slot, into which former-wound coils can be 
placed. This leads, however, to an unequal distribution of flux in the air-gap, 
and to a consequently increased magnetising current 

It is necessary in all cases to divide the coil-side between J slots, in 

order to keep down the leakage flux produced by the current in one slot. A 
limit is set to the number of slots by the proportionately greater amount of 
space taken up by the insulation. Generally speaking, the stator has from 
3 to 5 slots per coil-side, while the rotor has from 3 to 7. It is obvious 
why induction motors are often mode with relatively large diameters and 
small axial lengths, since the large pole-pitch enables the coil-side to be 
distributed among a large number of slots. Unfortunately, however, in- 
creasing the diameter at the expense of axial length adds considerably to the 
cost of the motor. This is obvious from the consideration that the nut} n 
could be considerably increased by making the motor axial ly longer, without 
adding very materially to the cost of manufacture. Another disadvantage of 
the short axial length is the relative importance of the flank leak Age* 

A second way in which the value of t can be reduced is by decreasing the 
air-gap. Since the product r x r t is negligibly small, we may put t = t,+t„ 
and, as we can see from the definition of t, and t, on page 382, the value oft 
M directly proportional to the reluctance of the air-gap*. 

It is interesting to consider the effect on the operation of the motor of 
varying the air-gap. This cannot be done by using one motor and succes- 
sively turning a little off the stator or rotor, since this would not only increase 
the air-gap but would also increase the reluctance of the rips of the U 

Two motors should be compared which have the same slot dimensions, etc, 
but different air-gaps. The smaller the air-gap, the smaller is the vain 
and the larger is the maximum power-factor, in accordance with the equation 

(cos <£)„., = 2^- 

A decrease in the air-gap will naturally lower the no-load current, since* 
smaller magnetising current is now required to drive the flux across the 
reduced air-gap. The maximum torque is dependent, on the reditu of the 

Heyland circle, or on - . This has remained the same for both n 

T 

showing that the maximum torque is but little affected by the air-gap if the 
motors are the same in other respects, 

* See Behrend, "The Induction Motor," also Behrend, E. T. Z. 1904, p. 59. 
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The value of r is very greatly affected by the choice of frequency. In 
order to make this clear we may consider two motors with stator and rotor 
cores of the same dimensions and with the same number of slots. The 
primary P.D., the output and the speed are the same in each case, but one 
motor is designed for a frequency of 50 cycles per second, the other for 30. 
We shall assume that the proportion of slot space occupied by copper is the 
same in each case, as also the current density in the wires, and the number 
of ampere-turns per cm. of periphery. 

Since the output and the p.d. are the same, it follows that the current 
will also be the same in each case, if we neglect any difference in the value 
of cos 0. Moreover, since the number of ampere-turns per cm. of periphery 
has been taken as the same in each case, the equality of current leads to the 
equality of the number of wires on the stator and also of the number of wires 
per Blot. 




4 — Jfyle-pitcA, 

Fig. 401. 




Fig. 402. 



The motors will differ, however, in the number of pairs of poles, in accord- 
ance with the equation 



n,/60 



The motor for a frequency of 50 must have a greater number of poles 
than that for a frequency of 30, in the ratio of 5 : 3. Since both motors 
have equal peripheries, their pole-pitches will be in the proportion of 3 : 5. 
If Fig. 401 represents the first motor with 3 slots per coil-side or 9 per pole- 
pitch, then the second motor will be represented by Fig. 402, in which there 
are 5 slots per coil-side or 15 per pole. The number of wires in each slot ia 
the same in each case, so that the wires per coil-side will be as 3 : 5. 

The E.M.F. per phase is given by the equation 

€i - k . N 9 . ~j . */, 10" B volts. 
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We can put N* approximately equal to the flux 2? m «n • &■$ which crosses the 

ft 
air-gup, and **, equal to p . - neglecting the slip ; we thus get 

*»*- £...*« * &o • P • qq • *'■ 10^ volts. 

In this equation ,4 y .fl is equal to half the cylindrical surface, and is 
therefore the same in each case. Sine*, moreover, «,, k, n, and ?,' are the 
same in each case, it follows that both moton must work with the same 
average flux density £„»«„. 

With equal flux density the hysteresis loss is proportional to the fre- 
quency, and will therefore be § times as great in the 50 -%• motor as in the 
30 ~ motor. 

To produce the same flux density in each case will require the same 
number of ampere-turns per coil-side, and as the coil-side of the 50 ^ motor 
contains only $ of the wires in the coil-side of the other motor, its no-load or 
magnetising current will have to be greater in the ratio of 5 : 3, that is, the 
no-load current will be directly proportional to the frequency*. 

The question is not nearly so simple when we come to consider the 
relative values of the leakage factor t. If we consider the leakage flux doe 
to one coil-side in Fig. 401 we see that it has to cross 3 slots, whereas in 
Fig. 402 it has to cross 5 slots, or, in other words, the reluctances of the 
leakage paths are as 3:5. If we assume, temporarily, that the short-circuit 
current is the same in each case, the ampere-wires per coil-side are in the 
same ratio, viz. 3 : 5. Since both the ampere-turns and the reluctances have 
changed in the same proportion, the resulting flux will be the same in each 
case. In the first case, this flux links 3 slots with a frequency of 50, wb 
in the second case it links 5 slots with a frequency of 30 ; the E.m. f. induced 
in the coil-side would be the same in each case, but as the first motor has 
J times as many coil-sides as the second, the total E.M.F. of the first motor 
would be | times that of the second. Hence, to produce the same short- 
circuit current in each case, the primary pressures would have to be in the 
ratio of 5:3, or, on the other hand, with the same P.D. the short-circuit 
currents of the two motors are as 3 : 5. 

\\ h have seen above that the no-load currents are in the ratio of 
The alterations in both no-load current and short-circuit current are there- 
fore in such a direction as to reduce t in the second motor, i.e. the one for 
the lower frequency. If our assumptions were strictly correct, the value of t 
would vary as the square of the frequency. An important part of the leakage, 
which we have not considered, is that around the ends of the coils, where 
they project beyond the stator and rotor. Since the 30 ^ motor in Fig. 402 
would have much longer coil-ends, this part of the leakage would be increased 
as the frequency was decreased. How far this increased leakage would 
counteract the decreased slot leakage is not at all certain. If it exactly 
counterbalanced it, the short-circuit current would be the same in both cases 



* When considering any given motor, the primary p.p. of which is maintained constant, tb« 
no-load current must evidently vary approximately inversely as the frequency. 
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and t would vary directly as the frequency. The general correctness of these 
results has been proved experimentally by Behrend. 

It is interesting to note that the two motors will have about equal over- 
load capacity. The motor with the greater number of poles has the greater 
magnetising current, but also the greater leakage factor t. The radius of 
the Heyland circle, and therefore the maximum torque, will be approximately 
the same as in the other motor. 

The important points of difference between the two motors lie in the 
magnetising current and in the power-factor. 
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132. Resolution of the primary v.*. t. of the single-phase motor into two constant rotating 
oomponente, — 193. The e. h.t. induced in the actual stator. — 134. The circle-diagram of 
the single phase motor. — 135. Single-phase commutator motors. 

132. Resolution of the primary M.M.F. of the single-phase 
motor into two constant rotating components. 

If one of the leads supplying current to a three-phase induction motor be 
broken, it will continue to run as a single-phase motor in the same dirt 
Coils 1 and 2 of the three-phase motor in Fig. 403 now form a single coil 
with a breadth equal to two-thirds of the pole-pitch, carrying the same 
current throughout. If the rotor circuit is open, the primary current pr»>- 
duces an alternating flux, the axis of which has a fixed direction. In the 
figure this direction is vertical. The centres of the poles remain at A and 
and the neutral points at B and D. It is difficult to see how a torque can be 






Fig. 403. Fig. 404. Fig. 406. 

produced bv means of this alternating field, and how the direction of this 
torque can be determined by the initial direction of rotation which is arbi- 
trarily given to the rotor. 

Ferraris resolved the alternating field into two oppositely rotating 
We shall go a step further, and resolve, not only the flux, but also the 
primary ampere-turns into two oppositely rotating sets of ampere-turns. W« 
must assume, however, that the conductors are distributed around the stator 
according to the sine law, as is shown in Fig. 404 by circles of various sue* 
Theoretically this would lead to an infinite number of infinitely small wires. 
We can represent this sinusoidal distribution of the ampere-turns in the 
manner indicated in Fig. 405. 

On this assumption, the effect of the alternating ampere-turns at any 
moment and at any point is exactly equal to the combined effect of two 
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sinusoidal windings, carrying a constant current and rotating in opposite 
directions. The constant current, is such that, the number of amperf-turns 
■*h rotating winding is a half of the total ampere-turns on the actual 
stator, when the alternating current reaches its maximum value. In Fig. 406 
the actual stator current is a maximum. At this moment, those sides of the 
imaginary rotating coils (shown black) which carry current in the same 
direction are superposed, and their individual effects can be added. They 
arc therefore equivalent to the stationary alternating ampere-turns, repre- 
sented by the outer ring of the figure, which have their maximum value at 
the given moment. 

An eighth of a period later the stator current will be 

C^. sin 45° = 0-707 C^. 

We see that at this moment the rotating ampere-turns at A and C neutralise 

each other (Fig. 407). The addition of the two sine curves in the lower part 

of the figure gives a sine curve with a maximum at B, as before, but with the 









B 

Fig. 406. Fig. 407, Fig. 408. 

inatei reduced in the ratio of 0*707 : 1 as compared with Fig. 406. The 
magnetic effect of the two rotating windings is still equal to that of the 
actual stator-winding. The same agreement is found after another \ period, 
when the actual stator current is zero (Fig. 408). The rotating ampere-turns 
now neutralise each other at all points. 

We shall now imagine the motor to be frictionless and running light 
with a squirrel cage rotor of negligible resistance. We shall assume the 
direction of rotation to be clockwise, and we shall designate the imaginary 
stator-winding which rotates in this direction as the forward ampere-turns, 
and that in the opposite direction as the backward ampere-turns. The 
magnetic flux which the forward ampere-turns drive through the rotor 
rotates synchronously with it and does not cut the rotor bars. Thi* flux is 
shown in Figs. 409, 410 and 411, for the three moments previously con- 
sidered. In all that follows, the flux, electromotive force, and rotor currents 
will naturally be distributed around the periphery according to the sine law. 

With respect to the backward ampere-turns, the rotor has a slip of 
200 per cent. In consequence of this, a large short-circuit current flows in 
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the rotor, directly opposing the backward ampere-turns, and preventing the 
flux from entering the rotor. The flux is driven, however, along the secondary 
leakage path (Figs. 412, 413 and 414), The outer black circle in this figure 
ri-jjM-senta the backward ampere-turns, and the inner one, the rotor ampere- 
On the assumption that the rotor has no resistance, an infinitely 
small number of lines is sufficient to induce the rotor currents necessary to 
erbalance the primary backward ampere-turns. When running perfectly 
light with a rotor of zero resistance, we have therefore the forward rotor field, 
the backward rotor leakage field, and the backward rotor ampere-turna 
Since the rotor itself runs synchronously, the rotor bars must carry an alter- 
nating current of double frequency. 

Turning now to the actual conditions in the motor, we see that the flux 
in Fig. 409 is produced by the difference between the actual ampere-turns 






Fig. 409. 



Fig. 410. 



Fig. 411 






Fig. 41 -J. 



Fig. 413. 



Fig. 414. 



on the stator and those on the rotor. Figs. 409 and 412 represent mm 
turns and fluxes existing simultaneously in the motor; similarly for Figs. 410, 
413 and 411, 414. The flux represented in Fig. 411 is 90° out of phase with 
the actual stator ampere-turns both as regards time and space. Since the 
actual stator current is zero at this moment, the flux in Fig. 411 must be 
produced by the rotor currents in Fig. 414. The application of the corkscrew 
rule shows that the rotor current is in the right direction to produce this flux. 
The single-phase motor is thus reduced to a two-phase motor, one phase of 
which is obtained from the difference between the stator and rotor currents, 
while the other is obtained from the rotor currents alone. These relations 
are somewhat altered, even on no-load, if the rotor resistance is taken into 
account. They are considerably altered when the motor is heavily loaded. 
The single-phase motor does not possess the simplicity and uniformity of the 
polyphase induction motor. We shall proceed further with the theory of the 
rotating ampere-turns, and see to what results it leads us. 
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When considering the polyphase induction motor, we saw that a rotating 
could be produced by a stationary polyphase winding. We can there- 
fore imagine each of the primary rotating windings to be replaced by a 
stationary winding of a great number of phases, each phase consisting of 
a single turn. The wires are distributed uniformly round the stator, and 
carry sine-wave currents of appropriate phase. The result is a uniformly 
rotating sine-wave distribution of current similar to that in Fig. 384, The 
maximum current in each wire is half the maximum current in the actual 
stator (Fig. 404), in which we assumed a sine distribution of conductors. 
The number of turns or phases is so chosen that the total number of ampere- 
turns on either of the polyphase windings is equal to a half of the actual 
ampere-turns on the stator, at the moment of maximum current. Thus, if 
there are 5, turns on the actual stator, and the primary current be / amperes, 
the maximum ampere-turns on the 6tator will be s/2.I.S lt Each of the 

two imaginary polyphase windings must have -5- JiS> 2 ampere-turns. If 

the effective current per phase be J/2, as we have assumed above, the 

average current in all the phases will be — - . „. If now there are -~- 

or turns on the polyphase winding, the ampere-turns will be 
2^2 I Stir s/2 , 

ch is the number we have seen to be necessary. 




133. The E.'M.F. induced in the actual stator. 



Let Fig. 415 represent the diagram for one phase of the forward rotating 
excitation, under certain conditions of bod, Blip, etc., while Fig. 416 represents 
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Fig. 415. Fig. 410". 

the diagram for one phase of the backward rotating excitation under the 
same conditions. In these diagrams the following relations must hold : 

i-op- 1 2El-9E*- t 

» urt |, FQ - i-^-t, 

where i is the R.M.S. current in each phase of the imaginary polyphase 
windings, and / is the actual stator current. We shall now show that, in 
spite of their rotation in opposite directions, the geometrical sum of the two 
electromotive forces E y and E it induced in each phase of the imaginary 




Elrctricnf Ehkgim Bring 

polyphase windings, represents, to some scale, the E.M.F. Induced in the actual 
p. Let the centre of the forward rotating excitation be at F, La an 
angle a ahead of its initial position in which the actual stater current was 
a maximum (Fig. 417). The electromotive 
force — E x (equal and opposite to the Induced 
K. m. f. #,) will have it? maximum at the point 
G, the arc FG corresponding to the angle <f> x 
in Fig. 415. As each phase consists of a 
single winding; the R.M.S. electromotive (brae 
E x is a measure of the flux density. The flux 
density is t he re fo re greatest at G, while at E 
it is proportional to ^cose. Now the number 
of wires per cm. of periphery of the actual stator 
varies as the cosine of the angle measured from 
B. The number of wires subtending the angle 

de at E is proportional to cos B0E.de, that is, to cos (a + ^ — e) . de. Tbe 
momentary value of the e.m.f. induced in the wires of the actual stator, 
covering the arc de at E, by the forward rotating flux is proportional to 
E, . cos e and to cos (a + <f> x — e) de. To find the momentary value of the 
induced E.M.F. E in the actual stator, due to the forward rotating tlux. 

we must integrate between the limits e = GOO and t = GO A. Introducing 
a coefficient c, we obtain the following expression for the momentary value 
ofE: 

E' = c . E x . cos e . cos (a + <£>, - c) . de =» c . ^ . E x . cos (a + $ x ). 

The momentary E.m.f. E" induced by the backward rotating flux is found 
in the same way: 

E" - c . ^ • S t . cos (a + &). 



Fig. 417. 



The sum of the two electromotive force* 



B* + V m C . ~ . [S x cos (a + &) + E t cos (a + $,)]. 



In our case <k = 90° (Fig. 416) 
is therefore 

2 



This momentary value of the actual induced E.M.F. must, be equal and 
opposite to the stator terminal pressure. If now, in Fig. 418, the vector OP 
represents the actual stator current /, the momentary value of which U 
I atAX . cas a, then the vector — 2?, must, according to the equation for E + E', 
be drawn ^ ahead of OP, and the vector — E %i an angle <£, ahead of OP. 
The resultant of — E x and — E 7 is constant, and, neglecting the scale, equal 
to the terminal pressure. The angle between — E x and — E. x is equal to 
c + 7= </>, — <£i = 90° — $ lt and the actual angle of lag between e and I is 
e+£,. The angle e has here quite a different meaning to that which i*. 
had iu Fig. 417. To make Fig. 418 as clear as possible, it has been drawn 
for exactly the same conditions as to load, etc., and to the same scale u 
Figs. 415 and 41 G. 
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134. The circle-diagram of the single-phase motor. 

In Fig. 418, the magnetising current 0F X for the forward rotating flux is 
set out at right angles to — E x , and the magnetising current 0F 2 for the 
backward rotating flux, at right angles to - E,, that is, in the direction 
of / = OP. Since the magnetising currents 0F X and 0F t are proportional 
to the corresponding electromotive forces — E x and — E t , and are also at 
right angles to them, the resultant of 0F X and 0F t must be proportional 
to and at right angles to e, that is to say, OF is constant both in direction 
and magnitude, whatever the conditions as to load, etc To find the magni- 
tude of OF, we make use of the fact that it is the resultant of 0F X and 0F t 
for all conditions, and therefore also for an open rotor. With an open rotor, 
however, the two rotating fields are exactly equal, 0F X is equal to 0F %y and 
both lie along OF, since <f> x — </>, = 90°. OF = % is therefore twice as large 




Fig. 418. 

as either individual rotating no-load current. Since the actual stator current 
is twice as large as either rotating current, it follows that OF represents 
the actual stator current with an open rotor. 

FG is made equal to -. 

OP = I is now halved, making 0P = i=s , the current in each phase 

of the rotating excitation. Since 0P is the short-circuit current for the 
backward rotating flux, it follows that 0F 9 : F 7 P 9 = t. Moreover, the angle 
between /= OP and — E x is equal to <f> Xt whence the point P e lies on a circle 
on the diameter F X G X , and we have the relation 

0F X _ 0F t _0F_ 
F l G x 'F t P fl ~FG~ T ' 
Then FF 2 is parallel to GP t and the angle OGP is equal to e. The line 
joining the centres if and P x is likewise parallel to FF lt and the triangl 
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OP, J/. OF } F and QP*0 are similar. Calling the abscissae posil 
measured to the left of 0, putting 
coordinates of the points P a and P lt x^, y and x^ } y, respectively, we have 
the following relations : 

x, m m 

- = ~-» Oi m - 

a a 



(a-^), 



m 

y» = - t • y- 



rc — jr a a a a 

If now r = .A/F, the radius of the large circle, then the radius r, = P.f, 
is given by the equation 

r, _ OF, _ GP 
r" O/ 5 * o ' 
or, since QPf = (a - #„)* + y 9 l , 

n' =£[<*- *.)* + *']. 

Now, since the point P Q lies on the circle with the radius r,, we have the 
equation 

We substitute in this equation the values found above for x lt y x and r x ', 

and replace x 9 and y e by 5 and |, where a; and y are the coordinates of P, tho 

end point of the vector of actual stator current. By a little inanipi; 
the equation can then be put into a form in which the coefficients of x* aad 
y % are equal, while those of xy and y vanish. 

The end point P of the actual stator current vector lies therefore on 
a circle, tho centre of which is on the x axis. The equation is much simplified 
by putting a—r for m. We can obtain the circle in a simpler manner by 
determining the position of the point B. Let OB = 7 C , the actual n 
stator current when the rotor is closed, but running synchroumisly. The 

no-load current in each of the imaginary polyphase' windinga will b 

m 

This will be the magnetising current of the forward rotating excitation, and 
the short-circuit current of the backward rotating component. Hence OP, 
and OFi will be identical, and lie along OF. Now 0F=%t is the sum d 

OF, and 0F Sl that is, the sum of OP Q and 0F S , but OF x =OP =£ and 



0F,= OP Q 



1+T 



1+T 



, therefore 



2 + 2*1+t 



or 



OB = I 9 = 



2i. 



2*. 



1 + 



1+T 

1 + 2t 



,(196> 



1+T 



On the other hand, the primary current locus must pass through G 
OG is the short-circuit current. The diameter of the primary current circlr 
is therefore 
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The following characteristic properties of the single-phase motor follow 
from these equations. 

1. As t is of the order of 01, the no-load current OB is nearly twice as 
large as the current with open circuited rotor. 

2. The maximum power-factor is smaller than that of polyphase motors. 

3. Assuming the rotor to have no resistance, the slip is zero, and the 
speed of the motor is therefore constant, depending simply on the frequency. 
The turning-moment is therefore proportional to the power, and is represented 
by the ordinates of the circle GB. The overload capacity is evidently much 
smaller than that of the polyphase motor. 

4. A single-phase motor will not start as such, even though resistance 
be inserted in the rotor circuits, for, when the rotor is stationary, the two 
rotating excitations are exactly similar, and there is no reason why the motor 
should revolve in one direction in preference to the other. 

Further investigation* shows that the end point of the primary current 
vector lies on a circle, even when the rotor resistance is taken into account. 
The centre of this new circle lies vertically above that of the circle obtained 
above by neglecting the rotor resistance. The proof of this point is, however. 
beyond the scope of this work. It can be shown, moreover, that the power 
supplied, the mechanical output, the torque, and the rotor losses, for the 
actual motor, aro equal to the sum of the corresponding values obtained from 
the diagrams for the two rotating excitations. The sum of the two slips 
must he. always 200 per cent., and the torque and mechanical output due to 
the backward rotating excitation must be reckoned negative. 

These results are very remarkable, when we consider the complicated 
nature of the relations involved. For example, if the rotor resistance be 
taken into account, the rotor currents are found to have a sine-wave dis- 
tribution, the position of the maximum rotating in the opposite direction 
to the motor, while its value fluctuates from moment to moment. It is 
found also that the actual field which cuts the stator-winding has a sine- 
wave distribution, and rotates in the same direction as the motor, while its 
maximum value is subjected to periodic fluctuations (elliptic rotating field). 
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135. Single-phase commutator motors t. 

The characteristics of the single-phase induction motor, mentioned in the 
ast section, render it unsuitable for most purposes. For traction purposes 
especially, a large starting torque and a large overload capacity are required. 
These can be obtained by supplying the rotor or armature with a commutator. 
Great advances have been made during the last few years in this branch 
of the subject, and motors of this type are meeting with a large amount of 
practical success. 

All single-phase commutator motors have a stator-winding of the type 
shown in Fig. 419. This can be either a closed winding, similar to that 

* See the article by Dr Thomileu in E. X. Z. 1905. 

t See article* by Osnos, Eiohberg and Fiohelmayer in the E. T. Z. 1904, nUo by Fynu in 
" Elec. Be view," 1906. 

t. s. 27 
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of direct-current machines, in which the current supplied divides b- 
two parallel paths, or a single-circuit open winding. Over one half of the 
periphery of the stator, the current flows from front to back, and in the other 
half from back to front. Such a winding can be represented diagrammatically 
as shown on the right in Fig. 419, The axis of the winding, that i 
direction of t.ht± magnetic flux produced, is horizontal in the figure. All 
commutator motors possess also an armature or rotor, wound exactly like 
a direct-current armature, and a commutator on which bear two or more 
brushes (Fig. 420). The current is either supplied to the rotor from an 
external source or induced in the armature, which, in that case, is short- 
circuited by an external connection between the brushes. The rotor current* 





Fig. 419. 



Fig. 420. 




Fig. 421. 

produce, in either case, a field which passes through the rotor in the direction 
of the brush axis, if we imagine the brushes to rub on the bare surface of 
the winding itself. Such an armature is represented diagrammatically on the 
right in Fig 420. 

For the sake of clearness, the distributed stator- winding of Fig. 419 
has been replaced in Fig. 421 by a winding on salient poles. The stator 
carries the field current, while the rotor carries the torque-producing BfllN 
current. Both are connected in series (series motor). It is to be specially 
noted, that in this and all the following figures, including Fig. 428, the 
axis of ^he motor field is shown horizontal, and the axis of the torque- 
producing winding vertical. With the current in the direction indicau*!, 
the torque will be clockwise. Seeing that the direction of both field and 
armature current is reversed at the same moment, the problem of the single- 
phase motor would appear to be solved. Fig. 422 represents diagrammatically 
such a simple series motor, with resistances R to regulate the speed. 
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The series motor produces its own magnetic field and takes therefore, in 
common with induction motors, a lagging current Were this effort confined 
to the useful horizontal flux, the phase difference would be allowable, but we 
have, in addition, the vertical flux produced by the armature current This 
causes a harmful self-induction, and a very considerable phase displacement. 
In addition to this, sparkles commutation is rendered very difficult. 





Fig. 422. Fig. 423. 

It is therefore a great improvement if this cross-magnetisation be sup- 
pressed by a compensating winding K on the stator. The plan whieh 
naturally suggests itself is to connect the field winding, compensating 
winding, and armature all in series (Fig. 423). 

It is, however, better to short-circuit the compensating winding (Fig. 424V 
The armature is then the primary, and the compensating winding the 
secondary, of a transformer. Since the induced secondary current is directly 
opposed to the primary current, the cross- magnetisation will be suppressed. 




Fig. 424. Fig. 425. 

It is now only a step further to exchange the primary and secondary 
of the transformer, that is, to short-circuit the brushes, and connect the 
compensating winding in series with the field coils. Fig. 425 shows this 
arrangement with salient poles, while in Fig. 426 we have the sam« arrange- 
ment with the windings distributed around the stator periphery. 

A further step is the substitution of a single resultant winding for tin- 
two stator-windings. We have thus arrived at Elihu Thomson's so-called 
repulsion motor (Fig. 427). In this motor the axis of the stator-winding 
is at an angle with the axis of the rotor ampere-turns, that is, the brush axis. 

27—2 
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To understand the working of the motor, however, it is better to think 
the two rectangular components of the stator ampere-turns, one, at right 
angles to the brush axis, producing the true motor field, and the other, along 
the brush axis, inducing the armature current by its transformer effect. This 
current in the motor field produces the torque, enabling the motor to start 
Op under heavy loads. An E.M.F. is induced by the rotation of the armature, 
which, for a given motor field, is directly proportional to the speed, just 




Fig. 426. 




Fig. 427. 



as in a D.C. motor. The speed of the motor is therefore largely dependent 
upon the magnitude of the component of the stator excitation which produce* 
the motor field. The speed varies, therefore, with the position of the brushes. 
A reversal of the motor can obviously only be obtained by shifting over the 
brush axis. This can be obviated by having either two separate pairs of 
brushes or two separate stator-windings, only one of which is used at a time. 
The compensation or suppression of the armature cross-magnetisation, as 
carried out in the Winter-Eichberg motor, is of special importance (Fig. ttS) 
The horizontal true motor field is produced by 
the armature, the brushes E x and E x being in 
series with the stator- winding A, As a matter 
of fact, the excitation current is supplied to 
the armature from the secondary terminals of 
a transformer, the primary of which is in series 
with the stator-winding A, As the primary 
and secondary currents are nearly 180° out of 
phase, the principle of the motor is not altered 
by this arrangement. It has the great od van- 




Fig. 42s. 



tage of allowing the pressure across the excitation brushes E u E t to be 
varied by altering the ratio of the transformer. In this way, the speed 
may be regulated and the power-factor improved. The stator-winding A 
carries the torque-producing current. The functions of stator and rotor ha?e 
thus been reversed. The armature, which is now the stator, is fixed, while 
the field-winding rotatea The stator current produces a vertical cross flux, 
which can be neutralised by 'putting a special winding on the armature, 
and short-circuiting it along a vertical axis by means of the brushes K x . K : . 
We should then have exactly the same arrangement as in Fig. 424, except 
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that rotor and stator would be reversed. As a matter of fact, however, the 
second armature-winding is unnecessary, and in practice both pairs of brushes 
rub on the same commutator. According to the law of the superposition of 
currents, the effect of the actual armature current is equal to the combined 
effects of the two windings, viz. the field-winding E x E t and the compensating 
inding if,A%, which we considered above. 
The action of commutator motors can be best understood by the con- 
sideration of vector diagrams introducing the electromotive forces of self 
and mutual induction*. The self-induction does not include merely the 
leakage flux but also the flux crossing the air-gap. We shall use the fictitious 
fluxes produced by the stator or rotor alone, although, as a matter of fact, 
these fluxes combine to form a resultant flux. For the sake of simplicity we 
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shall neglect the resistances of windings and brushes, and also the magnetic 
reluctance of the iron. For the same reason we shall not go into the 
question of the short-circuiting of individual armature coils under the 
brushes. 

To calculate the mutual induction let us consider the arrangement shown 
in Fig. 429, in which the rotor-winding is short-circuited by means of brushes 
along an axis making an angle a with the axis of the stator-winding. As 
in equation (66 a) on page 85. the coefficient of mutual induction M 
is 10" * times the flux which links each individual turn of the stator- 
winding when a current of 1 ampere flows in the rotor. By linking 
each individual turn, we mean that if the flux links two turns it must 
be doubled, or, in other words, we must take the number of linkages. Only 
those stator coils between B and D, i.e. subtending an angle tt — 2a = 28, 



* The following development, to the end of the present chapter, has been specially worked 
it by the author for the Engliib edition. 
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need be considered, as the coils between D and F are not linked with the 
flux produced by the rotor. Let 

S x and S t be the number of turns in series in the stator and ro 

respectively, 
i, and *,, the R.M.S. currents of the stator and rotor (in the supply 

wires and short-circuit connection respectively), 
B tf the highest value of the induction in the gap for a direct current of 

1 ampere in the short-circuiting connection, 
I, the double air-gap in cms., 

2a, , the number of parallel paths for the stator current, 
2aj, the number of parallel paths for the rotor current. 
If now the current in the short-circuiting connection is 1 ampere, the 

current in each rotor wire is 5— amperes. The number of turns per pair of 
poles is a ' . The number of ampere-turns per pair of poles is therefore 




2a." 



~, from which it follows that 
0-4ttS, 



goooon 




Fig. 430 



In Figs. 429 and 430 this maximum value occurs at E. From this point 
it falls off uniformly in both directions, reaching zero value at C and 0. Now 

dx Si. 2a, 



the number of stator turns in a width dx is 



The flux N linked 



7T p 

with these turns is partly positive and partly negative. N is obtained by 

multiplying the shaded area in Fig. 430 by the armature length L u and by 

7rD 
the ratio of the pole-pitch -=— to the angle it. We thus find that 
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To find the mutual induction this must be multiplied by the above 
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number of turns, viz. — . ft . — and by 10^ ; this must then be integrated 
it p 

To find the coefficient M for the whole 



between the limits - 8 and + 8, 

stator, the result must be multiplied by the number of pairs of poles p t and 

divided by the number of parallel paths 2oj . In this way we obtain 



jr-^^.jfc.&.io-* 



4p 
If we perform the integration, put 



and 



-S- 



/ 



10^. 



and substitute the value found above for B t> we get 
„ 02tH ft- Z a .Z> 

0'2tt* S? L a .D 

We have then 



Let 2 represent 



10 -- . w, where a> is the angular velocity 



3 \p»" J 

of the alternating current vector, that is, 2tt^. 

co.M — c.k.t. 
The e.m.f. induced in the rotor, due to the current in the stator, is 

E n = Maix — c , k . x . h- 
The E.M.F. induced in the stator, due to the current in the rotor, is 

E n = Man, m e . k . s . %%. 
To find the self-induction of the stator we have to put a « 0, which makes 
jfc=l. We must, moreover, replace ft by ft, and multiply the result by 
1 + t x to allow for the stator leakage. 
The E.H.F. induced in the stator due 
to its self-induction is therefore 

The E.M.F. induced in the rotor 
due to its self-induction can be found 
in the same way. Owing to the 
square of the number of rotor turns 
entering into the equation, we get 

-#, = <?.£. (1+T,).*,. 

Fie 431 
We turn now to the E.M.F. in- ° 

duced in the rotor by its rotation. No e.m.f. will be induced by the 

rotation in the field produced by the rotor itself, nor in that produced by 

the stator coils BD (Fig. 429). An E.M.F. will be induced, however, by the 

rotor-windings cutting the field produced by the stator coils DF. The 

breadth of these coils is 2a = it — 28, and the field is distributed as shown 

in Fig. 431. At the moment of maximum stator current the maximum 

value of B will be 




B l 



0'4tt ft 2a . 
. — . — . ti , 
p w 
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By multiplying the shaded area in Fig. 431 by the length of the armature 
L m , and by the ratio of the pole-pitch -$— to the angle w, we obtain, as before, 
the maximum value of the flux : 

The total number of conductors on the rotor is 

*. = 25, . 2a,. 
Ii' • is the ratio of the actual speed to the synchronous speed — , then 

^ v . a> 



60 " p p.2vr 

The E.M.F. at the moment of maximum stator current is then found 
exactly as in d.c. machines. 



E 



60 



Substituting in this equation the values just found for N, ^ and z tt 
taking r.m.s. values on both sides, we get 

E, — c . k' . v . s . ^ , 



where 



k: 



l(-*3 



This e.m.f. is in phase with the stator current. 
We will now construct the vector diagram for the repulsion motor. Ab 
in any transformer, the secondary current ij is more or less in opposition 
to the primary current t, (compare Fig. 429). If the primary current 
vector i| be drawn vertically upwards (Fig. 432), the vector representing the 
rotor current will not be far removed from the vertical in a downward 
direction. The vectors E x and E n will lag 90° behind the current t,, while 
the vectors E t and E n will lag 90° behind the current t,. Since the total 
E.m.f. in the short-circuited armature must be zero, the resultant of £i and 
E a must be equal and opposite to E T , that is, it must be vertically down- 
wards in the vector diagram. On the other hand, the resultant of E x and E n 
ives the induced back E.M.F. in the stator, which must be equal and opposite 
to the terminal pressure. We have then 

OA =E r and 0E=e. 
From the figure and our equations for the electromotive forces, we have 

, n . E* khfv 
ecos<f>, = 0A,^r= — - — . z . »j. 

Similarly, putting 1 +t = (1 + t,)(1 + t,), we find that 

v P E n 1+T-&* 
e sin £, = /!,- A u . -jy = -=-r . z . h. 



E, l + Tl 



We have from these two equations 



tan^, = 



kic'v 
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When the rotor circuit is open, the stator current h, is given by the 
equation 

0*>i*(l + Ta). 

Putting this value for e in the above equation for e sin fa t we have 

The locus of the end point of the primary current vector is therefore 
a circle (Fig. 433), the diameter of which is the short-circuit current I ot 
where 

r _ q + T)-H 

ifl i+T-r 




Fig. 432. 
The turning-moment can be found from the equation 

Mt = LJ2E& «.hcosfr kg,met, 

9-81. fer.^ 9'81.2ir.-.t> 

or, using the above equations for i* and « cos £,, 

M * ' 981 "*ftr* ~ • gofe) • * ****"* 

The right-hand side of this equation is constant except for the primary 
current. 
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In Fig. 432, the angles <f> t , i) and e are equal, whence we obtain the 
following relations for the phase of the rotor current: 



sin 



OE . cos <f>j gcost^ 
E n En 



cos<k = 



R 



id, 



« c.h(1 + t 3 )' 
With the help of the formulae for the E.M.F. we find that 

or, substituting for ecos^. 

The rotor current can now be found from the formula for cos<£ 1( thus 

i h 



H = 



C(l+Tj) , 00S^ 1 " 




Fig. 433. 

We have thus expressed the mechanical and electrical variables as func- 
tions of the speed. If, in Fig. 433, OF be made equal to t» ( and FC be 
drawn parallel to OA, it can be proved that 

1 + T, 

In a similar manner, we can construct the vector diagram for the Winter- 
Eichberg motor. We can imagine the rotor to have two similar windings, 
displaced 90* from each other. The short-circuiting brush axis corresponds 
with the axis of the stator-winding, whereas the axis of the magnetising 
winding E t E^ (Fig. 428) is displaced 90° from it. The electromotive forces 
can be found from the equations already established. It is to be noted, 
however, that the rotating short-circuited winding cuts the flux produced 
by the magnetising winding, including also the leakage flux. As a matter 
of fact, both these windings are represented by the single armature-winding. 

Let a represent the ratio of primary to secondary turns on the trans- 
former in Fig. 428, and let the indices 1, 2 and 3 refer respectively to the 
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stator, magnetising winding and short-circuited winding. Putting t, = a. v 
and using our previous formulae for the electromotive forces, we find that 
E x =» z (1 + t 2 ) %i , due to self-induction of stator, 
E t = a . c 2 . z (1 + t») i, , due to self-induction of magnetising winding, 
,#, = c* . « (1 + t,) t,, due to self-induction of short-circuited winding, 
En « c . jp . Hi due to the mutual induction from stator to short-circuited 

winding, 
E n = c . s . t,, due to the mutual induction from short-circuited winding 
to stator, 

^ r „= — c.v.z.ii, induced in the magnetising winding by rotation in 

field due to stator, 




Fig. 434 

3 

E r « - a . c 8 . v . z (1 + T f ) . »i , induced in the short-circuited winding by 

rotation in field due to magnetising winding, 

Q 

E rn ~ — c* . v . z (1 + r a ) ij, induced in magnetising winding by rotation 

in field due to short-circuited winding. 
It is evidently impossible for any other E.M.F. to be induced. From the 
above equations it follows that 

En E 9 x& 8 it 

For the sake of simplicity the vector t, in Fig. 434 is drawn in the same 

direction as the vector t,, seeing that the introduction of the transformer 

does not affect the principle of the motor. As in the repulsion motor, the 

resultant of the electromotive forces E, and E u must be equal and opposite 
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to E rmt while the resultant of E n and E A must be equal and opposite to the 
applied atator pressure. In the magnetising winding, we have E T f in phase 
with i x and E rH in phase with i it and these two electromotive forces hav? 
a resultant 00. That this resultant must lie to the right is evident 
the fact that the power- factor of the Winter- Eich berg motor is nearly uni 
so that the vectors of the electromotive forces OB and £' a , induced in the 
stator and magnetising windings by self and mutual induction, must be com- 
pensated, i.e. brought into the vertical, by means of 0(7. From the equality 
of the angles a, and a,, and from the above ratios, it follows that the triangles 
OCE Tft and AOE n are similar. DC is therefore horizontal. The pressure 
across the magnetising winding is E* — OC and is perfectly wattless. The 
pressure across the primary side of the transformer is a(E 7 —0C\ Since 
OC is proportional to the speed, it depends only on the speed as to whether 
the pressure across the transformer is zero, 90° ahead of the current 
behind it. 

The wattless component of the stator pressure is OD, while the watt- 
component is BD. The power-factor can therefore be found from the 
equation 

0D + a(Et-0C) 



■ ir 



90* 



tan<£ = 



BD 



can be 
i ftp ■<■ 



From the figure and the formulae for the electromotive forces, it can be 
proved that 

tan^» = a.c(l + Tj) \ r^cf + — 7T~ t — *r- 

r v " ( v 105) o.c(l + Ti)t» 

This equation shows that the power-factor is unity at a certain 
which depends to a small extent on the ratio of the transformer. For & 
motor without leakage (t = 0), the speed at which the power-factor is unity 
lies in the neighbourhood of the synchronous speed. 

It is worthy of note that, at starting, the stator-winding and short-circi; 
rotor constitute a short-circuited induction motor, in which the flux is confined 
to the leakage paths, as shown in Fig. 412. The starting current is, however, 
at the same time, the magnetising current in the magnetising winding, in 
which the flux passes across the air-gap in the usual way. Hence, at starting, 
the pressure across the stator is very small compared with that across the 
magnetising winding or across the transformer. As the speed increases, 
the e.m.k. in the magnetising circuit due to rotation comes more and more 
into play, until at a certain speed the pressure across the transformer vanishes 
and the stator receives the full supply pressure*. 

* The btudeiit who wishes to follow this subject still further, should refer to the E. T. I. 
1904-5-6, whore articles will be found by Eiohberg, Riohter, Latour and other*. Other »rticJ<* 
by Sumec will be found in the Vienna " Zeitsebrift fur Elektroteohnik." 
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136. Relation between direct and alternating currents 
in rotary converters. 

The principle of the rotary converter has been already considered in 
Section 95. If suitable points on the armature-winding of a direct-current 
motor are connected to slip-rings, an alternating current may be taken from 
these rings when the motor is running in the usual manner. If this arrange- 
ment is inverted, that is t if alternating current is supplied to the motor by 
means of the slip-rings, it runs as a synchronous motor, and direct current can 
be collected from the commutator. The peculiarity of this type of machine is 
the simultaneous existence of both direct and alternating currents in the 
same armature conductors, so that the alternating current may sometimes be 
added to the direct, while, at other times, it is flowing in the opposite 
direction and must therefore be subtracted. The heating of the armature- 
winding of a rotary converter is consequently entirely different from that of 
the same machine when mechanically driven as a direct-current dynamo on 
the same load. 

In order to compare the heat developed in both cases, we must know the 
relation between the maximum value i^^ of the alternating current and the 
value c of the direct current. These are the currents in the armature con- 
ductors and not those in the external circuit. The relation between them 
may be expressed by the equation 

V = ^f (198). 

Now, neglecting losses, the alternating current power supplied must be 
equal to the direct-current output. Let 

v = the number of armature sections ; thus, v — 2 for single-phase, 3 for 

three-phase, and so on, 
z = the number of wires per armature section, 

i = —^ — the alternating current per armature section, 

E = the E. M. F. per armature section, 

<f> = the phase difference between E and i. 
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If P be the total alternating current power, we have 

P «« v . £ • i * oob 4>. 

By putting E=k. iV'w^'lO -6 and i = -2^ = -y-, and substituting s, the 
total number of wires on the armature, for vt\ we get 

P = A:.iV'wr^.cos0.1O-* 

v- 

On the other hand, the direct-current power is given by the equation 





Fig. 435. 



Fig. 436 




Fig. 437. 




Fig. 438 



By putting i = 2a . c and p — = *^ ( and equating these two values of ?, 
we obtain the relation 

• -£& (199). 

k COS <f> 

In this equation the value of & is largely dependent upon the breadth of 
the coil-sides or armature sections. In the single-phase converter (Fiy 
the breadth %y of the section is equal to the pole-pitch, and 2<y = ir. In tht* 

two- or four-phase converter (Fig. 436) the breadth 27 is equal to £. In 
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three-phase converters (Fig. 437) 27 = ^- , while in the six-phase converter it 

is only % (Fig. 438). 

The coefficient jfc depends also upon the distribution of the magnetic field. 
As before, we shall consider three cases, firstly, a sinusoidal field, secondly, a 
pole breadth equal to two-thirds of the pitch, and lastly, a pole breadth of 
half the pitch. For a sinusoidal field we have equation (144) on page 281, 

*»2-2 9 ain7 - w 8in7 
y V2* 7 

For pole breadths of J or J the pitch, equations (152) and (153) on 

page 287 can be employed for single- or three-phase converters, since the 

breadth of the coil 27 is greater than the polar arc /3. In four- and six-phase 

converters the breadth of the coil is less than the polar arc, and equations 

(147) and (154) on pages 282 and 287 must be employed. The values thus 

obtained are given in the following table: 






Value, of the coefficient k 


Sinusoidal 

field 


S-« 


Sh 


single-phase 
three-phase 
four-phase 
six -phase 


1 

1 


V2 

2 
5V2 


|V5 

V5 


|V14 


From these values of k, the value of n = -. : can easily be found. We 

k cos $ J 

shall make use of these values in the next section in order to determine the 

copper loss in the armatures of rotary converters. 

137. Armature copper loss in rotary converters. 

As a general rule alternating current is supplied to the rotary converter, 
while direct current is taken from its commutator. It runs, therefore, as a 
combination of A.c. synchronous motor and D.c. generator. The E.M.F. induced 
in the armature opposes the alternating current, whereas the direct current, 
being produced by the E.M.F. is in the same direction. It follows from this 
that the direct and alternating currents within the armature must neutralise 
each other to a large degree, thus modifying the amount of heat developed in 
the armature-winding. 

It does not follow that the heat developed will be necessarily less than in 
the ordinary dynamo. Thi.s question will depend very largely on the phase 
difference between the E.M.F. and the alternating current. Moreover, each 
coil-side or section is at times under two unlike poles, and it is evident that, 
at such moments, the alternating and direct currents in some wires must be 
added together, while in other wires they must be subtracted. The ideal 
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arrangement would have an infinite number of commutator segments and of 
phases, so that each coil-side or section would be infinitely narrow. 

To make the problem as clear and as simple as possible, we shall assume 
that the number of commutator segments is very large, and we shall trace 
the variations of current in a single armature conductor during a complete 
period*. We shall choose, in the first place, a conductor in the middle of t 





C\ U 



Fig. 439. Fig. 440. Fig. 441. 

section, i.e. midway between two adjacent slip-ring connections, and we shall 
assume that the phase difference between E.M.F. and current is zero, which u 
a condition easily obtained by suitable excitation. 

At the moment when the conductor under consideration passes the 
neutral zone (Fig. 439) both the direct and alternating currents in it are 
reversed. If we assume that the direct current taken from the machine ii 
constant, the curve c in Fig. 440 will represent the direct current in the 






Fig. 442. Fig. 443. Fig. 444. 

conductor, plotted to a time base. Similarly, curve i will represent the 
alternating current. The resultant current curve is given in Fig. 441. To 
obtain the power lost in the given conductor at any moment, the corresponding 
ordinate in Fig. 441 must be squared, and multiplied by the resistance R of 
the conductor. 

The conditions are not so favourable for a conductor separated by an 
angle c from the centre of the coil-side. As this conductor passes the neutral 
zone at A (Fig. 442) the direct current in it is 
reversed. The alternating current, however, being 
in phase with the E.M.F., does not reverse until the 
middle point of the section passes through the 
neutral zone, i.e. an angle e later. The alternating 
current curve in Fig. 443 is displaced, therefore, to 
the right, and by combining the ordinates. Fig. 444 
is obtained as the curve of resultant current in the 
given conductor. 

If, now, the current lags behind the e.m.f. by the angle <j> f the current- 
curve will be displaced still further to the right (Fig. 445). For the sake of 

* See '* Elements of Electrical Engineering" by C. P. Steinmetz, 1903 
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simplicity the angle a. has been plotted as abscissae instead of the time t 

K instantaneous value of the current in the given conductor is 
c -i^. sin (a - e -</>) = c [ I - 13 -sin (a - e - $)}. 
7e square the instantaneous value of the current and take the mean of 
such values between and tt. If E be the resistance of the given con- 
ductor, the mean power lost in it will be 

— /"'(I - 17 . sin (a - € - </>)}» . d« = c 3 ^ j 1 -h ^ - ^ . cos (e + 0)1 . 

In carrying out the above integration we must square out the bracket, 
and integrate separately the three terms thus obtained, remembering that 
(e + 4>) is constant. On examining the right-hand side of this equation, we 
see that the mean loss of power in any conductor contains two constant terms, 
independent of the position of the conductor, and a third term which varies 
with the position of the conductor in the coil-side. The average value of this 
third term, taken over the whole coil-side, is 



. 



1 f +y4T > / .\ j *Q 8m 7 j. 



The mean loss of power per conductor, taken over the whole armature, is 
therefore 






P,-^(l + J-5.^.cc.#) 



2V2 



If we substitute for w its value 1 ; 

kcos<f> 



7 

, we have 



P* 



= <*r( 



1 + 



36 
k 



.(200). 



We shall use this equation in the next section, in order to compare the 
converter with the direct-current generator, in respect of the copper loss in 
the armature. 



sin 7* 
7 < 



138. Comparison between rotary converters and direct-current 
generators with regard to armature copper loss. 
The product <?R in equation (200) is the loss of power per armature con- 
uctor, when the machine is working as a direct-current generator with a 
I rent c in the armature-winding. The expression in the brackets, 
r . n * 36 8in7 

&*cos*<fc k 
es 



&*COS S <£ K 7 

es us the relation between the armature copper loss in the converter, and 
that in the same machine when driven as a D.c. dynamo with the same 
output. The greater the phase difference <f>, that is, the smaller the value of 
cos4>, the larger will be the second term in the above expression for T, and 
the greater the loss. The influence of the width of coil-side or section is also 
plainly seen in the above equation. If, for example, the field be sinusoidal, 

the coefficient k is proportional to — — - , and the last term in the equation 
T. e. 28 
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becomes a constant. The width of coil-side can then affect the second 
term only. The coefficient k increases as the width of coil-side is decreased. 
With narrow sections the Becond term is therefore small, and consequently the 
loss is small. The superiority of the six-phase converter, with its narrow 
sections, is plainly evident. Any practical deviation of the field from the sine 
bn will not materially alter these relations. 

The following table contains the values of T, i.e. the ratio of the losses in 
the converter to those in the equally loaded dynamo, under various conditions. 




COI0 


r l, 4 


f}'6 sin y 


k* . COB* <£ 


* " y 


Sinusoidal 
field 




single-phase \ 
three-phase \ 
four-phase { 
six-phase J 


1 
0-8 


1'38 
2*50 


1-26 
2-88 


1*10 
I'M 


1 
08 


056 
1 23 


053 

i is 


049 
099 


1 
08 


0*38 
094 


036 

087 


0*35 
0*77 


1 
0*8 


0*27 
0*77 


0-21) 
071 


026 
0*68 


The table shows how considerably the losses can be reduced by so adjusting 
the field current that the power-factor is unity. It shows, further, the an 
mous superiority of the polyphase converter, as compared with the single-phase 
type. The influence of pole-form is seen to be very small and is, in real 
still smaller, owing to the rounding off of the pot 

A more important question from the practical point of view is: Bn 
£reat a load can be put on the converter without overheating its armature ? 

Assuming equal losses in both cases, let 

c = the direct current in each conductor of the converter armature, and 
.Cj = the current in each armature conductor when driven as a dynamo. 
The loss per armature conductor in the dynamo is cfR, whereas in the 
-converter it is T(fR (equation 200). The loss being the same in each case, 
we have 

c 1 

On the assumption of equal losses in the armature, the relation between 
the D.c. load on the converter and that on the dynamo is therefore equal bO 
1/vT. The following table gives the values of 1/vT for the various case* 
considered. 



Permissible load on rotary convert*/ 



435 







COS Ip 


1 




Sin n»n idol 
fieU 


!-• 


H 


single-phase 


( 

{ 

{ 

! 


1 
0*6 


085 
063 


0*89 

0-66 


095 
072 


three-phase 


1 

0* 


1-33 
090 


1-37 
094 


1-43 

100 


four-phase 


1 

0-8 


1-03 


11 Uj 
1 07 


170 
1 14 


six-phase 


1 
0*8 


1-93 
114 


1-95 
118 


1-94 
126 



Hence, with unity power-factor the output of a single-phase converter is 
85 per cent, of the output of the same machine, used as a dynamo, and allowing 
the same armature heating. Under the same conditions, however, the six- 
phase converter has nearly double the dynamo output. 



139. La Gout's cascade converter. 

The disadvantages of the rotary converter with regard both to starting 
and regulation of the terminal pressure on the D.C. side are obvious. Further 
disadvantages are the necessity of static transformers for reducing the alter- 
nating supply pressure, and the difficulty of commutation for any but low 
frequencies. These difficulties are overcome to a certain extent by using 
motor-generators, in which the two machines are quite distinct but coupled 
mechanically together. We then have a free hand in the design of each 
machine, and the number of poles in the dynamo is not affected by the 
frequency of the a.c. supply. The motor can be designed to take the full 
supply pressure, thus dispensing with transformers, and the D.C. terminal 
pressure can be regulated in the usual way. On the other hand, we have two 
machines each of the same output, which is also the full output of the set. 
This increases the capital cost, requires more floor space, and decreases the 
efficiency. The motor can be synchronous or asynchronous. With the 
induction motor the question of starting is quite simple, but we then have 
the disadvantage of a low and non-adjustable power- factor, whereas the 
synchronous motor has all the advantages and disadvantages of the converter 
with regard to starting and power-factor. 

A type of converter which has come to the front during the last two or 
three years is the so-called cascade converter of La Cour. It combines more 
or less all the advantages of the rotary converter, the synchronous motor- 
generator, and the induction motor-generator. It consists essentially of an 
induction motor and D.c. dynamo side by side on the same shaft. In addition 
to being keyed on the same shaft, the rotor and armature are connected 
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electrically, and the power i9 transmitted partly mechanically along the shaft, 
as in a motor-generator, and partly electrically from rotor to armature, so that 
they are together equivalent to the armature of a rotary converter. The 
three-phase current is supplied to the stator at any pressure up to about 
10,000 volts, and the rotor revolves at a speed much below synchronism. 
Currents are induced in the rotor with a frequency equal to the slip, which, if 
both machines have the same number of poles, will be 50 per cent. These 
rotor currents pass across into the armature of the dynamo and are of just the 
correct frequency to drive it as a synchronous motor at the speed corresponding 
to 50 per cent, slip in the induction motor. Hence, half the total power 
passes mechanically along the shaft, while the other half passes electrically 
across from the rotor to the armature. The power-factor can be adjusted by 
varying the field current of the dynamo. 

3 phct&r suppbf 
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DX Armature 

Fig. 446. 

The machine is started from the A.c. side as an induction motor. To 
enable this to be done the rotor phases are disconnected at the neutral point, 
and a three-phase starting resistance introduced into three of the phases. 
When the correct speed is attained the rotor phases are all joined at the 
neutral point. The rotor and armature can be nine or twelve-phase since 
the connections are short and direct without the intervention of slip-rings. 
This large number of phases improves the synchronising power and the 
efficiency. This latter is slightly lower than that of the ordinary converter, 
but much better than that of a motor-generator. Since only a part of the 
power is converted into mechanical energy each machine is smaller than the 
corresponding machine of a motor-generator of the same output. A cascade 
converter with nine-phase connection between rotor and armature is repre- 
sented diagram matically in Fig. 446. 

If the motor has p m pairs of poles and the dynamo joj, the field of the 

motor will make — • revs, per second. The rotor will, in this case, run at 

Pm 

— revs, per second. The currents induced in the rotor, and supplied by 

Pm + Pd r 
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it to the armature of the dynamo, will have a frequency ** x — " — . Since 
the dynamo has p& pairs of poles, and rotates at — ~ — revs, per second, its 
frequency is also **i — Si — and the current supplied to it from the rotor has 

Pm + Pd 

the correct frequency. 

Equation (179) on p. 375, which is the equation for the slip of an induction 
motor, may be put into the following form : 

^j — slip _ energy converted into mechanical form 

~j total energy supplied to rotor 

It is immaterial whether the difference between the total supply of energy 

and that part of it which is converted into mechanical energy, is dissipated as 

heat, as in the induction motor, or used to drive a synchronous motor or 

rotary converter, as in the present case. If we substitute for the frequency 

of slip its value **, — — — , we get 
r Pm+Pd * 

Pd 
**i — *+*■. . — * — 



Pm + Pd _ pm _ energy supplied mechanically 
~i ~Pm+i>d = total energy 

Hence, of the total output, a fraction — — — is transmitted mechanically 
r Pm+Pd J 

along the shaft, while the remainder — — — is transmitted electrically. 

5 Pm + Pd 
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THE SYMBOLIC METHOD OF SOLVING ALTERNATING-CURRENT 

PROBLEMS. 

(See Steinmetz, ■ Alternating-Current Phenomena.") 

1. The polar diagram. 

In considering alternating currents we have used rotating vectors, the 
lengths of which were equal to the maximum values of the current or 
potential difference. The direction of the vector corresponded to the plane 
of an imaginary coil which rotated in a uniform vertical field, and the projec- 
tion of the vector on a vertical line represented the momentary value of the 
E.M.F. induced in the rotating coil. 




Fig. 447. Fig. 448. 

We shall now look at the matter from another point of view. We shall 
imagine the armature coil to be at rest and the poles to rotate, as shown in 
Fig. 447. As the initial position of the polar axis we arbitrarily choose the 
horizontal In the polar diagram (Fig. 448) we shall also take the horizontal 
OA as the initial line or line of reference. The vector OE = E mmx is set out 
at the angle 4> which the fixed armature coil makes with the horizontal. A 
circle is drawn on OE as diameter. Contrary to our previous method, we 
keep everything stationary except the line OX which rotates in the anti- 
clockwise direction. At the moment when this rotating line makes an angle 



The polar diagram 
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a with the initial line OA, it will cut the circle at the point B. The value 
of the e.m. f. at this moment will be 

*«♦ «• <$-*)- 02*. 

OB is the projection of E mtx on the rotating line OX, E mtx is called t h»- 
amplitude of the sine wave and <f> is called its phase. In polar coordinates 
the instantaneous value is expressed as a function of the variable angle a. 
It reaches its maximum value at the moment when OX coincides with OE. 

In Fig. 449, for example, the electromotive forces E x and E 9 are of different 
phase, because their maximum values 0E X and 0E 7 make different angles fa 
and fa with the horizontal. The electromotive force E 9 is behind E x because 
the rotating line OX passes through 0E X before passing through OE^. It is 
evident that rotating OX in an anti-clockwise direction round the stationary 
vector diagram gives exactly the same result as our former procedure of 
giving the whole vector diagram a clockwise rotation, and projecting on to & 
fixed vertical line. 



2. Geometrical addition. 

We have seen in Fig. 448 that the momentary value is represented by 
the length OB, that ib 3 by the projection of the diameter OE on the rotating 
line OX. As in Section 72 (page 227), it can be shown that the two electro- 
motive forces 0E X and 0E 9 in Fig. 449 can be replaced by a resultant with 
an amplitude OR and with a phase angle fa 

Jt 




Fig. 449. 

In the following considerations we shall not trouble about momentary 
values, but shall consider simply the maximum value, or amplitude, and the 
phase of the wave. We can, naturally, use effective values instead of maxi- 
mum values, since this simply alters the scale. The wave is completely 
determined by its amplitude and phase. Instead of giving the length OE 
and the angle <£, we can give the rectangular coordinates of the point E, In 
Fi^. 450, for example, the wave represented by the diameter 0E t is com- 
pletely determined by the abscissa a = 3 and the ordinate 6 = 4. We have 
further 

OE =</& + &, 



and 



tan <£> = - 
^ a 
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We shall follow the usual plan of calling those abscissae positive which 
lie to the right of 0, while those to the left we shall call negative. Ordinate* 
which are above we shall call positive, and those below, negative. Wt? 
shall multiply all ordinate* (not abscissae) by the imaginary quantity V—% 
which, for the sake of shortness m shall represent by j. On this assumption 
+ 3 represents a right-handed abscissa, while -fj.4 represents an upward 
ordinate, and the wave represented by Fig. 450, which has an amplit 
E, is represented completely by the equation 

£=3+j.4. 

We shall follow the plan adopted by Steinmetz and use capital letters to 
denote amplitudes, and small letters to denote the projections on the coonii- 
nate axes. 

We saw on page 227 that the projection of the resultant was equal to 
the sum of the projections of the components. If we are given two waves of 
different phase, we an; now in a position to carry out the geometrical 
addition to find their resultant, by simple calculation, instead of the graphical 





Fig. 450. Fig. 4ol. 

method previously employed. The two electromotive forces E x and E„ the 
phases of which are <p x and fa (Fig. 451) have a resultant E of phase d. 
The trigonometrical Icalculation of this resultant would be very laborious, 
and the graphical solution is not very easy when we have to set out the 
angles fa and fa. The symbolic method enables us to solve the problem in 
the following manner : E x » + 3 + j . 2 

We see that geometrical addition is no longer a mere name but an actual 
operation of addition. The + sign between E x and E t signifies their 
geometrical addition, and a glance at Fig. 451 shows us that the geometrical 
resultanb has the coordinates —1 and + j . 5. Passing now from imaginary 
or complex quantities to the calculation of real quantities, we have 



and 



* = 



±1 
-1 



= -5. 



Rotation of a vector 
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3. Rotation of a vector. 

Fig. 452 represents two electromotive forces of equal amplitude, one of 
which, viz. E J} lags 90° behind the other. These are evidently represented 
by the equations 

and E 9 =- 3+j\4. 

Since (j)* is equal to —1, it 
follows that the wave E t can be 
obtained from E u by multiplying 
by j, thus 

Hence, multiplication by j 
simply rotates the diameter of the circle in Fig. 448 in the direction 
in which the line OX is rotating, and gives a wave lagging 90* behind 
the original wave. 

In a similar manner we can obtain the wave E x by multiplying the wave 
E % by -j: 

or, since (— j)(+j) = + l, 

4-4+J.& 

Hence, multiplication by — j denotes a rotation of the diameter in 
the direction opposite to that of OX, and gives a wave 90 ahead of the 
original wave. 

If two waves have a phase difference of 180°, it is evident that the 
coordinates of the one are the same as those of the other, except that they 
have the opposite sign. Multiplication by — 1 will therefore rotate a 
wave through 180 c . 

If we are given the amplitude and phase of the current, we are now in a 

eu to express the ohmic pressure and the E.M.F. of self-induction in the 
lie method. Let the current be expressed by the equation 
i-8-j.a, 

let the resistance r be 2 ohms and the reactance 2tt~L, which for the sake 
of simplicity we shall denote by a?, 1*5 ohms. The pressure required to over- 
come the simple ohmic resistance is found by multiplying / by r, so that 

7.r«2.(8-j.2)*6-"j.4 

Since the E.M.F. induced owing to the self-induction lags 90° behind the 
current, its equation is found by multiplying the current equation, first by x 
to get the magnitude, and then by j to put it back 90°. Hence 

E t =j.z.I, 
in the present example, 

E t = j . 1 5 . (3 - j . 2) = + 3 +; . 45. 

^hifl is confirmed by Fig. 453. If, instead of the self-induced E.M.F., we 
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require the component of the terminal' pressure which has to counterbalance 
the induced e.m.f., we must multiply the equation for L\ by - 1. This 
gives u.4 

-tf.--8-j.4-5. 




Fig. 453. 



4. Inductance and Resistance in series. 

The component of the applied terminal pressure which is equal and 
opposite to the self-induced E.M.F., which it counterbalances, leads 90 c ahead 
of the current. It is obtained by multiplying the current / by the react- 
ance a\ and also by —j> This gives — j .sc.I. The applied terminal pressure 
is the resultant of this and the component which overcomes the resistance. 
We obtain by geometrical addition 

Bml.r + (- j . m ./) = I . (r-j . x). 

The apparent total resistance R—j.x is called the impedance and is 
denoted by Z t so that 

Z—r—j.x. 

The impedance is therefore made up of the two sides of a right-angled 
triangle, the hypotenuse of which gives its real value, thus 

* = Vr» + (-«)". 

Ohm's law for the alternating current circuit may be expressed as follows: 

In the symbolic method. In the usual method. 

E 



/ = * = 

Z r—j .a: 



• — i— € 






We shall now determine the terminal pressure of a generator, the resist- 
ance of which is r and the reactance av The external circuit has a resistance 
r and a reactance as. The internal impedance Z 9 is equal to r t — j.a*,, and 
the external Z to r—j.x (compare Fig. 234 on page 238). If we call the 
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constant B.M.F. induced in the generator E and the terminal pressure E u 
both expressed in the symbolic method, we have 

Y_ E<> m E± 

Z + Z r + r -j . (x* + x) * 

and Btml.gm ^4 x- 

If we proceed now to find the real values, we have 
p Eq.z _ E .z 



^(rt + rf + fa + xf Vr * + 2r r + r 1 + xf + 2«o x + x* # 
Now, r * + <r 8 = V, 

and r* + x* =^. 

Hence, ff t = . B% * 

vV + ^ + 2(r r+a? <F) 

The same result could have been derived directly from Fig. 234. 

5. Capacity and Resistance in series. 

We saw in Section 78 that the back E.H.F. of a condenser led 90° ahead 
of the current. From equation (126) on page 246 it is evident that this 
back pressure E is to be obtained from the current i" by dividing by 27r <~K 
and multiplying by — j. Hence, 

The component of the terminal pressure which exactly counterbalances 

this back pressure is therefore +j . 5 j~. If capacity be connected in 

series with resistance, the terminal pressure will be given by the equation 



E 



" J - r+ '-J^- J ( r+ ^K^) 



For the impedance of the circuit we have therefore 
For the actual values we have 



Mmr+ J-tt 



-v^+Gdb)' 



If we compare the two equations 

Z=r-j.27r~L 

2w~K' 



and Z = r+j .~— 1 - 



we see that ^ = may be looked upon as a negative reactance. If we let 

the reactance m represent the component of the impedance which is at right 
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angles to the current, whether due to self-induction or to capacity, the 

formula 

Z=r-j.x 

will be quite general. For inductance we have x=27r**L t and for capacity 

x - — = =y . Steinmetz calls = ^ fcne condensance. 

2*rr *w K Itt *> A 



6. Resistance, Inductance and Capacity in series. 



The equation 



8 



r-j.x 
can now be used when the circuit contains both inductance and capacity, if 

x be taken to represent 2tt ** L — r jt . The equation then becomes 

B 



/ = 



-'"•( 27r ~ Z -2^) 



Passing from complex to real quantities, we have 

E 



/ = 



v^^-^)' 



the 



The equation which we established for the terminal pressure of 
generator was 

Eii — , -- - = . 

v V + z* + 2 (r fl r + x t x) 
It can be seen from this equation that there is a certain value of 
external impedance z t for which the terminal pressure is equal to the E. 
The exact value "f this impedance depends on the internal impedance of 
generator. For E t to equal E 9 in the above equation, it is necessary that 
denominator becomes e, that is, that 

z 9 ' + 2(r 1t r + x o x) = 0. 

If we neglect the small interna! resistance r we can put a^ = f„ and 
we get 

xj + 2x x = 0, 



or 



x = 



2' 



The negative sign shows that the condensance of the external circuit 
must exceed its reactance by an amount equal to half the internal reactance. 
When this condition is fulfilled the terminal pressure of the generator will 
be the same as its E.M.F. If the capacity of the external circuit i 
further increased, the terminal pressure will exceed the E.M.F. induced in 
armature, (Compare Fig. 302.) 



Inductance and Capacity in parallel 

7. Inductance and Capacity in parallel. 

Fig. 454 represents an inductive resistance shunted by means of a con- 
denser. For the upper branch we have 

r — j .m 
The current /, in the condenser branch leads 90° ahead of the terminal 
pressure E, and is therefore given by the equation 
I 9 = -j.2tt~K.E. 
For the total current / we have, therefore, 

/=/, + /„:=— 4 j.2v~K.E. 

1 s r-j.x J 

By putting E outside, and multiplying top and bottom 
by r + j . x, in order to remove the complex quantities 
from the denominator, we get 






I = E 



'■&->■•'] 




We have put a> for 2w <**, the angular velocity of the vector. The equation 
may be altered so as to separate horizontal from vertical components, thus 



'-M^+'-G^-*)} {a) - 



To obtain real values we must add the squares of the two components 
and extract the root. We thus obtain 



'-'Vfey+fc^--*)- 



By suitably choosing the capacity it is possible to bring the external or 
total current / into phase with the terminal pressure E, so that the whole 
arrangement appears non-inductive. The condition for equality of phase 
between / and E is evidently the disappearance of the imaginary component 
in equation (a). This can only occur if 

r' + a? 
We notice that the necessary capacity depends on the frequency, on the 
inductance, and also on the resistance. Wattless current in the external 
circuit can therefore be eliminated by the use of suitable capacity, but a 
change in either the frequency or the resistance upsets the compensation 
and causes a phase difference between current and pressure. 



8. Admittance, Conductance and Susceptance. 

As we pointed out on page 10, it is often more convenient to consider 
conductance than its reciprocal, resistance. In calculating the combined 
resistance of several parallel paths, we obtained the equation 

I__L A 1 
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This equation expresses the result directly and simply in terms of the 
conductances of the various jtatha. Sfeeimnets introduced this and other 
reciprocals into the symbolic system. The reciprocal of impedance he termed 
admittancB and represented it by the letter Y. We have then 

v l l 

1_ 1 T+j.B r j.x 

Z~r-j.x~~i* + x* "r J + « s + r i -i-ji- 3 

We see then that the admittance consists of two components, 6 
real, the other imaginary. The real component is called the conductance 
and is denoted by g> while the imaginary component is called the susceptance 
and is denoted by 6. Hence 

= ^b-5 

<*). 



7* + X* Z* 

Y = g+j.b. 
Ohm's law may now be written thus : 

r-f-jr.r, 

or I = E.(g+j.b). 

The actual value of the admittance is given by the equation 

or, rinceH + *» = *». y-^/I-^Jj—. 

To illustrate the use of these equations, we shall again consider 
problem of making the external current in Fig. 454 in phase with the 
tormina] pressure by suitably choosing the capacity of the condenser. To do 
this we must make the imaginary component in the equation 

I = E.(g+j.b) (c) 

vanish. That is, the susceptance b must vanish. 

If the upper branch in Fig. 454 has a reactance a^ t its susceptance is 
given by equation (6) as 

°i — rr 



In the lower branch, # = — „. and r = 0, so that equation (b) gives 

6, = - <»K. 
For the combined susceptance we have 

b = 6i + b % = -~- ; - <*>K. 
x? + r,» 
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If there is to be no phase displacement between E and I, the second 
erm in equation (c) must vanish, since it is this component which causes 
he displacement. Hence 

mf + rf 

>r »K * 



It is noteworthy — 

(1) that the conductance and susceptance of the individual 
branches are not the reciprocals of their resistance and reactance 
respectively, Vbut are given by the equations 

jr-J. and 6-J; 

(2) that neither the resistance nor the reactance of the combined 
circuit is equal to the sum of the resistances or reactances of the 
separate parallel branches. 

In order to find b in the above example, it was necessary to find bx and 6, 
or each branch separately, and then to add them together. 



LIST OF SYMBOLS USED. 

CAPITAL LETTERS. 

A area of cross-section in sq. cms. 

B flux density per sq. cm. 

C a constant, see p. 385 

D diameter of armature in cms. 

£ electromotive force in volts (occasionally in c.o.8, units) 

JB n b. M. p. induced in winding 2 by current in winding 1 

F force in kilogrammes 

H strength of magnetic field 

/ current ; moment of inertia 

J energy in joules or ergs 

K capacity in farads 

L axial length of armature; self-induction in henries 

M mass in grammes; coefficient of mutual induction 

M t turning moment or torque 

M % useful or nett turning moment 

fN magnetic flux; flux in rotor 

magnetic flux in stator 

power in watts; power output from rotor 

Pi total power supplied to stator 

P % power transmitted to rotor 

Q quantity of electricity in coulombs 

Q h quantity of heat in calories 

R resistance in ohms; reluctance 

8 speed of car in kms. per hour 

number of slots in armature 

number of turns in coil 

T temperature Centigrade; duration of short circuit 

V volume in cubic cms. 

W weight in kilogrammes 

X ampere-turns 

7 winding pitch of slots; admittance 

Z impedance 

SMALL LETTERS. 

a acceleration; atomic weight; pairs of parallel paths 
6 breadth of slot; susceptance 

c current density; direct current in conductors of rotary; 
various coefficients 
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Zwtf o/" Symbols used 


d 


depth of slot 


I 


terminal pressure in volts 


*i 


pressure per phase 


/ 


force in dynes; tractive force in legs, per 1000 kga. 


9 


acceleration due to gravity ; conductance 


h 


horizontal component of earth's magnetism 


i 


current in amperes 


»i 


current per phase 


■ 


«/ — 1 in symbolic treatment 


I 


valency ; various coefficients 


/ 


length of conductor 


m 


weight in milligrammes; strength of pole 


« 


revolutions per minute. 


P 


pairs of poles 


4 


wires per coil-side, Le. per pole per phase 


r 


resistance in ohms ; radius in metres ; distance in cms. 


a 


slope in parts per thousand 


I 


time in seconds ; natural period of oscillating alternator 


<i 


forced period of oscillating alternator 


V 


velocity in cms. per second ; ratio of speed to synchronous speed 


X 


reactance 


y 


admittance ; winding step 


z 


impedance; total number of wires on armature 


z' 


wires in series or wires per phase 


~ 


frequency in cycles per second ; frequency of slip 


*~\ 


frequency of supply in induction motors 




GREEK LETTERS. 


a 


twice the angular brush displacement ; variable angle 


fi 


polar arc 


y 


half width of coil-side; phase angle between pole and terminal 




pressure of alternator 


T 


output of converter -~ output of dynamo 


S 


2y + 0-ir 


A 


temperature coefficient (see p. 9) 


< 


phase displacement due to engine and alternator 


«i 


phase displacement due to engine only (see p. 328) 


V 


efficiency 


Vk 


hysteresis coefficient 


A 


leakage coefficient of dynamo (see p. 140) 


M 


permeability 


V 


number of tappings per pole pair in rotary converter 


P 


specific resistance (see p. 8) 


Tl 


air-gap reluctance + primary leakage reluctance 


T l 


air-gap reluctance -f- secondary leakage reluctance 


T 


Tl + T, + T,T f 


<t> 


angular phase displacement 


ft 


angle between current and b.mj\ of alternator 


td 


angular velocity 



INDEX. 



late system of units, 91 
init of current, 63, 96 

electromotive force, 96 

resistance, 97 

self -induction, 100 

capacity, 101 

eration, 92 

mulators, capacity, 86 

iharging and discharging, 85, 87 

ihemieal action, 85 

instruction, 84 

iffioiency, 86, 87 

n parallel with dynamo, 178 

«rminal pj>., 87 

i, 27 

e material in accumulators, 86 

ittanoe, 446 

oating current, effective value, 224 

— average value, 221 

— instantaneous value, 221 
nators, 272 

leter, calibration, 7 

or alternating currents, 225 

>rinciple and connections, 2, 7 

-tisseur, 380 

sre (unit of current), 2, 68, 96 

are-hours, 2, 96 

sre-turns, tee alto Excitation, 64, 68 

ice's swimming rule, 62, 79 

i of lag, 231, 233, 286, 240, 440 

lar velocity, 192, 219 

is, 26 

e, 26 

tture current in rotary converters, 482 

eakage of dynamo, 146 

alternator, 297, 302 

-eaction of dynamo, 120, 144 

alternators, 298, 302 

esistance of bipolar machine, 107 

— with parallel winding, 118 

— with series winding, 120 
ohronons motor, tee Induction motor 
do weight, 29 

iary poles, 147 
ige current, 221 
sdro's law, 81 

ampere-turns, 145, 802 
itio galvanometer, 62 
grinding, 289 
i, 26 

try, tee Accumulator 
twitch, 176 
-ornate cell, 89 
x winding, 87 



Biot-Savart's law, 68 

Booster, 180 

Brake, electrical, 189 

Brush position, 106, 148 

Buffer battery, 174 

Building up of field of dynamo, 135, 137 

Bunsen cell, 88 

Cadmium oell, 4, 89 

Calibration of ammeters and voltmeters, 7 

A.c. instruments, 225 

Calorie, 19, 99 
Capacity of battery, 86 

condensers, 100, 245 

— and resistance in series, 248, 448 

— and inductance in parallel, 261, 445 

— resistance and inductance in series, 249, 444 

— its influence on power factor, 262, 445, 446 
Cascade arrangement of induction motors, 876 
Cascade oonverter, 486 

Oast steel for dynamos, 62 
Cathode, 26 
Cations, 26 
Cells, 84, 88 

— connections for maximum current, 15 
Centimetre, 71, 91 

— dyne, 98 

Characteristic of separately excited dynamo on 
no load, 160 

on load, 166 

alternator, 294, 808 

induction motor, 869 

— — aeries dynamo, 166 
series motor, 207 

shunt dynamo on no load, 169 

on load, 169 

Charging curve, 87 

— with single battery-switch, 177 

double battery-switch, 178 

booster, 179 

Chemical action in accumulators, 84 
in primary cells, 88 

— energy, 82 
Choking coil, 229, 245 

Circle diagram for polyphase motor, 882-897 
single-phase motor, 416, 426 

Coil-side, width and e.ht., 279, 280, 362, 431 

and excitation of induction motor, 866 

and torque of induction motor, 874 

Commutation, 143, 149 

Commutating field, 155, 166 

— poles, 148 
Commutator, 105 

— motor, single phase. 417 
polyphase, 886 (footnote) 

29—2 
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Compensating for Ug, 362, 446 


Effective e.m.p. and current, tee Boot-nuaa- 


Compensation of cross magnetisation, 148 


square 


single-phase motor*. 410, 428 


Efficiency of accumulators, 36 


polyphase motors, 386 (footnote) 


a.0. generators, 316, 324 


Compound dynamo, l.'tfj, 172 


D.c. generators, 1WJ 


Complex quantities, 440 


n.o. motors, 195 


Con den sauce, 444 


iuduction motors, 401 


Condenser, 100, 245 


traction motors, 211 


— pressure, 246, 443 


transformers. 262 


— current, 246 


Electrical degrees, 320 


Conductance, 10, 445 


Electrochemical equivalent, 31 


Conductivity, electric, 10 


Electro-dynamometer, 77, 225 


— magnetic, 49, 61 


Electrodes, 26 


Connection of cells, 15 


Electrolysis, 26 


Conservation of energy, 32, 216, 259, 261 


Electrolyte 


Converter, »t* Rotary converter 


Electrolytic cell. 26 


Copper, * pec i tic resistance, 8 


Electrolytic mean value, 221, 225 


— temperature coefficient. y 


Electromotive force, 2, 77. 95 


— volumeter, 30, Tl\ 


its measurement, 18 


Coulomb (unit of quantity), 2, 96 


of alternstors, 279 


Coulomb's law for electricity, 96 


of o,c. motors, 358 


magnetism, 42, 95 


cells, 3, M 


Creeping bar winding, 289, 359, 362, 366 


choking soil 


— coil winding, 291 


converter, 288, 430, 431 


Critical frequency, 250 


dynamo. 107. 114. 120 


Cross ampere-turns, 145 


mutual induction, 82 


Cross magnetisation in alternators, 297 


polarisation, 31 


oommutating motors, 416 


gelf-inducliou, 84, 228 


dynamos, 145, 146 


transformer, 


Current, definition and unit, 2, 53, 96 


End cells, 176 


— effective, Tl\ 


End cell switches, 176 


— mean, 221, 225 


Energy, definition and units, 20, 78. 96 


— measurement, 2, 65 


— conservation of, 32. 216, 259, 261 


Current density under brush, 151, 153 


— stored in magnetic neld, 71, 87 


in dynamos, 113 


— lost in hysteresis, 50. fa 




Equalising connections, 115, 133 


Damping of galvanometers, 89 


Equivalent weights, electro -chemical, SI 


— by eddy currents, 89, 330 

— in alternators, 330 


Erg, 75. 98 


Excitation of a.c. generators, 305 


Daniel! cell. 4, 38 


d.c. generators, ltJl 


Declination, 50 


induction motors, 363, 367 


Delta connection, 344 


synchronous motors, 334 


Diagram of currents in induction motors, 382 
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Farad, 100, 250 


transformers, 260 


Faraday's law of electrolysis, 28 


— — ampere-turns in alternators, 298 


— swimming rule, 59 


pressures in alternators, 293 


Faure's process of pasting plates, 34 


in synchronous motors, 335 


Ferranti machine 


in transformers, 271 


Field due to straight conductor, 51 


Dielectric, 100 


coil, 56 


Dimensions, 105, 236 


solenoid, 59 


Direction of current, 80, 104 


— magnets of dynamo, 138 


induced e.m.f., 79, 82 


alternator. 272 


lines of force, 45 


— strength and its unit, 43, 61, 95 . 


rotation of n.o. motor, 187 


Flank leakage in alternators, 297 


polyphase motor. 343, 356 


induction motors, 408 


single-phase motor, 356, 410 


Flux density, (11, Dfi 


Discbarge curve, 37 


Force, definition and unit, 43, 98 


Double battery switch, 178 


— between two poles, 43 


Double bridge (Kelvin's), 17 


conductor and pole, 53 


Drop, set Pressure drup 


field and conductor, 63 


Drum, two pole, 107 


pole, 44 


— parallel wound, 115 


Form factor, 279 


— series wound, 188 


Forming accumulator plates, 34 


— series parallel wound, 131 
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